
A look inside the Hofstadter butterfly  

Orsay, Université Paris -Sud, CNRS, France 

Gilles Montambaux  



Anatomy of the Hofstadter butterfly  

Energy levels and wave functions of Bloch electrons  
in rational and irrational magnetic fields ,  
Douglas Hofstadter, Phys. Rev. B  14  (1976) 2239   
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Outline  

General features    -----    square lattice  
 
Half -flux quantum per unit cell    -------   Dirac spectrum  
 
Honeycomb lattice,  graphene, manipulation of Dirac points  
 
Finite systems, edge states  
 
Hofstadter in other contexts  
 
T3 (Dice) lattice  

0

f
j
f
=

Anatomy of the Hofstadter butterfly  

M. Azbel (1964)  

G.H. Wannier 

Y. Avron, B. Simon 

J. Bellissard, R. Rammal 

D. Thouless, Q. Niu  

TKNN : Thouless, Kohmoto, Nightingale, den Nijs  

Y. Hatsugai 
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Tight -binding electrons on a square lattice + magnetic field  
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q eigenvalues  E(kx,ky)     q subbands 
 
Period 1 
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Weak field  
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Self -similarity  
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Large q: the bands are almost d peaks 

Application : calculation of quantities  
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Application : total energy for band filling n  

Large q 
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Self -similarity  close  to     effective  field      j= -
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Honeycomb lattice : graphene  Rammal, 1985 



Graphene 
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Low energy : 2D Dirac equation  
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Square lattice  

Honeycomb lattice  



2D Dirac Fermion in a magnetic field 
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Doubly (valley) degenerate levels 
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Square lattice  

Graphene 

Square half -flux quantum= graphene low field  

Rammal 
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Motion and merging of Dirac points  

Square lattice half -flux quantum  graphene 

P. Dietl, F. Piéchon, G.M., PRL 100 , 236405 (2006)  
G. M., F. Piéchon, J.N. Fuchs, M.O. Goerbig, Eur. Phys. J. B  72, 509 (2009)  
           Phys. Rev. B 80 , 153412 (2009)  
P. Delplace, G.M., Phys. Rev. B 82 , 035438 (2010)  



Tight -binding problem on honeycomb lattice  
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Hybrid 2D electron gas : a new dispersion relation  
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Schrödinger  Dirac  Semi-Dirac  



This Hamiltonian describes the topological transition, the coupling between valleys  

and the merging of the Dirac points 

The parameter     drives the topological transition  
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Square lattice  
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Ci Chern number: characterizes each 
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Q : Where do the states come from ?  

n j= +  b Hn n

Hnn j=  

Wannier, TKNN, Avron  
Simon, Bellissard  nH is a topological number  

 
 
Ci Chern number: characterizes each 
band 

LL degeneracy Gap structure and topology  
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Q : Where do the states come from ?  

n j= +  b Hn n

Hnn j=  
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Simon, Bellissard  nH is a topological number  

 
 
Ci Chern number: characterizes each 
band 

LL degeneracy Gap structure and topology  
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Finite square lattice 20*20  

States in the gap : edge states  

A: from the edges !!!  

Bulk-edge correspondance :  
Chern number = number of edge states  
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« skipping orbits  » 
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Finite size graphene  


