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Quantum transport in disordered electronic systems
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Mesoscopic physics = Phase coherence

Breakdown of classical laws of electronic transport
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cf. Two path interferometer…
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Phase coherence

dimensionality disorder

interactions

The mesoscopic triangle

Coupling to other degrees of freedom
phonons, magnetic impurities,
other electrons …
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Domain of mesoscopic physics, deviations to classical transport

Length scales, different regimes

Conduction = transmission       Landauer-Buttiker

Quantization of conductance

Weak-localization

Universal conductance fluctuations

What limits phase coherence ?      e-e interactions

Anderson localization, scaling theory

Outline
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What is conductance?

Landauer-Büttiker : conductance = transmission

metallic ring atomic contact nanotube

2D gas graphene wire network
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a b

Speckle pattern : optical intensity
emerging from a disordered medium

Conductance - Transmission

Quantum transport in disordered systems

Analogies with optics

Quantum corrections to classical transport ~ interference effects in optics
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Conductance fluctuations

ab abT T 
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Quantization of conductance

W

Weak-localization, sensitivity to magnetic field

Universal conductance fluctuations

B(T )
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Importance of the connection
to the outside world
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Ohm’s law
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G conductance,  conductivity

Ohm’s law
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  Drude-Sommerfeld formula

Validity Diffusive regime

No quantum effects L L

elL 

Ohm’s law

2
0e D  Einstein formula
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e F el v 

L

Mean free path : distance between elastic collisions

Phase coherence length

el

( )L T

Interaction with an external degree 
of freedom (phonons, electrons, spin impurities…
breaks phase coherence

interference

L D 

Elastic collisions do not break phase coherence

F el 

Length scales
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Elastic scattering time and transport time

time between two collisions, life time of a plane wave

time to randomize the direction of propagation
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e F el v 

Correspondence length-time in the diffusive regime

Elastic mean free path

Elastic scattering time
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Phase coherence length

Phase coherence time
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Transport time
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e F el v 
Mean free path : distance between elastic collisionsel

F el 

Length scales

L

Weak-disorder (diffusive) mesoscopic regime

Ballistic regime

Strongly (Anderson) disordered regime
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Aharonov-Bohm effect (1959)

Young slit experiment with electrons

k l  

02 (1 cos )I I   

Ehrenberg-Siday 1949
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Flux quantum

Translation of the interference pattern, due to the presence of the solenoid,
But the electrons do not « see » any magnetic field !

Young slit experiment with electrons

Aharonov-Bohm effect (1959) Ehrenberg-Siday 1949

Experiments in vacuum (Tonomura 1982-86)

Aharonov-Bohm effect (1959) Ehrenberg-Siday 1949
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Can one imagine the same experiment in matter ?

Will collisions destroy phase coherence ?

I = I1 + I2 ? 

or is there an interference term ?

Aharonov-Bohm effect (1959) Ehrenberg-Siday 1949
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R. Webb (IBM, 1985)  
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Classical physics

Ohm’s law :
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THE founding experiment of mesoscopic physics
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Interferences between electronic waves (cf. Young’s slits)
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THE founding experiment of mesoscopic physics

Interferences between electronic waves (cf. Young’s slits)
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Oscillations with period h/ e

h/ e h/ 2e
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Reproducibles conductance fluctuations el L L
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One measures a conductance and not a conductivity

The Drude conductivity is an average property, valid if

 Beyond the average : interferences, fluctuations …
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2eG
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 
The conductance does not depend only on the system to be
studied, but also to its connection to the external world

B(T )
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Phase coherence subsists in disordered metals

It induces interference effects for a given realisation of disorder

Disorder and phase coherence are independant notions

Phase coherence is limited by the coupling to other degrees of freedom :

phonons
magnetic impurities
other electrons

Disorder does not kill the interference pattern, makes it more complex

What about disorder average ?
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1981 Sharvin, Sharvin

1984 Pannetier et al.

Cylinder

Network

0 0 / 2    disappears  ,      remains 

0 0 / 2    versus   
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If the number N of rings increases,

harmonics decreases as

harmonics survives  !!

Chaîne d’anneaux

C. P. Umbach et al., Phys. Rev. Lett. 56, 386 (1986)

Chaîne de N anneaux d’argent

h/e  N -1/2

a = 940 nm 

h/2e

0

0 / 2

1/ N

h/e

Umbach et al. 1986
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1981 Sharvin, Sharvin

1984 Pannetier et al.

Cylinder

Network

0 0 / 2    disappears  ,      remains 

Averaging :
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There is a “robust” contribution to                  which does not cancel in average.( )R 

0 0 / 2    versus   
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In optics also, some contribution survives disorder averaging

Reflected speckle 

G. Maret, Konstanz Coherent backscattering

one configuration

average

Reflected speckle 

average average

In average over disorder, some coherent effects survive

Oscillations          Sharvin-Sharvin,  Altshuler-Aronov-Spivak (AAS)

Weak localization

Coherent backscattering in optics

0

2

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What can we learn form classical transport ? back to Ohm’s law
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Conductivity

Diffusion coefficient

Density of states

What about classical particles (fermions) ?
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Conductance of a coherent ballistic system



What about classical particles (fermions) ?
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Conductance of a incoherent ballistic system
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« Ohm-Drude » = diffusive 
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wave guide Sharvin Ohm
(ballistic wave-like) (ballistic classical) diffusive diffusive diffusive
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Ad = πd/2/Γ(1 + d/2) , (A3 = 4π/3, A2 = π, A1 = 2).

dΩd = (d− 1)Ad−1 sind−2 θ dθ

Ωd =
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Z π
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hvxi+ = vF
Ad−1
dAd

Average positive velocity along x

Volume of unit sphere

Solid angle in d dimensions
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1
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Z π/2

0

vF cos θdΩd

Formulary
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S. Tarucha et al., Sharvin resistance and its breakdown observed in  long ballistic channels
Phys. Rev. B 47, 4064 (1993)
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Landauer formula

2

2 eG T
h
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Landauer-Büttiker formalism

R. Landauer (1927-1999)

M. Büttiker (1950-2013)

Conductance = transmission

here,d=2

1V 2V

1V 2V
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Ohm’s law

           conductanceI G V

A perfect conductor has a finite conductance !!!

But, no potential drop inside the sample…

Conductance = transmission

39

reservoir
contact
terminal 

1V 2V

The electronic transport between the two reservoirs is
a wave transmission through a potential barrier

lead

scatterer

Example : carbon nanotube

1 1eV  
2 2eV  

The 1D wire
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reservoir
contact
terminal 

1V 2V

Hypotheses :

• A terminal absorbs electrons and inject them at a given potential and a given
temperature.
• No phase relation between incoming and outgoing electrons in each
terminal.
• the scatterer is elastic.
• The resistance of the reservoirs is negliglible.

lead

scatterer

 A problem of 1D quantum mechanics…

1 1eV  
2 2eV  

The 1D wire

41

1V 2V
scatterer

Current carried by an electron in a state k : kevj T
L

 

1 1eV  
2 2eV  

1 20
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   


    

Summation over all filled states :

(Remarkable result : the velocity has disappeared ! )

T () : transmission coefficient

The 1D wire
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1V 2V

Linear regime :

1 1eV  
2 2eV  
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Low temperature :

22 ( )F
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h


2

1/(25812,807 )e
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Conductance quantum :

The 1D wire
scatterer

(Remarkable result : the velocity has disappeared ! )
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(Remarkable result : the velocity has disappeared ! )
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1V 2V

22 ( )F
eG T
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Landauer formula

No scatterer (infinite conductivity ?)

22eG
h
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The conductance is finite and quantized !!!

The 1D wire
scatterer
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1V 2V

Where is the potential drop ?

Where is power dissipated ?

How to measure the conductance of the scatterer itself ?

22eG
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The perfect conductor has a finite and quantized conductance !!!
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No resistance in the sample

« contact » resistance

Power dissipated in the contacts

1
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Potential profile 
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T = 1AV
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BV

Ballistic

potential drop AT the contacts
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2 2 eG
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4G  

B

Quantum Hall effect

Left-going and right-going electrons are spatially separated
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Quantum Hall effect

Left-going and right-going electrons are spatially separated

B

49

Imaging of the dissipation in quantum Hall effect experiments
U. Klass et al.,  Z. Phys. B 82, 351 (1991)

This experiment shows that electrons stay at the chemical potential of the
injection reservoir and exchange their energy at the arrival reservoir

dissipation

B=0 B=0

Left-going and right-going electrons are spatially separated

Quantum Hall effect
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« 2 terminal »  resistance

vs « 4 terminal » resistance

sample reservoirsleads
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I
1V 2V
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Perfect sample :   VA=VB 

AV BV

2

2 2 eG
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 4G  

4 vs 2 terminals
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22 1( )I G V V  4 ( )A BI G V V  

With a scatterer VA=VB 

scatterer

AV BV

2

2 2 eG T
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 4 ???G 

4 vs 2 terminals
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BV

T < 1
2V

AV
BV

1V

Ballistic

One scatterer

potential drop AT the contacts
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No dissipation in the wire

Potential profile
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AV
BV

1V

2V
AV

BV

1V

2V
AV

BV

Diffusive regime

Disorder + interferences

2
1

A

B

ENS,Paris

Possibility of negative 4 terminal conductance

AV
BV

1V

2V
AV
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1V

2V
AV

BV

Diffusive regime

Disorder + interferences

2
1

A

B

ENS,Paris

Possibility of negative 4 terminal conductance
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« 2 terminal » conductance 

AV BV

4 vs 2 terminals

« 4 terminal » conductance 
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The two-terminal resistance is the addition in series
of the four-terminal resistance and the two contact resistances.
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here,d=2

1V 2V

1V 2V
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Ohm’s law

           conductanceI G VConductance = transmission
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S. Tarucha et al., Sharvin resistance and its breakdown observed in  long ballistic channels
Phys. Rev. B 47, 4064 (1993)
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S. Tarucha et al., Sharvin resistance and its breakdown observed in  long ballistic channels
Phys. Rev. B 47, 4064 (1993)

L < le L > le

S h a r v i ng M

e
D r u d e

lg M
L



e

e

lg M
L l




61


