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Abstract — We analyze the low-energy properties of two-dimensional direct-gap semiconductors,
such as, for example, the transition-metal dichalcogenides MoS2, WSz, and their diselenide ana-
logues MoSez, WSez, etc., which are currently intensively investigated. In general, their electrons
have a mixed character —they can be massive Dirac fermions as well as simple Schrodinger parti-
cles. We propose a measure (Diracness) for the degree of mixing between the two characters and
discuss how this quantity can in principle be extracted experimentally, within magneto-transport
measurements, and numerically via ab initio calculations.

Copyright © EPLA, 2014

Introduction. — Graphene research has triggered an
enormous amount of work in the understanding of Dirac
fermions in two-dimensional (2D) materials. A second gen-
eration of 2D crystals is now available, e.g., in the form
of exfoliated boron nitride and transition-metal dichalco-
genides [1], such as molybdenum disulfide (MoSz) [2,3]
or tungsten disulfide (WSz2) [4,5], as well as their
diselenide analogues [6-8]. Whereas the low-energy elec-
trons in graphene may be described in terms of mass-
less Dirac fermions, the situation is different in most
of the above-mentioned second-generation 2D crystals,
which are direct-gap semiconductors [9-15]. Although
the latter have been modeled in several studies as mas-
sive Dirac fermions [14,16,17], a clear identification of the
Dirac character, or Diracness, is yet lacking. A compli-
cation in this identification is certainly the rather large
band gap, which limits the energy window where one may
hope to describe the low-energy electrons in terms of mas-
sive Dirac fermions. Furthermore, if only the parabolic-
ity of the conduction and the valence band is taken into
account, in addition to the band gap, there is a large
amount of arbitrariness in modeling the band structure.
Instead of appealing to Dirac fermions, the band struc-
ture can conveniently be modeled in terms of two types
of Schrodinger fermions with the appropriate band mass
that yield two completely decoupled bands. One needs to
point out that the coupling between the bands is not a
consequence of the band gap or its absence —for the same
gap value, the bands are strongly coupled when modeled
as massive Dirac fermions, whereas they are decoupled for
Schrédinger fermions. Indeed, the Diracness is encoded in

the Hamiltonian, and it cannot be extracted from knowl-
edge about the band energies alone.

The Diracness, which we propose to quantify in this
paper, is nevertheless a physical observable that is un-
veiled by a magnetic field B. If one considers the two
parabolic bands, Landau quantization yields a spectrum
€e.n = A+ h(eB/m&)(n + ) for electrons in the con-
duction band and €y, ,, ~ —A — h(eB/m&)(n + ) in the
valence band, in terms of the integer n. Here, the pa-
rameter A yields the direct gap 2A, and mS and m{
are the electron (valence band) and the hole (conduc-
tion band) cyclotron masses, respectively. The phases
Yo and v, have mainly been described within semiclas-
sical approaches [18-20]. They are related to the Berry
phase and may be extracted from Shubnikov-de Haas
oscillations measured in magneto-transport experiments.
Whereas Schrodinger fermions yield phases v, = v, = 1/2,
massive Dirac fermions are strikingly different and the
calculation of the Landau-level spectrum yields a phase
Ye = vn = 0 [21,22]. A recent theoretical study on sur-
face states of three-dimensional topological insulators in a
magnetic field has shown that this phase is not necessarily
quantized due to electron-hole asymmetry and can vary
between the two limits [23].

Here, we propose to quantify the notion of Diracness,
which may also be viewed as the degree of inter-band
coupling, for electrons in 2D direct-gap semiconductors.
In a first step, we consider a simplified model that unveals
the basic features of the Diracness in a transparent
manner. The parameter is identified in an expansion of
the Landau-level spectrum as well as in a semiclassical
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treatment that allows for a direct connection between
the phase offset and the Berry phase. Afterwards we
discuss the Diracness in the most general model, within
the Luttinger-Kohn representation [24] that accounts
naturally for the different possible band anisotropies, in
a second part. The measure we introduce may be viewed
as the contribution of the Dirac mass mp = A/v%, in
terms of the direct gap A and the Dirac velocity vp, to
the overall band mass, which is extracted from the band
structure. In contrast to this band mass, special efforts
need to be invested in obtaining the Dirac mass although
it is a physical observable. Indeed, it can be extracted ex-
perimentally from Shubnikov-de Haas measurements and
numerically, via ab initio calculations, by a determination
of the Berry curvature at the direct gap.

Diracness in a simplified model. — Let us first con-
sider the basic structure of a direct-gap semiconductor,
which is that of a conduction band with a curvature given
by the mass m,. and of a valence band with mass my,.
For the sake of simplicity, we consider the masses to be
isotropic here, whereas an anisotropy in the parameters
naturally arises in the general Luttinger-Kohn represen-
tation discussed later on. The bands are separated by a
gap 2A at an arbitrary point K in reciprocal space. No-
tice that, in the case of a time-reversal-symmetric system,
there is another point K, = —K( where the band struc-
ture also reveals a direct gap unless Ky is itself a time-
reversal-invariant momentum in the first Brillouin zone of
the underlying lattice, in which case the Hamiltonian has
a completely different structure [25]. Eventually, due to
spin-orbit coupling the gap A can be spin dependent, but
this does not alter the validity of the following argumen-
tation such that we omit this case for simplicity.

The situation can be captured within a simple two-band
model described by the Hamiltonian

h2q? _
A+ qo hop(gs — iqy)
H= 2me 2 (1)
h*q?

hvp (q:ﬂ + iqy)

in the vicinity of one of the points Ky. One retrieves
the limit of Schrédinger fermions and decoupled bands
for vanishing off-diagonal terms (Dirac velocity vp = 0)!,
whereas the model represents massive Dirac fermions for
1/ml = 1/mf = 0. Notice furthermore that the masses
m? and m{ coincide with the band masses m. and my
only for a vanishing Dirac velocity. Indeed, the electronic
spectrum of the Hamiltonian (1) reads

g2 B2\
25 +>\\/h2v%q2+<A+ 21@) NNC)

INotice that we use the term “Dirac velocity” to denote a param-
eter in this description. It coincides with the Fermi velocity only in
the case of a vanishing gap A and in the absence of parabolic terms,
1/md =1/mf =o.

where A = + for the conduction band of electrons (e)
and A = — for the valence band of holes (h). The pa-
rameters p and M are related to the bare masses via
1/md=1/M+1/p and 1/m{ = 1/M — 1/u. A simpli-
fied model, for 1/M = 0, i.e. m? = —m}, has recently
been investigated in refs. [23,26] to model surface states
of three-dimensional topological insulators.

Due to the off-diagonal terms in the Hamiltonian (1),
the bands are not simply parabolic. However, corrections
beyond parabolicity may also arise from additional terms
that we have neglected in our model. For the sake of
consistency, we need to restrict ourselves to the spectrum
expanded to second order in g,

h2q?
ex(q) = A <A+ 277(;) ,

(3)
where the band masses read
e @)

in terms of the Dirac mass mp = A/v%. One clearly no-
tices that the band structure does not allow one to iden-
tify the four relevant parameters of the model (m2, m,
vp and A) but only me, my, and A —one could thus al-
ways retrieve the band structure with a simple model of
decoupled bands for vp = 0, without appealing to a Dirac
character (Diracness) of the charge carriers.

However, the Diracness is revealed in two physical quan-
tities: the Berry curvature and the phase offset of the
Shubnikov-de Haas oscillations, as we show below. A semi-
classical treatment shows that both quantities are inter-
twined.

Landau-level spectrum.  Before calculating the Berry
curvature and the phase offset in a semiclassical ap-
proach, we show in this section how the Diracness can
be extracted from the Landau-level spectrum associated
with our Hamiltonian (1), via the Peierls substitution
(gz—1qy) — \/ia/lB. Here, lg = \/h/eB ~ 26nm//B[T]
is the magnetic length, and a is the usual harmonic-
oscillator ladder operator, which satisfies [a, a'] = 1. The
Hamiltonian thus reads

A+ hwl(ata+1/2)
Hp =
hw'at

hw'a
—[A+hwl(ata+1/2)] )’
(5)
where the cyclotron-type frequencies are w9 = eB/m{ and
w' = v2vp/lp. The Hamiltonian (5) can be diagonalized
with the help of the ansatz

» o =1\ ins0 and
n — orn ann:
BIn)

(6)
Yo =
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The zero mode (n = 0) has a negative energy,

h 0
en_0<A+%>a

and is thus situated in the valence band. This is a mani-
festation of the so-called parity anomaly, common for rel-
ativistic field theories in even space dimensions [27], and
the presence of a second point (K|)) in the first Brillouin
zone ensures a second zero mode in the conduction band
at €,_o = A+ hwl/2.

The n # 0 Landau levels are also readily obtained by
solving the eigenvalue equation Hpv, = €, for a and
B, and one obtains two sets of levels (for the bands A = %)
with

(7)

n Q
GAT’:(Swn———i—)\

2 2

2
(% + Qn — (5_w> +w?n, (8)
in terms of the frequencies Q = eB/M and dw = eB/pu,
which are related to the above-mentioned cyclotron-type
frequencies by w? = Q + dw and w) = Q — dw. Notice
that this result also includes expression (7) for the energy
of the zero mode for n = 0 and A = —. An expression
similar to (8) has recently been obtained for the Landau-
level spectrum in two-dimensional molybdenum disulfide,
where the terms dw and 2 were treated perturbatively [17].
Furthermore, eq. (8) coincides, for = 0 and the gap given
by the Zeeman effect, with the Landau-level spectrum cal-
culated for surface states of BizSes [26].

As in the case of zero magnetic field, we are interested
in the spectrum to lowest order in n, which amounts to
expanding the spectrum (8) in the weak-field limit AQn/A,
héw/A, hw'\/n/A < 1, and one obtains

Ex,n 2 AA+hwy (n+ )], (9)

One first notices that the cyclotron frequencies are in-
deed those associated with the full band masses (4),
we = eB/m, and wy, = eB/my,, and not given by the bare
masses mY and m. The information about the Diracness
is encoded in the phase offset

1

A= 5(1 + Adx) (10)

in terms of the parameter

0

Sy = mA _

A= 7§ —
mp + my

LUDN
o (1)
which we propose as a measure for the Diracness. Indeed,
0y varies from zero for Schrodinger fermions in the case
of fully decoupled bands to one for pure (massive) Dirac
fermions. Notice that, for expression (10) to be valid in
this form, we have rearranged the counting of the Landau
levels such that n starts from zero both in the conduction
and in the valence band (see fig. 1), whereas in expres-
sion (8) the level n = 0 only occurs in the valence band,

(a) qea o, ® 2 eiA © AeA 3
e e R s
;ﬁ# ‘\;7#17 _— n=0 —— KT_}) o n=0
5=0 5=0.5 &=1
2 z‘/ ) 2 ) 2
a4, iz 4,
—H =0 S | - n=(1) /,—1 - n=0
. e
\j\’ \\ \
=2 . -2 . -2 )
Schrédinger fermions mixed Dirac fermions

Fig. 1: Landau levels for different values of the Diracness
((a) 6 =0, (b) 6 = 0.5, and (¢) § = 1), for an electron-hole—
symmetric situation (1/u = 0). The energy is measured in
units of the gap parameter A and the wave vectors in units of
qo = V2M A/ (in the sketch of the underlying B = 0 curves).
We have chosen a value of hiw/A = 0.2 for the cyclotron
frequency.

as mentioned above. The phase offset (10) is thus zero
(for holes) or one (for electrons) in the case of pure Dirac
fermions (fig. 1(c)), whereas one retrieves the usual value
~x = 1/2 for pure Schrodinger particles (fig. 1(a)). There-
fore, the phase offset is no longer necessarily quantized, as
shown for an intermediate value in fig. 1(b), similarly to
the case of surface states in three-dimensional topological
insulators with broken electron-hole symmetry [23]. How-
ever, the present treatment shows that the phase offset can
be unquantized even for a particle-hole-symmetric system,
ex(q) = —e_x(q) in eq. (2). Notice that this symmetry is
ensured by the existence of a chiral operator (here ic¥IC,
in terms of the complex conjugation X and the Pauli ma-
trix o¥) that anticommutes with the Hamiltonian (1) if
1/p =0 and 1/mQ = 1/m{ = 1/M. The particle-hole—
symmetric case is precisely the one depicted in fig. 1.
Semiclassical treatment.  In this subsection, we dis-
cuss the Diracness within a semiclassical treatment, where
the reciprocal-space area S(ey) enclosed by the trajectory

C(ey) is quantized via the Onsager relation [28]
S(ex)l% = 2m(n + 7). (12)

The phase offset encodes, by virtue of eq. (10), the Dirac-
ness, which can be related to the Berry phase

r-/ da-di (13)
Clex)
via the relation [18,22],
5A:7id(ef) :7id(ef) de . (14)
7 dley] 7w de dley]

In eq. (13) the Berry phase is expressed in terms of the
Berry connection

2 2

- Ao
Ay(@) = (@) Vatr(a) = -A—— 202 (15)
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integrated over the reciprocal-space orbit C(ey) of energy
ex. In the above expressions, 1¥\(q) are the (spinorial)
eigenstates of the Hamiltonian (1) and ey is the unit vec-
tor perpendicular to the wave vector q. The energy e that
intervenes in the calculation of the phase offset in eq. (12)
is that (2) for 1/ = 0, € = [ex 1/u—0]- The difference
between € = A + h%¢?/2mgym and |ex| = A + h2¢%/2my,
stems from the electron-hole asymmetry (for 1/pu # 0),
which does not affect the eigenstates and the Berry curva-
ture but that shifts the energy of the contour at which
the Berry phase I' is evaluated [23]. Whereas the full
band mass my is given in eq. (4), the mass mgym, enter-
ing the energy € is the symmetric part of the band mass
Meym = (1/M +1/mp)~".

Let us first use the semiclassical approach to analyze
the Diracness within the parabolic approximation (3) for
the bands. From the above expressions one obtains for the
Berry connection (15)

2

Ax(q) = -\ qeq (16)

4mDe
and thus for the Berry curvature By(q) = Vq x Ax(q) =
Ba(q)e., which is a vector oriented in the z-direction with
the norm

1d h?

Ba(q) = 7da [gAN(q)] =~ —A

17
2mDe’ ( )
where we have used the fact that the Berry connection is
isotropic in reciprocal space, and we have neglected terms
of order O[(e — A)/A] ~ h*¢?/2memA < 1. Eventually,
one obtains from eq. (13) via integration on a path of
constant ¢(e),

Ah? 2 Bia(g=0)A
- s qz(e) _ TMsym )x(q )_

I'= 3
mpe h €

(e—4), (18)
where we have substituted ¢2(e) = 2mgym(e—A)/h*. This
yields
1d(eT)  2maymABa(q = 0)
7 de h?
which is the first ingredient in the calculation of the Dirac-
ness (14). In the last two expressions, we have used the
expression

; (19)

. N U

2mDA 2A2
for the Berry curvature directly at the wave vector po-
sition (q = 0) of the gap. Furthermore, one has
€ = |ex] — Mh?¢? /2, such that de/d|ex| = 1 — Amy/pu, and
the final expression for the Diracness therefore reads

Bx(q=10) = (20)

o 2m>\AB>\(q = 0) o QmAA|B>\(q = 0)| - my
5)\ - 7)\ 2 - 2 -
h h mp
(21)

in terms of the full band mass m of eq. (4), which coin-
cides with the Diracness (11) obtained from the Landau-
level spectrum (8). The semiclassical treatment thus

Conduction band, A=+1

Valence band, A\=—1

0 2 4 6 8 10
€/A

Fig. 2: (Color online) Variation of the phase mismatch v (¢) as
a function of the dimensionless energy ¢/A, in the special case
of electron-hole symmetry (m2 = mjy = M), for different val-
ues of the Diracness § = M /(M + mp) introduced in eq. (11).
The blue lines represent the variation of yx—41 in the conduc-
tion band and the purple lines represent the variation of yx=_1
in the valence band. The dots correspond to the low-energy
parabolic approximation (eq. (9)). When the energy increases
the Diracness is reduced and the phase mismatch converges
towards the Schrodinger value 1/2.

shows that the Diracness is directly related to the Berry
curvature at the gap (at @ = 0). The latter can be ob-
tained from a numerical determination of the eigenstates
in the vicinity of the direct gap (q = 0) within ab initio
calculations that also yield the band mass m).

Notice finally that expression (21) is valid only in the
parabolic-band approximation (3) and fails at high ener-
gies. If we investigate the model (1), one may still use
the semiclassical approach (12) together with the expres-
sion (13) for the Berry curvature, and the Diracness can
be expressed as

Ad(el)

o\ = =1
A m de

h? dg?(e)
C2M  de
where we consider for simplicity an electron-hole—
symmetric band structure with 1/ = 0. From the full dis-
persion relation (2), one then finds an energy-dependent
Diracness,

5)\(6) =1

(22)

€
V€2 + M2v}, +2AMU%.

(23)

Whereas one retrieves the result (11) in the low-energy
limit with ¢ — A, one notices that at high energies
the Diracness vanishes dy(e > Mv?, A) — 0. Indeed,
one sees from the dispersion relation (2) that the elec-
trons are governed at high energies by the Schrodinger
terms h2q2/2M . The resulting energy-dependent
phase offset is plotted in fig. 2, for different values of
the Diracness § = (e = A) defined within the parabolic
approximation (9).

General model in the Luttinger-Kohn represen-
tation. — Let us now consider the general model of a
2D direct-gap semiconductor that is described within the

57005-p4



Measure of Diracness in two-dimensional semiconductors

Luttinger-Kohn representation [24] to second order in the
wave vectors,

h? .
A+ e 15 h(vi-q—ivy-q)
H = ij 52 , (24)
h(vi-q+ive-q) —A——4qiq;
2m

ij

where a summation over repeated indices i, j is implicit.
There are no terms linear in q in the diagonal components
because we require, for a direct-gap semiconductor, both
a minimum in the conduction band and a maximum of
the valence band at ¢ = 0. One notices that the band
structure is now anisotropic, and the principle axes for the
ellipses in the conduction band are generally not identical
to those in the valence band.

Berry curvature.  The Berry curvature By(q) is a
property encoded in the Hamiltonian or else the eigen-
states ¥ (q) of the Hamiltonian (24),

A

Bi(q) = *ﬂ a- (25)

(aqz dq x g, dq) )
where we have made use of a gauge-invariant expres-
sion [29] in terms of the vector ch the components of which
read dg = hvi-q, d§ = hv-q, and &g = A—i—(hZ/QMij)qiqj.
Here, the mass tensors 1/mf{; = 1/M;; + 1/p;; and
l/m?j = 1/M;; — 1/p;; are written in terms of an av-
erage mass M;; and the mass anisotropy f;;, which does
not enter in the calculation of the Berry curvature. This
calculation is straightforward if one chooses a frame of
reference which coincides with the principle axes of the
tensor 1/M;; such that the latter is diagonal. Within the
semiclassical treatment, the relevant quantity is the Berry
curvature directly at the band gap, and one obtains at
q = 0 a generalized version of eq. (20),

ﬁ2V1 N Vo h2
=0)=-A——5—=-A . 2
Bx(q =0) A2 samy (20
Here, the Dirac mass reads
A
= 2
mp vi A V27 ( 7)

in terms of the 2D vector product vy A vo = v{vy —v¥vs,
which is the z-component of the 3D vector product. No-
tice, however, that expression (26) for the Berry curvature
is valid strictly speaking only in a two-band model, where
the wave functions have two components. In the presence
of additional bands, it cannot be excluded that they con-
tribute to the Berry curvature of the bands A\ = e, h.

Cyclotron frequency and Diracness in the conduction
band.  The Landau-level spectrum associated with the
Hamiltonian (24) can be calculated approximately in
the large-gap limit. We concentrate on the spectrum in the
conduction band, that is for energies e ~ A —the argu-
ments are easily adapted for the valence band. In this case,

it is convenient to choose a frame of reference for the wave
vectors that coincides with the principle axes of the elec-
tron mass tensor 1/mg; (for a calculation of the spectrum
in the valence band, one would have chosen a diagonal
tensor 1/ m?j), and the Peierls substitution yields

n R
00 = z 4 7Y i
Qm?qlqj = Qm: + S — hwg(a'a +1/2), (28)
J @ Y
where w? = eB/m? with the average mass
md = | /mgms. The ladder operator reads

a =15(gx —ig,)/v/2, in terms of the rescaled wave vector

m/m$q, and g, = /m2/mgq,. The

Hamiltonian (24) can thus be rewritten as

hw'a+w"al) ;o (29)
~A+0

components g, =

e A+ hwl(ata+1/2)
h(w™al +w'a)

where O = —hwy (afa+1/2)+hw{ at? + hwf'a? < A repre-
sents terms that are neglected in the large-gap limit when
considering Landau levels in the conduction band. The
other cyclotron-type frequencies are

w = L (171 — ’L'T)Q)
V2l (30)
w// _ 1

T (07 —iv3),
B
in complex notation with the rescaled velocities ©v; =

VmS/mduy + iy /m /mdvy.
value equation Hv,, = €,1, in the conduction band with
the spinorial form t,, = (un, v,) yields the equation

The solution of the eigen-

(A —¢€,) + hwl(ala+1/2)

* *
|2aa1‘+|w//|2afa+w/w// a2 +w/ W//a1‘2
2A

+R2 |’

Up =0
(31)

for the large component wu,, which can be diagonal-
ized with the help of the canonical transformation
a = sinh 8 exp(—ig)b’ + cosh 8b, in order to get rid of the
terms proportional to bb and bTbT. A lengthy but straight-
forward calculation then yields the Landau-level spectrum

€n = A+ hwe(n + 7Ye), (32)

where w, = eB/m¢ is the cyclotron frequency in terms of
the cyclotron mass

—1/2
C ].
© o [(m)?

1 |oq)% + |o2]? 1
1 (o] + | L L

33
mY A m2, (33)

for the electrons in the conduction band. The cyclotron
mass (33) coincides with expression (4) for the electronic
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band mass in the simplified model for an isotropic bare
mass mQ and an isotropic Dirac velocity vi = (vp,0) and
vy = (0,vp). The shift can again be related by eq. (10),
Yo = (1 + d0)/2, to the Diracness,

c
_ hAvi A vy mg

5 B _ 2ABe(q= 0)m¢

Awel?,, — mp K2 ’ (34)
written in terms of the cyclotron mass (33) and the Dirac
mass (27). One thus retrieves also in the Luttinger-Kohn
model (24) the same parameter for the Diracness as in the
simplified model (1). We have expressed, in the last step,
the Diracness in terms of the Berry curvature B.(q = 0)
at the direct gap via eq. (26), such that one finds the
same expression (21) as in the semiclassical approach in
the parabolic-band approximation.

Notice that one obtains a Diracness that can be positve
or negative depending on the sign of vi Ava. As in the sim-
plified model discussed above, the sign indicates whether
the Landau level n = 0 resides in the conduction or the
valence band. Furthermore, it is apparent from eq. (34)
that the Diracness as well as the Berry curvature (26) at
the gap are annihilated if the two velocities v and vy are
collinear. Indeed, in the absence of the mass terms 1/ mg;,
the dispersion would not depend on the wave vector in
the direction perpendicular to vi and vs such that there
would be no closed orbits and consequently no Landau
levels. The Landau-level spectrum in this case therefore
arises solely from the parabolic terms, and the electrons
are of Schréodinger type with d, = 0.

Conclusions. — In conclusion, we have shown a gen-
eral path to quantify the Dirac character of electrons
in 2D direct-gap semiconductors. The Diracness, which
may be viewed as the contribution of the Dirac mass
mp = A/viAve = A/(vivy —v]v3) to the full band mass,
is not revealed directly by the band structure of the elec-
tronic system. This subtle parameter is indeed encoded in
the form of the two-band model, which finds its most gen-
eral expression in the Luttinger-Kohn representation. It is
unveiled in the phase offset of Shubnikov-de Haas oscilla-
tions. Also in ab initio calculations, the Diracness may be
extracted from the calculation of the Berry curvature di-
rectly at the gap. Due to its physical content, the proposed
identification of the Diracness is an essential ingredient for
the understanding of a vast second generation of 2D crys-
tals, beyond graphene, with semiconducting electrons.
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