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PREFACE TO THE FOURTH EDITION 

THE main change from the third edition is that the chapter on quantum 
electrodynamics has been rewritten. The quantum electrodynamics 
given in the third edition describes the motion of individual charged 
particles moving through the electromagnetic field, in close analogy 
with classical electrodynamics. It is a form of theory in which the 
number of charged particles is conserved and it cannot be generalized 
to allow of variation of the number of charged particles. 

In present-day high-energy physics the creation and annihilation 
of charged particles is a frequent occurrence. A quantum electro
dynamics which demands conservation of the number of charged 
particles is therefore o:nt of touch with physical reality. So I have 
replaced it by a quantum electrodynamics which includes creation and 
annihilation of electron-positron pairs. This involves abandoning any 
close analogy with c!,assical electron theory, but provides a closer 
description of nature. It seems that the classical concept of an electron 
is no longer a useful model in physics, except possibly for elementary 
theories that are restricted to low-energy phenomena. 

ST. JOHN'S COLLEGE, CAMBRIDGE 

11 JYJ ay 1957 

P.A.M.D. 

NOTE TO THE REVISION OF THE 
FOURTH EDITION 

THE opportunity has been taken of revising parts of Chapter XII 
('Quantum electrodynamics') and of adding two new sections on 
interpretation and applications. P.A. M. D. 

ST • .JOHN'S COLLEGE, CAMBRIDGE 

26 May 1967 





FROM THE 
PREFACE TO THE FIRST EDITION 

THE methods of progress in theoretical physics have undergone a 
vast change during the present century. The classical tradition 
has been to consider the world to be an association of observable 
objects (particles, fluids, fields, etc.) moving about according to 
definite laws of force, so that one could form a mental picture. in 
space and time of the whole scheme. This led to a physics whose aim 
was to make assumptions about the mechanism and forces connecting 
these observable objects, to account for their behaviour in the 
simplest possible way. It has become increasingly evident in recent 
times, however, that nature works on a different plan. Her funda
mental laws do not govern the world as it appears in our mental 
picture in any very direct way, but instead they control a substra
tum of which we c~nnot form a mental picture without intro
ducing irrelevancies. The formulation of these laws requires the use 
of the mathematics of transformations. The important things in 
the world appear as the invariants (or more generally the nearly 
invariants, or quantities with simple transformation properties) 
of these transformations. The things we are immediately aware of 
are the relations of these nearly invariants to a certain frame of 
reference, usually one chosen so as to introduce special simplifying 
features which are unimportant from the point. of view of general 
theory. 

The growth of th~ use of transformation theory, as applied first to 
relativity and later to the quantum theory, is the essence of the new 
method in theoretical physics. Further progress lies in the direction 
of making our equations invariant under wider and still wider trans
formations. This state of affairs is very satisfactory from a philo
sophical point of view, as implying an increasing recognition of the 
part played by the observer in himself introducing the regularities 
that appear in his observations, and a lack of arbitrariness in the ways 
of nature, but it makes things less easy for the learner of physics. 
The new theories, if one looks apart from their mathematical setting, 
are built up from physical concepts which cannot be explained in 
terms of things previously known to the student, which cannot even 
be explained adequately in words at all. Like the fundamental con
cepts (e.g. proximity, identity) which every one must learn on his 
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arrival into the world, the newer concepts of physics can be mastered 
only by long familiarity with their properties and uses. 

From the mathematical side the approach to the new theories 
presents no difficulties, as the mathematics required (at any rate that 
which is required for the development of physics .up to the present) · 
is not essentially different from what has been current for a consider
able time. Mathematics is the tool specially suited for dealing with 
abstract concepts of any kind and there is no limit to its power in this 
field. For this reason a book on the new physics, if not purely descrip
tive of experimental work, must be essentially mathematical. All the 
same the mathematics is only a tool and one should learn to hold the 
physical ideas in one's mind without reference to the mathematical 
form. In this book I have tried to keep the physics to the forefront, 
by beginning with an entirely physical cha.pter and in the later work 
examining the physical meaning underlying the formalism wherever 
possible. The amount of theoretical ground one has to cover before 
being able to solve problems ofreal practical value is rather large, but 
this circumstance is an inevitable consequence of the fundamental 
part played by transformation theory and is likely to become more 
pronounced in the theoretical physics of the future. 

With regard to the mathematical form in which the theory can be 
presented, an author must decide at the outset between two methods. 
There is the symbolic method, which deals directly in an abstract way 
with the quantities of fundamental importance (the invariants, etc., 
of the transformations) and there is the method of coordinates or 
representations, which deals with sets of numbers corresponding to 
these quantities. The second of these has usually been used for the 
presentation of quantum mechanics (in fact it has been used practi
cally exclusively with the exception of Weyl's book Gruppentheorie 
und Quantenmechanik). It is known under one or other of the two 
names 'Wave Mechanics' and 'Matrix Mechanics' according to which 
physical things receive emphasis in the treatment, the states of a 
system or its dynamical variables. It has the advantage that the kind 
of mathematics required is more familiar to the average student, and 
also it is the historical method. 

The symbolic method, however, seems to go more deeply into the 
nature of things. It enables one to exnress the physical laws in a neat 
and concise way, and will probably Le increasingly used in the future 
as it becomes better understood and its own special mathematics gets 
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developed. For this reason I have chosen the symbolic method, 
introducing the representatives later merely as an aid to practical 
calculation. This has necessitated a complete break from the histori
cal line of development, but this break is an advantage through 
enabling the approach to the new ideas to~ be made as direct as 
possible. 

ST. JOHN'S COLLEGE, CAMBRIDGE 

29 May 1930 

P.A.M.D. 
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I 

THE PRINCIPLE OF SUPERPOSITION 

1. The need for a quantum theory 
CLASSIOAL mechanics has been developed continuously from. the time 
of Newton and applied to an ever-widening range of dynamical 
systems, including the electromagnetic field in interaction with 
matter. The underlying ideas and the laws governing their applica
tion form a simple and elegant scheme, which one would be inclined 
to think could not be seriously modified without having all its 
attractive features spoilt. Nevertheless it has been found possible to 
set up a new scheme, called quantum mechanics, which is more 
suitable for the description of phenomena on the atomic scale and 
which is in some respects more elegant and satisfying than the 
classical scheme. This possibility is due to the changes which the 
new scheme involves being of a very profound character and not 
clashing with the features of the classical theory that make it· so 
attractive, as a result of which all these features can be incorporated 
in the new scheme. 

The necessity for a departure from classical mechanics is clearly 
shown by experimental results. In the first place the forces known 
in classical electrodynamics are inadequate for the explanation of the 
remarkable stability of atoms and molecules, which is necessary in 
order that materials may have any definite physical and chemical 
properties at all. The introduction of new hypothetical forces will not 
save the situation, since there exist general principles of classical 
mechanics, holding for all kinds of forces, leading to results in direct 
disagreement with observation. For example, if an atomic system has 
its equilibrium disturbed in any way and is then left alone, it will be set 
in oscillation and the oscillations will get impressed on the surround
ing electromagnetic field, so that their frequencies may be observed 
with a spectroscope. Now whatever the laws of force governing the 
equilibrium, one would expect to be able to include the various fre
quencies in a scheme comprising certain fundamental frequencies and 
their harmonics. This is not observed to be the case. Instead, there 
is observed a new and unexpected connexion between the frequencies, 
called Ritz's Combination Law of Spectroscopy, according to which all 
the frequencies can be expressed as differences between certain terms, 
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the number of terms being much less than the number of frequencies. 
This law is quite uninteUigible from the classical standpoint. 

One might try to get over the difficulty without departing from 
classical mechanics by assuming each of the spectroscopically ob
served frequencies to be a fundamental frequency with its own degree 
of freedom, the laws of force being such that the harmonic vibrations 
do not occur. Such a theory will not do, however, even apart from 
the fact that it would give no explanation of the Combination Law, 
since it would immediately bring one into conflict with the experi
mental evidence on specific heats. Classical statistical mechanics 
enables one to establish a general connexion between the total number 
of degrees of freedom of an assembly of vibrating systems and its 
specific heat. If one assumes all the spectroscopic frequencies of an 
atom to correspond to different degrees of freedom, one would get a 
specific heat for any kind of matter very much greater than the 
observed value. In fact the observed specific heats at ordinary 
temperatures are given fairly well by a theory that takes into account 
merely the motion of each atom as a whole and assigns no internal 
motion to it at all. 

This leads us to a new clash between classical mechanics and the 
results of experiment. There must certainly be some internal motion 
in an atom to account for its spectrum, but the internal degrees of 
freedom, for some classically inexplicable reason, do not contribute 
to the specific heat. A similar clash is found in connexion with the 
energy of oscillation of the electromagnetic field in a vacuum. Classical 
mechanics requires the specific heat corresponding to this energy to 
be infinite, but it is observed to be quite finite. A general conclusion 
from experimental results is that oscillations of high frequency do 
not contribute their classical quota to the specific heat. 

As another illustration of the failure of classical mechanics we may 
consider the behaviour of light. We have, on the one hand, the 
phenomena of interference and diffraction, 'vhich can be explained 
only on the basis of a wave theory; on the other, phenomena such as 
photo-electric emission and scattering by free electrons, which show 
that light is composed of small particles. These particles, which 
are called photons, have each a definite energy and momentum, de
pending on the frequency of the light, and appear to have just as 
real an existence as electrons, or any other particles known in physics. 
A fraction of a photon is never observed. 
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Experiments have shown that this anomalous behaviour is not 
peculiar to light, but is quite general. All material particles have 
wave properties, which can be exhibited under suitable conditions. 
We have here a very striking and general example of the breakdown 
of classical mechanics-not merely an inaccuracy in its laws of motion, 
but an inadequacy of its concepts to supply us with a description of 
atomic events. 

The necessity to depart from classical ideas when one wishes to 
account for the ultimate structure of matter may be seen, not only 
from experimentally established facts, but also from general philo
sophical grounds. In a classical explanation of the constitution of 
matter, one would assume it to be made up of a large number of ~mall 
constituent parts and one would postulate laws for the behaviour of 
these parts, from which the laws of the matter in bulk could be de
duced. This would riot ci:mi1>lete the explan.ation, however, since the 
question of the structure and stability of the constituent parts is left 
untouched. To go into this question, it becomes necessary to postu
late that each constituent part is itself made up of smaller parts, in 
terms of which its behaviour is to be explained. There is clearly no 
end to this procedure, so that one can never arrive at the ultimate 
structure of matter on these lines. So long as big and small are merely 
relative concepts, it is no help to explain the big in terms of the small. 
It is therefore necessary to modify classical ideas in such a way as to 
give an absolute meaning to size. 

At this stage it becomes important to remember that science is 
concerned only with observable things and that we can observe an 
object only by letting it interact with some outside influence. An act 
of observation is thus necessarily accompanied by some disturbance 
of the object observed: We may define an object to be big when the 
disturbance accompanying our observation of it may be neglected, 
and small when the disturbance cannot be neglected. This definition 
is in close agreement with the common: meanings of big and small. 

It is usually assumed that, by being careful, we may cut down the 
disturbance accompanying our observation to any desired extent. 
The concepts of big and small are then purely relative and refer to the 
gentleness of our means of observation as well as to the object being 
described. In order to give an absolute meaning to size, such as is 
required for any theory of the ultimate structure of matter, we have 
to assume that there is a limit to the fineness of our powers of observation 

• 
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and the smallness of the dccompanying disturbance-a limit which is 
inherent in the nature of things and can never be surpassed by improved 
technique or increased skill on the part of the observer. If the object under 
observation is such that the unavoidable limiting disturbance is negli
gible, then the object is big in the absolute sense and we may apply 
classical mechanics to it. If, on the other hand, the limiting dis
turbance is not negligible, then the object is small in the absolute 
sense and we require a new theory for dealing with it . 

.A consequence of the preceding discussion is that we must revise 
our ideas of causality. Causality applies only to a system which is 
left undisturbed. If a system is small, we cannot observe it without 
producing a serious disturbance and hence we cannot expect to find 
any causal connexion between the results of our observations. 
Causality will still be assumed to apply to undisturbed systems and 
the equations which will be set up to describe an undisturbed system 
will be differential equations expressing a causal connexion between 
conditions at one time and conditions at a later time. These equations 
will be in close correspondence with the equations of classical 
mechanics, but they will be connected only indirectly with the results 
of observations. There is an unavoidable indeterminacy in the calcu
lation of observational results, the theory enabling us to calculate in 

· general only the probability of our obtaining a particular result when 
we make an observation. 

2. The polarization of photons 
The discussion in the preceding section about the limit to the 

gentleness with which observations can be made and the consequent 
indeterminacy in the results of those observations does not provide 
any quantitative basis for the building up of quantum mechanics. 
For this purpose a new set of accurate laws of nature is required. 
One of the most fundamental and most drastic of these is the Principle 
of Superposition of States. We shall lead up to a general formulation 
of this principle through a consideration of some special cases, taking 
first the example provided by the polarization of light. 

It is known experimentally that when plane-polarized light is used 
for ejecting photo-electrons, there is a preferential direction for the 
electron emission. Thus the polarization properties of light are closely 
connected with its co:qmscular properties and one must ascribe a 
polarization to the photons. One must consider, for instance, a beam 
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of light plane-polarized in a certain direction as consisting of photons 
each of which is plane-polarized in that direction and a beam of 
circularly polarized light as consisting of photons each circularly 
polarize~. Every photon is in a certain state of polarization~ as we 
shall say. The problem we must now consider is how to fit in these 
ideas with the known facts about the resolution of light into polarized 
components and the recombination of these components. 

Let us take a definite case. Suppose we have a beam of light passing 
through a crystal of tourmaline, which has the property of letting 
through only light plane-polarized perpendicular to its optic axis. 
Classical electrodynamics tells us what will happen for any given 
polarization of the incident beam. If this beam is polarized per
pendicular to the optic axis, it will all go through the crystal; if 
parallel to the axis, none of it will go through; while if polarized at 
an angle a to the axis, a fraction sin2a will go through. How are we 
to understand these results on a photon basis? 

A beam that is plane-polarized in a certain direction is to be 
pictured as made up of photons each plane-polarized in that 
direction. This picture leads to no difficulty in the cases when our 
incident beam is polarized perpendicular or parallel to the optic axis. 
We merely have to suppose that each photon polarized perpendicular 
to the axis passes unhindered and unchanged through the crystal, 
while each photon polarized parallel to the axis is stopped and ab
sorbed. A difficulty arises, however, in the case of the obliquely 
polarized incident beam. Each of the incident photons is then 
obliquely polarized and it is not clear what will happen to such a 
photon when it reaches the tourmaline. 

A question about what will happen to a particular photon under 
certaill conditions is not really very precise. To make it precise one 
must imagine some experiment performed having a bearing on the 
question and inquire what will be the result of the e~periment. Only 
questions about the results of experiments have a real significance 
and it is only such questions that theoretical physics has to consider. 

In our present example the obvious experiment is to use an incident 
beam consisting of only a single photon and to observe what appears 
on the back side of the crystal. According to quantum mechanics 
the result of this experiment will be that sometimes one will find a 
whole photon, of energy equal to the energy of the incident photon, 
on the back side and other times one will find nothing. When one 

3596.57 
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finds a whole photon, it will be polarized perpendicular to the optic 
axis. One will never find only a part of a photon on the back side. 
If one repeats the experiment a large number of times, one will find 
the photon on the back side in a fraction sin2a: of the total number 
of times. Thus we may say that the photon has a probability sin2a: 

of passing through the tourmaline and appearing on the back side 
polarized perpendicular to the axis and a probability cos2a: of being 
absorbed. These values for the probabilities lead to the correct 
classical results for an incident beam containing a large number of 
photons. 

In this way we preserve the individuality of the photon in all 
cases. We are able to do this, however, only because we abandon the 
determinacy of the classical theory. The result of an experiment is 
not determined, as it would be according to classical ideas, by the 
conditions under the control of the experimenter. The most that can 
be predicted is a set of possible results, with a probability of occur
rence for each. 

The foregoing discussion about the result of an experiment with a 
single obliquely polarized photon incident on a crystal of tourmaline 
answers all that can legitimately be asked about what happens to an 
obliquely polarized photon when it reaches the tourmaline. Questions 
about what decides whether the photon is to go through or not and 
how it changes its direction of polarization when it does go through 
cannot be investigated by experiment and should be regarded as 
outside the domain of science. Nevertheless some further description 
is necessary in order to correlate the results of this experiment with 
the results of other experi.rn,ents that might be performed with 
photons and to fit them all into a general scheme. Such further 
description should be regarded, not as an attempt to answer questions 
outside the domain of science, but as an aid to the formulation of 
rules for expressing concisely the results of large numbers of experi
ments. 

The further description provided by quantum mechanics runs as 
follows. It is supposed that a photon polarized obliquely to the optic 
axis may be regarded as being partly in the state of polarization 
parallel to the axis and partly in the state of polarization perpen
dicular to the axis. The state of oblique polarization may be con
sidered as. the res\llt of some kind of superposition process applied to 
the two states of parallel and perpendicular polarization. This implies 
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a certain special kind of relationship between the various states of 
polarization, a relat~onship similar to that between polarized beams in 
classical optics, but which is now to be applied, not to beams, but to 
the states of polarization of one particular photon. This relationship 
allows any state of polarization to be resolved into, or expressed as a 
superposition of, any two mutually perpendicular states of polari
zation. 

When we m~ke the photon meet a tourmaline crystal, we are sub
jecting it to an observation. We are observing whether it is polarized 
parallel or perpendicular to the optic axis. The effect of making this 
observation is to force the photon entirely into the state of parallel 
or entirely into the state of perpendicular polarization. It has to 
make a sudden jump from being partly in each of these two states to 
being entirely in one or other of them. Which of the two states it will 
jump into cannot be predicted, but is governed only by probability 
laws. If it jumps into the parallel state it gets absorbed and if it 
jumps into the perpendicular state it passes through the crystal and 
appears on the other side preserving this state of polarization. 

3. Interference of photons 
In this section we shall deal with another example of superposition. 

We shall again take photons, but shall be concerned with their posi
tion in space and their momentum instead of their polarization. If 
we are given a beam of roughly monochromatic light, then we know 
something about the location and momentum of the associated 
photons. We know that each of them is located somewhere in the 
region of space through which the beam is passing and has a momen
tum in the direction of the beam of magnitude given in terms of the 
frequency of the beam by Einstein's photo-electric law-momentum 
equals frequency multiplied by a universal constant. When we have 
such information about the location and momentum of a photon we 
shall say that it is in a definite translatiorial state. 

We shall discuss the 'description which quantum mechanics pro
vides of the interference of photons. Let us take a definite experi
ment demonstrating interference. Suppose we have a beam of light 
which is passed through some kind of interferometer, so that it gets 
split up into two components and the two components are subse
quently made to interfere. We may, as in the preceding section, take 
an incident beam consisting of only a single photon and inquire what 
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·will happen to it as it goes through the apparatus. This will present 
to us the difficulty of the conflict between the wave and corpuscular 
theories of light in an acute form. 

Corresponding to the description that we had in the case of the 
polarization, we must now describe the photon as going partly into 
each of the two components into which the incident beam is split. 
The photon is then, as we may say, in a translational state given by the 
superposition of the two translational states associated with the two 
components. We are thus led to a generalization of the term 'trans
lational state' applied to a photon. For a photon to be in a definite 
translational state it need not be associated with one single beam of 
light, but may be associated with two or more beams of light which 
are the components into which one original beam has been split. t In 
the accurate mathematical theory each translational state is associated 
with one of the wave functions of ordinary wave optics, which wave 
function may describe either a single beam or two or more beams 
into which one original beam has been split. Translational states are 
thus superposable in a similar way to wave functions. 

Let us consider now what happens when we determine the energy 
in one of the components.. The result of such a determination must 
be either the whole photon or nothing at all. Thus the photon must 
change suddenly from beirig partly in one beam and partly in the 
other to being entirely in one of the beams. This sudden change is 
due to the disturbance in the translational state of the photon which 
the observation necessarily makes. It is impossible to predict in which 
of the two beams the photon will be found. Only the probability of 
either result can be calculated from the previous distribution of the 
photon over the two beams. 

One could carry out the energy measurement without destroying the 
component beam by, for example, reflecting the beam from a movable 
mirror and observing the recoil. Our description of the photon allows 
us to infer that, after such an energy measurement, it would not be 
possible to bring about any interference effects between the two com-

. ponents. So long as the photon is partly in one beam and partly in 
the other, interference.can occur when the two beams are superposed, 
but this possibility disappears when the photon is forced entirely into 

t The circumstance that the superposition idea requires us to generalize our 
original meaning of translational states, but that no corresponding generalization was 
needed for the states of polarization of the preceding section, is an accidental one 
with no underlying theoretical significance. 
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one of the beams by an observation. Th~ other beam then no longer 
enters into the description of the photon, so that it counts as being 
entirely in the one beam in the ordinary way for any experiment that 
may subsequently be performed on it. 

On these lines quantum mechanics is able to effect a reconciliation 
of the wave and corpuscular properties of light. The essential point 
is the association of each of the translational states of a photon with 
one of the wave functions of ordinary wave optics. The nature of this 
association cannot be pictured on a basis of classical mechanics, but 
is something entirely new. It would be quite wrong to picture the 
photon and its associated wave as interacting in the way in which 
particles and waves can interact in classical mechanics. The associa
tion can be interpreted only statistically, the wave function giving 
us information about the probability of our finding the photon in any 
particular place when we make an observation of where it is. 

Some time before the discovery of quantum mechanics people 
realized that the connexion between light waves and photons must 
be of a statistical character. What they did not clearly realize, how
ever, was that the wave function gives information about the proba
bility of one photon being in a particular place and not the probable 
number of photons in that place. The importance of the distinction 
can be made clear in the following way. Suppose we have a beam 
of light consisting of a large number of photons split up into two com
ponents of equal intensity. On the assumption that the intensity of 
a beam is connected with the probable number of photons in it, we 
should have half the total number of photons going into each com
ponent. If the two components are now made to interfere, we should 
require a photon in one component to be able to interfere with one in 
the other. Sometimes these two photons would have to annihilate one 
another and other times they would have to produce four photons. 
This would contradict the conservation of energy. The new theory, 
which connects the wave function with probabilities for one photon, 
gets over the difficulty by making each photon go partly into each of 
the two components. Each photon then interferes only with itself. . 
Interference between two different photons never occurs. 

The association of particles with waves discussed above is not 
restricted to the case of light, but is, according to modern theory, 
of universal applicability. All kinds of particles are associated with 
waves in this way and conversely all wave motion is associated ·with 
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particles. Thus all particles can be made to exhibit interference 
effects and all wave motion has its energy in the form of quanta. The 
reason why these general phenomena are not more obvious is on 
account of a law of proportionality between the mass or energy of the 
particles and the frequency of the waves, the coefficient being such 
that for waves of familiar frequencies the associated quanta are 
extremely small, while for particles even as light as electrons the 
associated wave frequency is so high that it is not easy to demonstrate 
interference. 

4. Superposition and indeterminacy 
The reader may possibly feel dissatisfied with the attempt in the 

two preceding sections to fit in the existence of photons with the 
classical theory of light. He may argue that a very strange idea has 
been introduced-the possibility of a photon being partly in each of 
two states of polarization, or partly in each of two separate beams
but even with the help of this strange idea no satisfying picture of 
the fundamental single-photon processes has been given. He may say 
further that this strange idea did not provide any information about 
experimental results for the experiments discussed, beyond what 
could have been obtained from an elementary consideration of 
photons being guided in some vague way by waves. What, then, is 
the use of the strange idea ? 

In answer to the first criticism it may be remarked that the main 
object of physical science is not the' provision of pictures, hut is the 
formulation of laws governing phenomena and the application of 
these laws to the discovery of new phenomena. If a picture exists, 
so much the better; but whether a picture exists or not is a matter 
of only secondary importance. In the case of atomic phenomena 
no picture can be expected to exist in the usual sense of the word 
'picture', by which is meant a model functioning essentially on 
classical lines. One may, however, extend the meaning of the word 
'picture' to include any way of looking at the fundamental laws which 
makes their self-consistency obvious. With this extension, one may 
gradually acquire a picture of atomic phenomena by becoming 
familiar with the laws of the quantum theory. 

With regard to the second criticism, it may be remarked that for 
many simple experiments with light, an elementary theory of waves 
and photons connected in a vague statistical way would be adequate 
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to account for the results. In the case of such experiments quantum 
mechanics has no further information to give. In the great majority 
of experiments, however, the conditions are too complex for an 
elementary theory of this kind to be applicable and some more 
elaborate scheme, such as is provided by quantum mechanics, is then 
needed. The method of description that quantum mechanics gives 
in the more complex cases is _applicable also to the simple cases and 
although it is then not really necessary for accounting for the experi
mental results, its study in these simple cases is perhaps a suitable 
introduction to its study in the general case. 

There remains an overall criticism that one may make to the whole 
scheme, namely, that in departing from the determinacy of the 
classical theory a great complication is introduced into the descrip
tion of Nature, which is a highly undesirable feature. This complica
tion is undeniable, but it is offset by a great simplification, provided 
by the general principle of superposition of states, which we shall now 
go on to consider. But first it is necessary to make precise the impor
tant concept of a 'state' of a general atomic system. 

Let us take any atomic system, composed of particles or bodies 
with specified properties (mass, moment of inertia, etc.) interacting 
according to specified laws of force. There will be various possible 
motions of the particles or bodies consistent with the laws of force. 
Each such motion is called a state of the system. According to 
classical ideas one could specify a state by giving numerical values 
to all the coordinates and velocities of the various component parts 
of the system at some instant of time, the whole motion being then 
completely determined. Now the argument of pp. 3 and 4 shows that 
we cannot observe a small system with that amount of detail which 
classical theory supposes. The limitation in the power of observation 
puts a limitation on the number of data that can be assigned to a 
state. Thus a state of an atomic system must be specified by fewer 
or more indefinite data than a complete set of numerical values 
for all the coordinates and velocities at some instant of time. In the 
case when the system is just a single photon, a state would be com
pletely specified by a given translational state in the sense of § 3 
together with a given state of polarization in the sense of§ 2. 

A state of a system may be defined as an undisturbed motion that 
is restricted by as many conditions or data as are theoretically 
possible without mutual interference or contradiction. In practice 
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the conditions could be imposed by a suitable preparation of the 
system, consisting perhaps in passing it through various kinds of 
sorting apparatus, such as slits and polarimeters, the system being 
left undisturbed after the preparation. The word 'state' may be 
used to mean either the state at one particular time (after the 
preparation), or the state throughout the whole of time after the 
preparation. To distinguish these two meanings, the latter will be 
called a 'state of motion' when there is liable to be ambiguity. 

The general principle of superposition of quantum mechanics 
applies to the states, with either of the above meanings, of any one 
dynamical system. It requires us to assume that between these 
states there exist peculiar relationships such that whenever the 
system is definitely in one state we can consider it as being partly 
in each of two or more other states. The original state must be 
regarded as the result of a kind of superposition of the two or more 
new states, in a way that cannot be conceived on classical ideas. Any 
state may be considered as the result of a superposition of two or 
more other states, and indeed in an infinite number of ways. Con
versely any two or more states may be superposed to give a new 
state. The procedure of expressing a state as the result of super
position of a number of other states is a mathematical procedure 
that is always permissible, independent of any reference to physical 
conditions, like the procedure of resolving a wave into Fourier com
ponents. Whether it is useful in any particular case, though, depends 
on the special physical conditions of the problem under consideration. 

In the two preceding sections examples were given of the super
position principle applied to a system consisting of a single photon. 
§ 2 dealt with states differing only with regard to the polarization and 
§ 3 with states differing only with regard to the motion of the photon 
as a whole. 

The nature of the relationships which the superposition principle 
requires to exist between the states of any system is of a kind that 
cannot be explained in terms of familiar physical concepts. One 
cannot in the classical sense picture a system being partly in each of 
two states and see the equivalence of this to the system being com
pletely in some other state. There is an entirely new idea involved, 
to which one must get accustomed and in terms of which one must 
proceed to build up an exact mathematical theory, without having 
any detailed classical picture. 
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When a state is formed by the superposition of two other states, 
it will have properties that are in some vague way intermediate 
between those of the two original states and that approach more or 
less closely to those of either of them according to the greater or less 
'weight' attached to this state in the superposition process. The new 
state i~ completely defined by the two original states when their 
relative weights in the superposition process are known, together 
with a certain phase difference, the exact meaning of weights and 
phases being provided in the general case by the mathematical theory. 
In the case of the polarization of a photon their meaning is that pro
vided by classical optics, so that, for example, when two perpendicu
larly plane polarized states are superposed with equal weights, the 
new state may be circularly polarized in either direction, or linearly 
polarized at an angle !11, or else elliptically polarized, according to 
the phase difference. 

The non-classical nature of the superposition process is brought 
out clearly if we consider the superposition of two states, A and B, 
such that there exists an observation which, when made on the 
system in state A, is certain to lead to one particular result, a say, and 
when made on the system in state Bis certain to lead to some different 
result, b say. What will be the result of the observation when made 
on the system in the superposed state? The answer is that the result 
will be sometimes a and sometimes b, according to a probability law 
depending on the relative weights of A and B in the superposition 
process. It will never be different from both a and b. The inter
mediate character of the state farmed by superposition thus expresses 
itself thro11;gh the probability of a particular result for an observation 
being intermediate between the corresponding probabilities for the original 
states,f not through the result itself being intermediate between the 
corresponding results for the original states. 

In this way we see that such a drastic departure from ordinary 
ideas as the assumption of superposition relationships between the 
states is possible only on account of the recognition of the importance 
of the disturbance accompanying an observation and of the conse
quent indeterminac;iy in the result of the observation. When an 
observation is made on any atomic system that is in a given state, 

t The probability of a particular result for the state formed by superposition is not 
always intermediate between those for the original states in the general case when 
those for the origiruil states arc not zero or unity, so there are restrictions on the 
'intermediatene~s' of a state formed by superposition. 
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in general the result will not be determinate, i.e., if the experiment 
is repeated several times under identical conditions several different 
results may be obtained. It is a law of nature, though, that if the 
experiment is repeated a large number of times, each particular result 
will be obtained in a definite fraction of the total number of times, so 
that there is a definite probability of its being obtained. This proba
bility is what the theory sets out to calculate. ·Only in special cases 
when the probability for some result is unity is the result of the 
experiment determinate. 

The assumption of superposition relationships between the states 
leads to a mathematical theory in which the equations that define 
a state are linear in the unknowns. In consequence of this, people 
have tried to establish analogies with systems in classical mechanics, 
such as vibrating strings or membranes, which are governed by linear 
equations and for which, therefore, a superposition principle holds. 
Such analogies have led to the name 'Wave Mechanics' being some
times given to quantum mechanics. It is important to remember, 
however, that the superposition that occurs in quantum mechanics is 
of an essentially different nature from any occurring in the classical 
theory, as is shown by the fact that the quantum superposition prin
ciple demands indeterminacy in the results of observations in order 
to be capable of a sensible physical interpretation. The analogies are 
thus liable to be misleading. 

5. Mathematical formulation of the principle 
A profound change has taken place during the present century in 

the opinions physicists have held on the mathematical foundations 
of their subject. Previously they supposed that the principles of 
Newtonian mechanics would provide the basis for the description 
of the whole of physical phenomena and that all the theoretical 
physicist had to do was suitably to develop and apply these prin
ciples. With the recognition that there is no logical reason why 
Newtonian and other classical principles should be valid outside ·the 
domains in which they have been experimentally verified has come 
the realization that departures from these principles are indeed 
necessary. Such departures find their expression through the intro
duction of new mathematical formalisms, new schemes of axioms 
and rules of manipulation, into the methods of theoretical physics. 

Quantum mechanics provides a good example of the new ideas. It 
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requires the states of a dynamical system and the dynamical variables 
to be interconnected in quite strange ways that are unintelligible 
from the classical standpoint. The states and dynamical variables 
have to be represented by mathematical quantities of different 

. natures from those ordinarily used in physics. The new scheme 
becomes a precise physical theory when all the axioms and rules of 
manipulation governing the mathematical quantities are specified 
and when in addition certain laws are laid down connecting physical 
facts with the mathematical formalism, so that from any given 
physical conditions equations between the mathematical quantities 
may be inferred and vice versa. In an application of the theory one 
would be given certain physical information, which one would pro
ceed to express by equations between the mathematical quantities. 
One would then deduce new equations with the help of the axioms 
and rules of manipulation and would conclude by interpreting these 
new equations as physical conditions. The justification for the wP.ole 
scheme depends, apart from internal consistency, on the agreement 
of the final results with experiment. 

We shall begin to set up the scheme by dealing with the mathe
matical relations between the states of a dynamical system at one 
instant of time, which relations will come from the mathematical 
formulation of the principle of superposition. The superposition pro
cess is a kind of additive process and implies that states can in some 
way be added to give new states. The states must therefore be con
nected with mathematical quantities of a kind which can be added 
together. to give other quantities· of the same kind. The most obvious 
of such quantities are vectors. Ordinary vectors, existing in a space 
of a finite number of dimensions, are not sufficiently general for 
most of the dynamical systems in quantum mechanics. We have to 
make a generalization to vectors in a space of an infinite number of 
dimensions, and the mathematical treatment becomes complicated 
by questions of convergence. ]for the present, however, we shall deal 
merely with some general properties of the vectors, properties which 
can be deduced on the basis of a simple scheme of axioms, and 
questions of convergence and related topics will not be gone into 
until the need arises. --

It is desirable to have a special name for describing the vectors 
which are connected with the states of a system in quaHtum mecha
nics, whether they are in a space of a finite or an infinite number of 
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dimensions. We shall call them ket vectors, or simply kets, and denote 
a general one of them by a special symbol I>· If we want to specify 
a particular one of them by a label, A say, we insert it in the middle, 
thus JA). The suitability of this notation will become clear as the 
scheme is developed. 

Ket vectors may be multiplied by complex numbers and may be 
added together to give other ket vectors, e.g. from two ket vectors 
IA> and IB> we can form 

(1) 

say, where c1 and c2 are any two complex numbers. We may also 
perform more general linear processes with them, such as adding an 
infinite sequence of them, and if we have a ket vector Ix), depending 
on and labelled by a parameter x which can take on all values in a 
certain range, we may integrate it ·with respect to x, to get another 
ket vector 

J Ix> dx =IQ> 

say. A ket vector which is expressible linearly in terms of certain 
others is said to be dependent on them. A set of ket vectors are called 
independent if no one of them is expressible linearly in terms of the 
others. 

We now assume that each state of a dynamical system at a particular 
time corresponds to a ket vectqr, the correspondence being such that if a 
state results from the superposition of certain other states, its correspond
ing ket vector is expressible linearly in terms of the corresponding ket 
vectors of the other states, and conversely. Thus the state R results from 
a superposition of the states A and B when the corresponding ket 
vectors are connected by (1). 

The above assumption leads to certain properties of the super
position process, properties which are in fact necessary for the word 
'superposition' to be appropriate. When two or more states are 
superposed, the order in which they occur in the superposition 
process is unimportant, so the superposition process is symmetrical 
between the states that are superposed. Again, we see from equation 
(1) that (excluding the case when the coefficient c1 or c2 is zero) if 
the state R can be formed by superposition of the states A and B, 
then the state A can be formed by superposition of B and R, and B 
can be formed by superposition of A and R. The superposition 
relationship is symmetrical between all three states A, B, and R. 
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A state which results from the superposition of certain other 
states will be said to be dependent on those states. lVIore generally, 
a state will be said to be dependent on any set of states, finite or 
infinite in number, if its corresponding ket vector is dependent on 
the corresponding ket vectors of the set of states. A set of states 
will be called indepen.dent if no one of them is dependent on the 
others. 

To proceed with the mathematical formulation of the superposition 
principle we must introduce a further assumption, namely the assump
tion that by superposing a state with itself we cannot form any new 
state, but only the original state over again. If the original state 
corresponds to the ket vector IA), when it is superposed with itself 
the resulting state will correspond to 

c1 IA>+c2 IA>= (c1 +c2)IA), 

where c1 and c2 are numbers. Now we may have c1+c2 = 0, in which 
case the result of the superposition process would be nothing at all, 
the two components having cancelled each other by an interference 
effect. Our new assumption requires that, apart from this special 
case, the resulting state must be the same as the original one, so that 
(c1 +c2)[A) must correspond to the same state that IA> does. Now 
c1 +c2 is an arbitrary complex number and hence we can conclude 
that if the ket vector corresponding to a state is multiplied by any 
complex number, not ze_ro, the resulting ket vector will correspond to the 
same state. Thus a state is specified by the direction of a ket vector 
and any length one may assign to the ket vector is irrelevant. All 
the states of the dynamical system are in one-one correspondence 
with all the possible directions for a ket vector, no distinction being 
made between the directions of the ket vectors JA) and -IA). 

The assumption just made shows up very clearly the fundamental 
difference between the superposition of the quantum theory and any 
kind of classical superposition. In the case of a classical system for 
which a superposition principle holds, for instance a vibrating mem
brane, when one superposes a state with itself the result is a different 
state, with a different magnitude of the oscillations. There is no 
physical characteristic of a quantum state corresponding to the 
magnitude of the classical oscillations, as distinct from their quality, 
described by the ratios of the amplitudes at different points of 
the membrane. Again, while there exists a classical state with zero 
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amplitude of oscillation everywhere, namely the state of rest, there 
does not exist any corresponding state for a quantum system, the 
zero ket vector corresponding to no state at all. 

Given two states corresponding to the ket vectors IA) and iB>, 
the general state formed by superposing them corresponds to a ket 
vector iR) which is determined by two complex numbers, namely 
the coefficients c1 and c2 of equation (1). If these two coefficients are 
multiplied by the same factor (itself a complex number), the ket 
vector IR> will get multiplied ·by this factor and the corresponding 
state will be unaltered. Thus only the ratio of the two coefficients 
is effective in determining the state R. Hence this state is deter
mined by one complex number, or by two real parameters. Thus 
from two given states, a twofold infinity of states may be obtained 
by superposition. 

This result is confirmed by the examples discussed in §§ 2 and 3. 
In the example of§ 2 there are just two independent states of polari
zation for a photon, which may be taken to be the states of plane 
polarization parallel and perpendicular to some fixed direction, and 
from the superposition of these two a twofold infinity of states of 
polarization can be obtained, namely all the states of elliptic polari
zation, the general one of which requires two parameters to describe 
it. Again, in the example of§ 3, from the superposition of two given 
translati01:ial states for a photon a twofold infinity of translational 
states may be obta,ined, the general one of which is described by two 
parameters, which may be taken to be the ratio of the amplitudes 
of the two wave functions that are added together and :their phase 
relationship. This confirmation shows the need for allowing complex 
coefficients in equation (1). If these coefficients were restricted to be 
real, then, since only their ratio is of importance for determining the 
direction of the resultant ket vector IR) when IA) and iB) are 
given, there would be only a simple infinity of states obtainable from 
the superposition. 

6. Bra and ket vectors 
Whenever we have a set of vectors in any mathematical theory, 

we can always set up a second set of vectors, which mathematicians 
call the dual vectOrs. The procedure will be described for the case 
when the original vectors are our ket vectors. 

Suppose we have a number rp which is a function of a ket vector 
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IA>, i.e. to each ket vector IA> there corresponds one number cf>, 
and suppose further that the function is a linear one, which means 
that the number corresponding to IA>+ IA') is the sum of the 
numbers corresponding to IA> and to IA'), and the number corre
sponding to clA> is c times the number corresponding to IA), c 
being any numerical factor. Then the number rfo corresponding to 
any IA> may be looked upon as the scalar product of that IA) with 
some new vector, there being one of these new vectors for each linear 
function of the ket vectors IA). The justification for this way of 
looking at cf> is that, as will be seen later (see equations (5) and (6)), 
the new vectors may be added together and may be multiplied by 
numbers to give other vectors of the same kind. The new vectors 
are, of course, defined only to the extent that their scalar products 
with the original ket vectors are given numbers, but this is suffi
cient for one to be able to build up a mathematical theory about 
them. 

We shall call the new vectors bra vectors, or simply bras, and denote 
a general one of them by the symbol (I, the mirror image of the 
symbol for a ket vector. If we want to specify a particular one of 
them ~ya label, B say, we write it in the middle, thus (Bl. The 
scalar product of a bra vector (Bl and a ket vector IA) will be 
"\\Titten <BIA), i.e. as a juxtaposition of the symbols for the bra 
and ket vectors, that for the bra vector being on the left, and the 
two Yertical lines being contracted to one for brevity. 

One may look upon the symbols< and ) as a distinctive kind of 
brackets. A scalar product (BIA) now appears as a complete bracket 
expression and a bra vector <Bl or a ket vector IA> as an incomplete 
bracket expression. We have the rules that any complete bracket 
expression denotes a nitmber and any incomplete bracket expression 
denotes a vector, of the bra or ket kind according to whether it contains 
the first or second pa;rt of the brackets. 

The condition that the scalar product of <Bl and IA> is a linear 
function of IA) may be expressed symbolically by 

<Bl{IA>+ IA')} = <BIA>+<BIA'), 
<Bl{clA>} = c<BIA), 

c being any number. 

(2) 

(3) 

A bra vector is considered to be completely defined when its scalar 
product with every ket vector is given, so that if a bra vector has its 
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scalar product with every ket vector vanishing, the bra vector itself 
must be considered as vanishing. In symbols, if 

then 
<PIA> = o, all IA), 

<Pl= 0. 

The sum of two bra vectors (Bl and (B' I is defined by the condition 
that its scalar product with any ket vector IA) is the sum of the 
scalar products of (Bl and (B'I with IA), 

{<Bl+<B:l}IA> = <BIA>+<B'IA), (5) 

and the product of a bra vector (BI and a number c is defined by the 
condition that its scalar product with any ket vector IA) is c times 
the scalar product of <Bl with IA), 

{c(Bl}IA) = c(BiA). (6) 

Equations (2) and (5) show that products of bra and ket vectors 
satisfy the distributive axiom of multiplication, and equations (3) 
and (6) show that multiplication by numerical factors satisfies the 
usual algebraic axioms. 

The bra vectors, as they have been here introduced, are quite a 
different kind of vector from the kets, and so far there is no connexion 
between them except for the existence of a scalar product of a bra 
and a ket. We now make the assumption that there is a one-one 
correspondence between the bras and the kets, such that the bra corre
sponding to IA>+ IA') is the sum of the bras corresponding to IA> and 
to IA'), and the bra corresponding to clA> is c times the bra corre
sponding to IA), c being the conjugate complex n'umber to c. We shail 
use the same label to specify a ket and the corresponding bra. Thus 
the bra corresponding to IA) will be written (Al. 

The relationship between a ket vector and the corresponding bra 
makes it reasonable to call one of them the conjugate imaginary of 
the other. Our bra and ket vectors are complex quantities, since they 
can be multiplied by complex numbers and are then of the same 
nature as before, but they are complex quantities of a special kind 
which cannot be split up into real and pure imaginary parts. The 
usual method of getting the real part of a complex quantity, by 
taking half the sum of the quantity itself and its conjugate, cannot 
be applied since a bra and a ket ·vector are of different natures and 
cannot be added together. To call attention to this distinction, we 
shall use the words 'conjugate complex' to refer to numbers and 
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other complex quantities which can be split up into real and pure 
imaginary parts, and the words 'conjugate imaginary' for bra and 
ket vectors, which cannot. With the former kind of quantity, we 
shall use the notation of putting a bar over one of them to get the 
conjugate complex one. 

On account of the one-one correspondence between bra vectors and 
ket vectors, any state of our dynamical system at a particular time may 
be specified by the direction of a bra vector just as well as by the direction 
of a ket vector. In fact the whole theory will be symmetrical in its 
essentials between bras and kets. 

Given any two ket vectors IA> and I B), we can construct from 
them a number <BIA> by taking the scalar product of the first with 
the conjugate imaginary of the second. This number depertds linearly 
on IA> and antilinearly on IB), the antilinear dependence meaning 
that the number formed from IB>+ IB'> is the sum of the numbers 
formed from IB> and from !B'), and the number formed from cjB) 
is i5 times the number formed from IB>. There is a second way in 
which we can construct a number which depends linearly on IA> and 
antilinearly on jB), namely by forming the scalar product of IB> 
with the conjugate imaginary of IA> and taking the conjugate com
plex of this scalar product. We assume that these two numbers are 
always equal, i.e. 

<BIA>= <AIB>. (7). 

Putting IB> = IA> here, we find that the number <A IA> must be 
real. We make the further assumption 

<AJA>> 0, (8) 
except when IA>= 0. 

In ordinary space, from any two vectors one can construct a 
number-their scalar product--which is a real number and is sym
metrical between them. In the space of bra vectors or the space of 
ket vectors, from any two vectors one can again construct a number 
-the scalar product of one with the conjugate imaginary ·of the 
other-but this number is complex and goes over into the conjugate 
complex number wl;i.en the two vectors are interchanged. There is 
thus a. kind of perpe~dicularity in these spaces, which is a generaliza
tion of the perpendicularity in ordinary space. We shall call a bra 
and a. ket vector orthogonal if their scalar product is zero, and two 
bras or two kets will be called orthogonal if the scalar product of one 
with the conjugate imaginary of the other is zero. Further we shall 

3696-117 ... 
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say that two states of our dynamical system are orthogonal if the 
vectors corresponding to these states are orthogonal. 

The length of a bra vector (A I or of the conjugate imaginary ket 
vector JA) is defined as the square root of the positive number 
(AJA). When we are given a state and wish to set up a bra or ket 
vector to correspond to it, only the direction of ~he vector is given 
and the vector itself is undetermined to the extent of an arbitrary 
numerical factor. It is often convenient to choose this numerical 
factor so that the vector is :of length unity. This procedure is ca·lled 
normalization and the vector so chosen is said to be normalized. The 
vector is not completely determined even then, since one can still 
multiply it by any number of modulus unity, i.e. any number eiY 

where y is real, without changing its length. We shall call such a 
number a phase factor. 

The foregoing assumptions give the complete scheme of relations 
between the states of a dynamical system at a particular time. The 
relations appear in mathematical form, but they imply physical 
conditions, which will lead to results expressible in terms of observa
tions when the theory is developed further. For instance, if two states 
are orthogonal, it means at present simply a certain equation in our 
formalism, but this equation implies a definite physical relationship 
between the states, which further developments of the theory will 
enable us to interpret in terms of observational results (see the 
bottom of p. 35). 



II 

DYNAMICAL VARIABLES AND OBSERVABLES 

7. Linear operators 
IN the preceding section we considered a number which is a linear 
function of a ket vector, and this led to the concept of a bra vector. 
We shall now consider a ket vector which is a linear function of a 
ket vector, and this will lead to the concept of a linear operator. 

Suppose we have a ket IF> which is a function of a ket [A), i.e. 
to each ket [A) there corresponds one ket [F), and suppose further 
that the function is a linear one, which means that the [F) corre
sponding to [A)+ [A') is the sum of the [F)'s corresponding to IA> 
and to [A'), and the [F) corresponding to c[A) is c times the IF> 
corresponding to [A), c being any numerical factor. Under these 
conditions, we may look upon the passage from IA) to [F) as the 
application of a linear operator to [A). Introducing the symbol o: 
for the linear operator, we may write 

[F) = o:[A), 

in which the result of o: operating on [A) is written like a product 
of o: with [A). We make the rule that in such products the ket vector 
must always be put on the right of the linear operator. The above 
conditions of linearity may now be expressed by the equations 

o:{[A)+ [A')}= o:[A)+o:[A'), 
a{c[A)} = co:[A). 

A linear operator is considered to be completely defined when the 
result of its application to every ket vector is given. Thus a linear 
operator is to be considered zero if the result of its application to every 
ket vanishes, and two linear operators are to be considered equal if 
they produce the same result when applied to every ket. 

Linear operators can he added together, the sum of two linear 
operators being defined to be that linear operator which, operating 
on any ket, produces the sum of what the two linear operators 
separately would produce. Thus a+,B is defined by 

{o:+,B}[A) = o:[A)+,B[A) (2) 

for any [A). Equation (2) and the first of equations (1) show that 
products of linear operators with ket vectors satisfy the distributive 
axiom of multiplication. 
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Linear· operators can also be multiplied together, the product of 
two linear operators being defined as that linear operator, the appli
cation of which to any ket produces the same result as the application 
of the two linear operators successively .. Thus the product cxf3 is 
defined as the linear operator which, operating on any ket IA), 
changes it into that ket which one would get by operating first on 
IA) with {3, and then on the result of the first operation with ex. In 
symbols 

{cxf3}1A) = cx{,BIA)}. 

This definition appears as the associative axiom of multiplication for 
the triple product of ex, {3, and IA), and allows us to write this triple 
product as cx,BIA> without brackets. However, this triple product is 
in general not the same as what we should get if we operated on IA) 
first with ex and then with {3, i.e. in general cxf31A) differs from f3cxlA), 
so that in general ex/3 must differ from {3cx. The commutative axiom of 
multiplication does not hold for linear operators. It may happen as a 
special case that two linear operators g and 7J are such that g71 and 
'Y/g are equal. In this case we say that g commutes with 'Y/• or that g 
and 7J commute. · 

By repeated applications of the above processes of adding and 
multiplying linear operators, one can form sums and products of 
more than two of them, and one can proceed to build up an algebra 
with them. In this algebra the commutative axiom of multiplication 
does not hold, and also the product of two linear operators may 
vanish without either factor vanishing. But all the other axioms of 
ordinary algebra, including the associative and distributive axioms 
of multiplication, are valid, as may easily be verified. 

If we take a number k and multiply it into ket vectors, ~t appears 
as a linear operator operating on ket vectors, the conditions (1) being 
fulfilled with k substituted for ex. A. number is. thus a special case of 
a linear operator. It has the property that it commutes with all linear 
operators and this property distinguishes it from a general linear 
operator. 

So far we have considered linear operators operating only on ket 
vectors. We can give a meaning to their operating also on bra vectors, 
in the following way. Take the scalar product of any bra <Bl with 
the ket c.:IA). This scalar product is a number which depends 
linearly on IA) and therefore, from the definition of bras, it may be 
considered as the scalar product of IA) with some bra. The·bra thus 
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defined depends linearly on <BI, so we may look upon it as the result of 
some linear operator applied to <BI· This linear operator is uniquely 
determined by the original linear operator o: and may reasonably be 
called the same linear operator operating on a bra. In this way our 
linear operators are made capable of operating on bra vectors. 

A suitable notation to use for the resulting bra when o: operates on 
the bra <BJ is <Bio:, as in this notation the equation which defines 
<Bio: is 

{<Blo:}IA> = <Bl{o:!A>} (3) 

for any IA), which simply expresses the associative axiom of multi
plication for the triple product of <Bl, o:, and IA). We therefore 
make the general rule that in a product of a bra and a linear operator, 
the bra must always be put on the left. We can now write the triple 
product of <Bl, o:, and IA> simply as <Blo:IA> without brackets. It 
may easily be verified that the distributive axiom of multiplication 
holds for products of bras and linear operators just as_ well as for 
products of linear operators and kets. 

There is one further kind of product which has a meaning in our 
scheme, namely the product of a ket vector and a bra vector with 
the ket on the left, such as IA><BI. To examine this product, let us 
multiply it into an arbitrary ket IP), putting the ket on the right, 

· and assume the associative axiom of multiplication. The product is 
then IA)<BIP), which is another ket, namely IA) multiplied by the 
number (Btp), and this ket depends linearly on the ket IP). Thus 
IA)(BI appears as a linear operator that can operate on kets. It 
can also operate on bras, its product with a bra <QI on the left being 
<QIA><BI, which is the number <QIA> times the bra <Bl. The 
product IA><BJ is to be sharply distinguished from the product 
<BIA> of the same factors in the reverse order, the latter product 
being, of course, a number. 

We now have a complete algebraic scheme involving three kinds 
of quantities, bra vectors, ket vectors, and linear operators. They can 
be multiplied together in the various ways discussed above, and the 
associative and distributive axioms of multiplication always hold, 
but the commutative axiom of multiplication does not hold. In this 
general scheme we still have the rules of notation of the preceding 
section, that any complete bracket expression, containing < on the 
left and ) on the right, denotes a number, while any incomplete 
bracket expression, containing only <or ), denotes a vector. 
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With regard to the physical significance of the scheme, we have 
already assumed that the bra vectors and ket vectors, or rather the 
directions of these vectors, correspond to the states of a dynamical 
system at a particular time. We now make the further assumption 
that the linear operators correspond to the· dynamical variables at that 
time. By dynamical variables are meant quantities such as the 
coordinates and the components of velocity, momentum and angular 
momentum of particles, and functions of these quantities-in fact 
the variables in terms of which classical mechanics is built up. The 
new assumption requires that these quantities shall occur also in 
quantum mechanics, but with the striking difference that they are 
now subject to an algebra in which the commuiative axiom of multiplica
tion does not hold. 

This different algebra for the dynamical variables is one of the 
most important ways in which quantum mechanics differs from 
classical me~hanics. We shall see later on that, in spite of this funda
mental difference, the dynamical variables of quantum mechanics 
still have many properties in common with their classical counter
parts and it will be possible to build up a theory of them closely 
analogous to the classical theory and forming a beautiful generaliza
tion of it. 

It is convenient to use the same letter to denote a dynamical 
variable and the corresponding linear operator. In fact, we may con
sider a dynamical variable and the corresponding linear operator to 
be both the same thing, without getting into confusion. 

8. Conjugate relations 
Our linear operators are complex quantities, since one can multiply 

them by complex numbers and get other quantities of the same nature. 
Hence they must correspond in general to complex dynamical vari
ables, i.e. to complex functions of the coordinates, velocities, etc. We 
need some further development of the theory to see what kind of 
linear operator corresponds to a real dynamical variable. 

Consider the ket which is the conjugate imaginary of <Pia. This 
ket depends antilinearly on <Pl and thus depends linearly on IP). 
It may therefore be considered as the result of some linear operator 
operating on IP). This linear operator is called the adjoint of a and 
we shall denote it by ii. With this notation, the conjugate imaginary 
of (PJa is iiJP). 
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In formula (7) of Chapter I put <P jcv: for (A I and its conjugate 
imaginary O:JP) for JA). The result is 

<BJO:jP) = <PJajB). ( 4) 

This is a general formula holding for any ket vectors jB), JP) and 
any linear operator a, and it expresses one of the most frequently 
used properties of the adjoint. 

Putting ii: for a in (4), we get 

(BjcxjP) = <P[O:jB) = <BJajP), 

by using (4) again with JP) and jB) interchanged. This holds for 
any ket JP), so we can infer from (4) of Chapter I, 

<Blcx = <Bia, 
and since this holds for any bra vector <B j, we can infer 

a = a. 

Thus the adjoint of the adjoint of a linear operator is the original linear 
operator. This property of the adjoint makes it like the conjugate 
complex of a number, and it is easily verified that in the special case 
when the linear operator is a number, the adjoint linear operator is 
the conjugate complex number. Thus it is reasonable to assume that 
the adjoint of a linear operator corresponds to the conjugate complex of 
a dynamical variable. With this physical significance for the adjoint 
of a linear operator, we may call the adjoint alternatively the con
jugate complex linear operator, which conforms with our notation 0:. 

A linear operator may equal its adjoint, and is then called self
adjoint. It corresponds to a real dynamical variable, so it may be 
called alternatively a real linear operator. Any linear operator may 
be split up into a real part and a pure imaginary part. For this 
reason the words 'conjugate complex' are applicable to linear 
operators and not the words 'conjugate imaginary'. 

The conjugate complex of the sum of two linear operators is 
obviously the sum of their conjugate complexes. To get the conjugate 
complex of the product of two linear operators a and [3, we apply 
formula (7) of Chapter I with 

so that 

The result is 

<Al= (P[a, 

[A)= o:jP), 

(BJ = (Q[,8, 

[B) = ,B[Q). 

(Q[,8o:[P) = (Pja,BJQ) = (Q[af3/P) 
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from (4). Since this holds for any IP> and <QI, we can infer that 

fiiX = cxf3. (5) 

Thus the conjugate complex of the product of two linear operators eq_uals 
the product of the conjugate complexes of the factors in the reverse order. 

As simple examples of this result, it should be noted that, if t and 
ri are real, in general tri is not real. This is an important difference 
from classical mechanics. However, tri+rit is real, and so is i(tri-rifl. 
Only when g and ri commute is tri itself also real. Further, if g is real, 
then so is t 2 and, more generally, gn with n any positive integer. 

We may get the conjugate complex of the product of three linear 
operators by successive applications of the rule (5) for the conjugate 
complex of the product of two of them. We have 

cxf3y = cx([3y) = [3y iX = y fi iX, (6) 

so the conjugate complex of the product of three linear operators 
equals the product of the conjugate complexes of the factors in the 
reverse order. The rule may easily be extended to the product of any 
number of linear operators. 

In the preceding section we saw that the product !A)<BI is a linear 
operator. We may get its conjugate complex by referring"directly to 
the definition of the adjoint. Multiplying IA><BI into a general bra 
<Pi we get (P!A)(BJ, whose conjugate imaginary ket is 

<PIA> JB> = <A IP> IB> = IB><A IP) .. 
Hence IA><BI = JB><A 1- (7) 

We now have several rules concerning conJugate complexes and 
conjugate imaginaries of products, namely equation (7) of Chapter I, 
equations (4), (5), (6), (7) of this chapter, and the rule that the 
conjugate imaginary of (Plrx is iXIP). These rules can all be summed 
up in a single comprehensive rule, the conjugate complex or conjugate 
imaginary of any product of bra vectors, ket vectors, and linear operators 
is obtained by taking the conjugate complex or conjugate imaginary of 
each factor and reversing the order of all the factors. The rule is easily 
verified to hold quite generally, also for the cases not explicitly given. 
above. 

THEOREM. If g is a real linear operator and 

gmlP> = o (8) 

for a particular ket IP), m being a positive integer, then 

t!P> = 0. 
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To prove the theorem, take first the case when m = 2. Equation 

(8) then gives (Plg2 IP) = O, 

showing that the ket glP) multiplied by the conjugate imaginary bra 
(Pig is zero. From the assumption (8) of Chapter I with glP) for IA), 
we see thatg[P) must be zero. Thus the theorem is proved form= 2. 

Now take m > 2 and put 

gm-2 IP> = IQ). 

Equation (8) now gives g2 [Q) = 0. 

Applying the theorem for m = 2, we get 

g1Q> = 0 

or gm-tlP) = o. (9) 

By repeating the process by which equation (9) is obtained from 
(8), we obtain successively 

gm-2[P) = o, gm-alP) = 0, ... , g2 [P) = 0, glP) = 0, 

and so the theorem is proved generally. 

9. Eigenvalues and eigenvectors 
We must make a further development of the theory of linear 

opera.tors, consisting in studying the equation 

a:!P) = a[P), (IO) 

where a is a linear operator and a is a number. This equation usually 
presents itself in the form that a is a known linear operator and the 
number a and the ket [P) are unknowns, which we have to try to 
choose so as to satisfy (10), ignoring the trivial solution IP) = 0. 

Equation (10) means that the linear operator a applied to the ket 
IP> just multiplies this ket by a numerical factor without changing 
its direction, or else multiplies it by the factor zero, so that it ceases 
to have a direction. This same a applied to other kets will, of course, 
in general change both their lengths and their directions. It should 
be noticed that only the direction of IP> is of importance in equation 
(10). If one multiplies IP> by any number not zero, it will not affect 
the question of whether (10) is satisfied or not. 

Together with equation (10), we should consider also the conjugate 
imaginary form of equation 

<QI()',= b(QI, (11) 

where b is a number. Here the unknowns are the number b and the 
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non-zero bra (QI. Equations (10) and (11) are of such fundamental 
importance in the theory that it is desirable to have some special 
words to describe the relationships between the quantities involved. 
If ( 10) is satisfied, we shall call a an eigenvaluet of the linear opera tor 
ex, or of the corresponding dynamical variable, and we shall call IP> 
an eigenket of the linear operator or dynamical variable. Further, we 
shall say that the eigenket IP> belongs to the eigenvalue a. Similarly, 
if (11) is satisfied, we shall call b an eigenvalue of ex and (QI an 
eigenbra belonging to this eigenvalue. The words eigenvalue, eigen
ket, eigenbra have a meaning, of course, only with reference to a linear 
operator or dynamical variable. 

UBing this terminology, we can assert that, if an eigenket of ex is 
multiplied by any number not zero, the resulting ket is also an 
eigenket and belongs to the same eigenvalue as the original one. 
It is possible to have two or more independent eigenkets of a linear 
operator belonging to the same eigenvalue of that linear operator, 
e.g. equation (10) may have several solutions, I Pl), 1P2), IP3),. .. say, 
all holding for the same value of a, with the various eigenkets I Pl), 
JP2), 1P3),. .. independent. In this case it is evident that any linear 
combination of the eigenkets is another eigenket belonging to the 
same eigenvalue of the linear operator, e.g. 

c1 IPl)+c2 JP2)+c3 jP3)+ ... 

is another solution of (10), where c1 , c2, c3 , ... are any numbers. 
In the special case when the linear operator ex of equations (10) and 

(11) is a number, k say, it is obvious that any ket IP> and bra (QI 
will satisfy these equations provided a and b equal k. Thus a number 
considered as a linear operator has just one eigenvalue, and any ket 
is an eigenket and any bra is an eigenbra, belonging to this eigenvalue. 

The theory of eigenvalues and eigenvectors of a linear operator ex 

which is not real is not of much use for quantum mechanics. We 
shall therefore confine ourselves to real linear operators for the further 
development of the theory. Putting for ex the real linear operator ~' 
we have instead of equations (10) and (11) 

tlP) = alP), 

<Qlt = b(QI. 

(12) 

(13) 

t The worr! 'proper' is sometimes user! instcar! of 'eigen ',but this iR not satisfactory 
a,; the words 'proper' and 'impropel'' are often used witl 1 other meanings. For example, 
it1 §§!.)aw'! -±6 the words 'improper function' an<l 'proper-energy' are used. 
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· Three important results can now be readily deduced. 
(i) The eigenvalues are all real numbers. To prove that a satisfying 

(12) is real, we multiply (12) by the bra (Pl on the left, obtaining 

(PlglP) = a(PIP). 

Now from equation (4) with (Bl replaced by (Pl and a replaced by 
the real linear operator g, we see that the number (Pig IP) must be 
real, and from (8) of§ 6, (PIP) must be real and not zero. Hence a 
is real. Similarly, by multiplying (13) by IQ> on the right, we can 
prove that bis real. 

Suppose we have a solution of (12) and we form the conjugate 
imaginary equation, which will read 

(Pig= a(PI 

in view of the reality of g and a. This conjugate imaginary equation 
now provides a solution of (13), with (QI = <Pl and b =a. Thus 
we can infer 

(ii) The eigenvalues associated with eigenkets are the same as the 
eigenvalues associated with eigenbras. 

(iii) The conjugate imaginary of any eigenket is an eigenbra belonging 
to the same eigenvalue, and conversely. This last result makes it reason
able to call the state corre::;ponding to any eigenket or to the conjugate 
imaginary eigenbra an eigenstate of the real dynamical variable g. 

Eigenvalues and eigenvectors of various real dynamical variables 
are used very extensively in quantum mechanics, so it is desirable 
to have some systematic notation for labelling them. The following 
is suitable for most purposes. If g is a real dynamical variable, we · 
call its eigenvalues f, g", gr, etc. Thus we have a letter by itself 
denoting a real dynamical variable or a real linear operator, and the 
same letter with primes or an index attached denoting a number, 
namely an eigenvalue of what the letter by itself denotes. An eigen
vector may now be labelled by the 'eigenvalue to which it belongs. 
Thus jg') denotes an eigenket belonging to the eigenvalue f of the 
dynamical variable g. If in a piece of work we deal with more than 
one eigenket belonging to the same eigenvalue of a. dynamical variable, 
we may distinguish them one from another by means of a further 
label, or possibly of more than one further labels. Thus, if we a.re 
dealing with two eigenkets belonging to the same eigenvalue off, 
we may call them If l) and lf2). 
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the algebraic expression Xr(g). Since the e's are all different, xr(cr) 
cannot vanish. Consider now the expression 

(21) 

If c8 is substituted for g here, every term in the sum vanishes except 
the one for which r = s, since Xr(g) contains (g-c8 ) as a factor when 
r =I= s, and the term for which r = 8 is unity, so the whole expression 
vanishes. Thus the expression (21) vanishes when g is put equal to 
any of the n numbers Cv c2, ••• , en. Since, however, the expression 
is only of degree n-1 in g, it must vanish identically. If we now 
apply the linear operator (21) to an arbitrary ket IP) and equate 
the result to zero, we get 

IP) = L (le ) Xr(g) IP). (22) 
r Xr r 

Each term in the sum on the right here is, according to (19), an 
eigenket of g, if it does not vanish. Equation (22) thus expresses the 
arbitrary ket IP) as a sum of eigenkets of g, and thus ((3) is proved. 

As a simple example we may consider a real linear operator er that 
satisfies the equation 

u2 = 1. (23) 

Then er has the two eigenvalues 1 and -1. Any ket IP) can be 
expressed as IP>= i(l+cr)IP>+i(l-cr)IP>. 
It is easily verified that the two terms on the right here are eigenkets 
of er, belonging to the eigenvalues 1 and -1 respectively, when they 
do not vanish. 

10. Observables 
We have made a number of assumptions about the way in which 

states and dynamical variables are to be represented mathematically 
in the theory. These assumptions are not, by themselves, laws of 
nature, but become laws of nature when we make some further 
assumptions that provide a physical interpretation of the theory. 
Such further assumptions must take the form of establishing con
nexions between the results of observations, on one hand, and the 
equations of the mathematical formalism ·on the other. 

When we make an observati<m we measure some dynamical variable. 
It is obvious physically that the result of such a measurement must 
always be a real number, so we should expect that any dynamical 
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variable that we can measure must be a real dynamical variable. 
One might think one could measure a complex dynamical variable 
by measuring separately its real and pure imaginary parts. But this 
would involve two measurements or two observations, which would 
be all right in classical mechanics, but would not do in quantum 
mechanics, where two observations in general interfere with one 
another-it is not in general permissible to consider that two observa
tions can be made exactly simultaneously, and if they are made in 
quick succession the first will usually disturb the state of the system 
and introduce an indeterminacy that will affect the second. We 
therefore have to restrict the dynamical variables that we can 
measure to be real, the condition for this in quantum. mechanics 
being as given in § 8. Not every real dynamical variable can be 
measured, however. A further restriction is needed, as we shall see 
later. 

We now make some assumptions for the physical interpretation of 
the theory. If the dynamical system is in an eigenstate of a real 
dynamical variable g, belonging to the eigenvalue f, then a measurement 
of q will certainly give as result the number f. Conversely, if the system 
is in a state such that a measurement of a real dynamical variable g is 
certain to give one particular result (instead of giving one or other of 
several possible results according to a probability law, as is in general 
the case), then the state is an eigenstate of g and the result of the measure
ment is the eigenvalue of g to which this eigenstate belongs. These 
assumptions are reasonable on account of the eigenvalues of real 
linear operators being always real numbers. 

Some of the immediate consequences of the assumptions will be 
noted. If we have two or more eigenstates of a real dynamical 
variable g belonging to the same eigenvalue f, then any state 
formed by superposition of them will also be an eigenstate of g 
belonging to the eigenvalue f. We can infer that if we have two or 
more states for which a measurement of g is certain to give the result 
f, then for any state formed by superposition of them a measurement 
of g will still be certain to give the result f. This gives us some insight 
into the physical significance of superposition of states. Again, two 
eigenstates of g belonging to different eigenvalues are orthogonal. 
We can infer that two states for which a measurement of g is certain 
to give two different results are orthogonal. This gives us some 
insight into the physical significance of orthogonal states. 
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When we measure a real dynamical variable g, the disturbance 
involved in the act of measurement causes a jump in the state of the 
dynamical system. ·From physical continuity, if we make a second 
measurement of the same dynamical variable g immediately after 
the first, the result of the second measurement must be the same as 
that of the first. Thus after the first measurement has been made, 
there is no indeterminacy in the result of the second. Hence, after 
the first measurement has been made, the system is in an eigenstate 
of the dynamical variable g, the eigenvalue it belongs to being equal 
to the result of the first measurement. This conclusion must still hold 
if the second measurement is not actually made. In this way we see 
that a measurement always causes the system to jump into an eigen
state of the dynamical variable that is being measured, the eigenvalue 
this eigenstate belongs to being equal to the result of the measure
ment. 

We can infer that, with the dynamical system in any state, any 
result of a measurement of a real dynamical variable is one of its eigen
values. Conversely, every eigenvalue is a possible result of a measure
ment of the dynamical variable for some state of the system, since it is 
certainly the result if the state is an eigenstate belonging to this 
eigenvalue. This gives us the physical significance of eigenvalues. 
The set of eigenvalues of a real dynamical variable are just the 
possible results of measurements of that dynamical variable and the 
calculation of eigenvalues is for this reason an important problem. 

Another assumption we make connected with the physical inter
pretation of the theory is that, if a certain real dynamical variable 
g is measured with the system in a particular state, the states into which 
the system may jump on account of the measurement are such that the 
original state is dependent on them. Now these states into which 
the system may jump are all eigenstates of g, and hence the original 
state is dependent on eigenstates of g. But the original state may be 
any state, so we can conclude that any state is dependent on eigen
states of g. If we define a complete set of states to be a set such that 
any state is dependent on them, then our conclusion can be formu
lated-the eigenstates of g form a complete set. 

Not every real dynamical variable has sufficient eigenstates to form 
a complete set. Those whose eigenstates do not form complete sets 
are riot quantities that can be measured. We obtain in this way a 
further condition that a dynamical variable has to satisfy in order 
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that it shall be susceptible to measurement, in addition to the con
dition that it shall be real. We call a real dynamical variable whose 
eigenstates form a complete set an observable. Thus any quantity 
that can be measured is an observable. 

The question now presents itself-Can every observable be 
measured? The answer theoretically is yes. In practice it may be 
very awkward, or perhaps even beyond the ingenuity of the experi
menter, to devise an apparatus which could measure some particular 
observable, but the theory always allows one to imagine that the 
measurement can be made. 

Let us examine mathematically the condition for a real dynamical 
variable g to be an observable. Its eigenvalues may consist of a 
(finite or infinite) discrete set of numbers, or alternatively, they 
may consist of all numbers in a certain range, such as all numbers 
lying between a and b. In the former case, the condition that 
any· state is dependent on eigenstates of g is that any ket can 
be expressed as a sum of eigenkets of g, In the latter case the 
condition needs modification, since one may have an integral instead 
of a sum, i.e. a ket IP) may be expressible as an integral of eigen
kets of g, 

IP)= I If> df, (24) 

If) being an eigenket of g belonging to the eigenvalue f and the 
range of integration being the range of eigenvalues, as such a ket is 
dependent on eigenkets of g. Not every ket dependent on eigenkets 
of g can be expressed in the form of the right-hand side of (24), since 
one of the eigenkets itself cannot, and more generally any sum of 
eigenkets cannot. The condition for the eigenstates of g to form a 
complete set must thus be formulated, that any ket IP> can be 
expressed as an integral plus a sum of eigenkets of g, i.e. 

IP) = J If c) df + ~ Wd>, (25) 

where the If c), It'd> are all eigenkets of g, the labels c and d being 
inserted to distinguish them when the eigenvalues f and gr are equal, 
and where the integral is taken over the whole range of eigenvalues 
and the sum is taken over any selection of them. If this condition 
is satisfied in the case when the eigenvalues of g consist of a range 
of numbers, then g is an observable. 

There is a more general case that sometimes occurs, namely the 
eigenvalues of g may consist of a range of numbers together with a 

3595.57 D 
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discrete set of numbers lying outside the range. In this case the 
condition that g shall be an observable is still that any ket shall b.e 
expressible in the form of the right-hand side of (25), but the sum 
over r is now a sum over the discrete set of eigenvalues as well as a 
selection of those in the range. 

It is often very difficult to decide mathematically whether a par
ticular real dynamical variable satisfies the condition for being an 
observable or not, because the whole problem of finding eigenvalues 
and eigenvectors is in general very difficult. However, we may have 
good reason on experimental grounds for believing that the dynamical 
variable can be measured and then we may reasonably assume that it 
is an observable even though the mathematical proof is missing. This is 
a thing we shall frequently do during the course of development of the 
theory, e.g. we shall assume the energy of any dynamical system to be 
always an observable, even though it is beyond the power of present
day mathematical 11nalysis to prove it so except in simple cases. 

In the special case when the real dynamical variable is a number, 
every state is an eigenstate and the dynamical variable is obviously 
an observable. Any measurement of it always gives the same result, 
so it is just a physical constant, like the charge on an electron. 
A physical constant in quantum mechanics may thus be looked upon 
either as an observable with a single eigenvalue or as a mere number 
appearing in the equations, the two points of view being equivalent. 

If the real dynamical variable satisfies an algebraic equation, then 
the result ({J) of the preceding section shows that the dynamical 
variable is an observable. Such an observable has a finite number 
of eigenvalues. Conversely, any observable with a finite number of 
eigenvalues satisfies an algebraic equation, since if the observable g 
has as its eigenvalues r' g" , ... ' gn' then 

(e-n(e-e") ... (e-en) IP> = o 
holds for IP> any eigenket of e, and thus it holds for any JP) what
ever, because any ket can be expressed as a sum of eigenkets of g 
on account of g being an observable. Hence 

(26) 

As an example we may consider the linear operator IA)(Al, where 
IA> is a normalized ket. This linear operator is real according to (7), 
and its square is 

{IA><A 1}2 = IA><AIA><AI = IA><AI (27) 
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since (AJA) = 1. Thus its square equals itself and so it satisfies an 
algebraic equation and is an observable. Its eigenvalues are 1 and 0, 
with IA> as the eigenket belonging to the eigenvalue 1 and all kets 
orthogonal to IA> as eigenkets belonging to the eigenvalue 0. A 
measurement of the observable thus certainly gives the result I if 
the dynamical system is in the state corresponding to IA> and the 
result 0 if the system is in any orthogonal state, so the observable 
may be described as the quantity which determines whether the 
system is in the state IA> or not. 

Before concluding this section we should examine the conditions 
for an integral such as occurs in (24) to be significant. Suppose IX) 
and I Y) are two kets which can be expressed as integrals of eigenkets 
of the observable t, 

IX>= f lfx> df, I Y) = f WY> df', 

x and y being used as labels to distinguish the two integrands. Then 
we have, taking the conjugate imaginary of the first equation and 
multiplying by the second , 

<XI Y> =ff <fxlt'y> dfdf'. (28) 

Consider now the single integral 

(29) 

From the orthogonality theorem, the integrand here must vanish 
over the whole range of integration except the one point f" = f. 
If the integrand is finite at this point, the integral (29) vanishes, and 
if this holds for all f, we get from (28) that (Xi Y) vanishes. Now 
in general (Xi Y) does not vanish, so in general (q'xlfy) must be 
infinitely great in such a way as to make (29) non-vanishing and 
finite. The form of infinity required for this will be discussed in § 15. 

In our work up to the present it has been implied that our bra and 
ket vectors are of finite length and their scalar products are finite. 
We see now the need for relaxing this condition when we are dealing 
with eigenvectors of an observable whose eigenvalues form a range. 
If we did not relax it, the phenomenon of ranges of eigenvalues could 
not occur and our theory would be too weak for most practical 
problems. 
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Taking I Y) = IX) above, we get the result that in general <fxlfx) 
is infinitely great. We shall assume that if If x) =/=- 0 

J (fxlt"x) df" > 0,. (30) 

as the axiom corresponding to (8) of § 6 for vectors of infinite 
length. 

. The space of bra or ket vectors when the vectors are restricted to 
be of finite length and to have finite scalar products is called by 
mathematicians a Hilbert space. The bra and ket vectors that we 
now use form a more general space than a Hilbert space. 

We can now see that the expansion of a ket IP) in the form of the 
right-hand side of (25) is unique, provided there are not two or more 
terms in the sum referring to the same eigenvalue. To prove this 
result, let us suppose that two different expansions of IP> are pos
sible. Then by subtracting one from the other, we get an equation 
of the form 

o = f iea> df + ~ 1t·b» (31) 

a and b being used as new labels for the eigenvectors, and the sum 
overs including all terms left after the subtraction of one sum from 
the other. If there is a term in the sum in (31) referring to an eigen
value gt not in the range, we get, by multiplying (31) on the left by 
(gtb I and using the orthogonality theorem, 

0 = <ttbJgtb), 

which contradicts (8) of§ 6. Again, if the integrand in (31) does not 
vanish for some eigenvalue f' not equal to any gs occurring in the 
sum, we get, by multiplying (31) on the left by (f'al and using the 
orthogonality theorem, 

0 = J <t"alfa) df, 

which contradicts (30). Finally, if there is a term in the sum in (31) 

referring to an eigenvalue gt in the range, we get, multiplying (31) on 
the left by < t'b I, 

o = f <t1blfa> df +<ttb1t1b> 
and multiplying (31) on the left by <t1al 

0 = J (gtalfa) df +<t1algtb). 

(32) 

(33) 

Now the integral in (33) is finite, so <t1alt1b) is finite and (gtblt1a) is 
finite. The integral in (32) must then be zero, so <t1blt1b) is zero and 
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we again have a contradiction. Thus flVery term in (31) must vanish 
and the expansion of a ket IP> in the form of the right-hand side of 
(25) must be unique. 

11. Functions of observables 
Let g be an observable. We can multiply it by any real number k 

and get another observable kg. In order that our theory may be 
self-consistent it is necessary that, when the system is in a state such 
that a measurement of the observable g certainly gives the result f, 
a measurement of the observable kg shall certainly give the result kg'. 
It is easily verified that this condition is fulfilled. The ket correspond
ing to a state for which a measurement of g certainly gives the result 
f is an eigenket of g, If) say, satisfying 

gw> = flf>. 
This equation leads to 

kg:g') = kflf), 
showing that If) is an eigenket of kg belonging to the eigenvalue kg', 
and thus that a measurement of kg will certainly give the. result kg'. 

More generally, we may take any real function of g, f(g) say, and 
consider it as a new observable which is automatically measured 
whenever g is measured, since an experimental determination of the 
value of g also provides the value of/(g). We need not restrictf(s) to 
be real, and then its real and pure imaginary parts are two observables 
which are a utomatioally measured when g is measured. For the theory 
to be consistent it is necessary that, when the system is in a state 
such that a measurement of g certainly gives the result f, a measure
ment of the real and pure imaginary parts off(g) shall certainly give 
for result's the real and pure imaginary parts of/(f). In the case when 
f(s) is expressible as a power series 

f(g) = co+c1 g+c2 g2+ca t3+ ... , 
the e's being numbers, this condition can again be verified by elemen
tary algebra. In the case of more general functions fit may not be 
possible to verify the condition. The condition may then be used to 
define /(fl, which we have not yet defined mathematically. In this 
way we can get a more general definition of a function of an observ
able than is provided by power series. 

We define f(g) in general to be that linear operator which satisfies 

(34) 
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for every eigenket W> of t,f(f) being a number for each eigenvalue f. 
It is easily seen that this definition is self-consistent when applied to 
eigenkets It') that are not independent. Ifwe have an eigenket WA> 
dependent on other eigenkets of g, these other eigenkets must all 
belong to the same eigenvalue f, otherwise we should have an equa
tion of the type (31), which we have seen is impossible. On multiplying 
the equation which expresses WA> linearly in terms of the other 
eigenkets of g by f(t) on the left, we merely multiply each term in it 
by the number f(f), so we obviously get a consistent equation. 
Further, equation (34) is sufficient to define the linear operator f(fl 
completely, since to get the result ofJ(t) multiplied into an arbitrary 
ket JP), we have only to expand JP) in the form of the right-hand 
side of (25) and take 

f(t)JP> = f f(t')Wc> df + ~JW)Jt'd). (35) 

The conjugate complex· f(fl of f(fl is defined by the conjugate 
imaginary equation to (34), namely 

<flf(t) = /(f)<f J, 
holding for any eigenbra (f J, /(t) being the conjugate complex 
function to j(f). Let us replace f here by g" and multiply the 
equation on the right by the arbitrary ket JP). Then we get, using 
the expansion (25) for JP), 

<f'lf(t) IP> = Rf'l<f' IP> 

= f !Wl<t"lfc> df + 2.fW)<CWd> 
T 

= J fW)<t"lfc) df +f(f')<f'lt"d) (36) 

with the help of the orthogonality theorem, (f'ig"d) being under
stood to be zero if f' is not one of the eigenvalues to which the terms 
in the sum in (25) refer. Again, putting the conjugate complex 
function /(t) for f(t') in (35) and multiplying on the left by (g"J, 
we get 

· <f'IJ(t)!P> = J J(fl(f'lf c) df +f(f")(f'lt"d). 

The right-hand side here equals that of (36), since the integrands 
vanish for r =I= t"' and hence 

<t"lf(t)IP> = <t"IJ(fllP). 
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This holds for (e' I any eigenbra and IP> any ket, so 

f(fl =/(fl. (37) 

Thus the confugate complex of the linear operator f(fl is the conjugate 
complex function J of e. 

It follows as a corollary that if /(fl is a real function off, f(fl is 
a real linear operator. /(g) is then also an observable, since its 
eigenstates form a complete set, every eigenstate of~ being also an 
eigenstate of /(fl. 

With the above definition we are able to give a meaning to any 
function f of an observable, provided only that the domain of existence 
of the function of a real variable f(x) includes all the eigenvalues of the 
observable. If the domain of existence contains other points besides 
these eigenvalues, then the values of f(x) for these other points will 
not affect the function of the observable. The function need not be 
analytic or continuous. The eigenvalues of a function f of an observ
able are just the function f of the eigenvalues of the observable. 

It is important to observe that the possibility of defining a function 
f of an observable requires the existence of a unique number f(x) for 
each value of x which is an eigenvalue of the observable. Thus the 
functionf(x) must be single-valued. This may be illustrated by con
sidering the question: When we have an observable f(A) which is a 
real function of the observable A, is the observable A a function of 
the observablef(A)? The ans1ver to this is yes, if different eigenvalues 
A' of A always lead to different values ofj(A'). If, however, there 
exist two different eigenvalues of A, A' and A" say, such that 
f(A') = j(A"), then, corresponding to the eigenvalue f(A') of the 
observable f(A), there will not be a unique eigenvalue of the observ
able A and the latter will not be a function of the observable f(A). 

It may easily be verified mathematically, from the definition, that 
the sum or product of two functions of an observable is a function 
of that observable and that a function of a function of an observable 
is a function of that observable. Also it is easily seen that the whole 
theory of functions of an observable is symmetrical between bras and 
kets and that we could equally well work from the equation 

<f lf(g) = f(fl<f I (38) 
instead of from (34). 

We shall conclude this section with a discussion of two examples 
which are of great practical importance, namely the rP<:iorocal and 
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the square root. The reciprocal of an observable exists if the observ
able does not have the eigenvalue zero. If the observable a does not 
have the eigenvalue zero, the reciprocal observable, which we call a-1 

or l/cx, will satisfy a-lla') = a'-lla'), (39) 

where lex') is an eigenket of ex belonging to the eigenvalue a'. Hence 

cxex-1 la') = aa'-1 la') = la'). 

Since this holds for any eigenket [a'), we must have 

Similarly, 

aa-1 = 1. 

a-1a = 1. 

(40) 

(41) 

Either of these equations is sufficient to determine a-1 completely, 
provided a does not have the eigenvalue zero. To prove this in the 
case of (40), let x be any linear operator satisfying the equation 

ax= 1 

and multiply both sides on the left by the a-1 defined by (39). The 
result is 

and hence from (41) 

Equations (40) and (41) can be used to define the reciprocal, when 
it exists, of a general linear operator a, which need not even be real. 
One of these equations by itself is then not necessarily sufficient. If 
any two linear operators a and f3 have reciprocals, their product af3 
has the reciprocal (42) 

obtained by taking the reciprocal of each factor and reversing their 
order. We verify (42) by noting that its right-hand side gives unity 
when multiplied by exf3, either on the right or on the left. This reci
procal law for products can be immediately extended to more than 
two factors, i.e., 

The square root of an observable a always exists, and is real if ex 
has no negative eigenvalues. We write it .Jo: or al. It satisfies 

.Jex[o:') = ±.Jex'[ex'), (43) 

!ex') being an eigenket of ex belonging to the eigenvalue a'. Hence 

.Jex.Jex[ex') = .Ja'.Jex'jex') = ex'Jex') = ex[ex'), 

and since this holds for any eigenket [a') we must have 

.Jex.Jex = a. ( 44) 
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On account of the ambiguity of sign in (43) there will be several 
square roots. To fix one of them we must specify a particular sign 
in (43) for each eigenvalue. This sign may vary irregularly from one 
eigenvalue to the next and equation ( 43) will always define a linear 
op~rator .Vex satisfying (44) and forming a square-root function of ex. 
If there is an eigenvalue of ex with two or more independent eigenkets 
belonging to it, then we must, according to our definition of a func
tion, have the same sign in (43) for each of these eigenkets. If we 
took different signs, however, equation ( 44) would still hold, and hence 
equation ( 44) by itself is not sufficient to define .Vex, except in the 
special case when there is only one independent eigenket of ex belong
ing to any eigenvalue. 

The number of different square roots of an observable is 211., where 
n is the total number of eigenvalues not zero. In practice the square
root fun'Ction is used only for observables without negative eigen
values and the particular square root that is useful is the one for 
which the positive sign is always taken in ( 43). This one will be called 
the positive square root. 

12. The general physical interpretation 
The assumptions that we made at the beginning of§ 10 to get a 

physical interpretation of the mathematical theory are of a rather 
special kind, since they can be used only in connexion with eigen
states. We need some more general assumption which will enable us 
to extract physical information from the mathematics even when we 
are not dealing with eigenstates. 

In classical mechanics an observable always, as we say, 'has a 
value' for any particular state of the system. What is there in quan
tum mechanics corresponding to this? If we take any observable g 
and any two states x and y, corresponding to the vectors <xi and ly), 
then we can form the number <xlsly). This number is not very 
closely analogous to the value which an observable can 'have' in the 
classical theory, for three reasons, namely, (i) it refers to two states 
of the system, while the classical value always refers to one, (ii) it is 
in general not a real number, and (iii) it is not uniquely determined 
by the observable and the states, since the vectors <xi and IY> contain 
arbitrary numerical factors. Even if we impose on <xi and IY> the 
condition that they shall be normalized, there will still be an undeter
mined factor of modulus unity in <xJely). These three reasons cease 
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to apply, however, if we take the two states to be identical and IY> 
to be the conjugate imaginary vector to (xj. The number that we 
then get, namely (xltlx), is necessarily real, and also it is uniquely 
determined when (xi is normalized, since if we multiply (xi by the 
numerical factor eic, c being some real number, we must multiply 
Ix> by e-ic and (xltlx) will be unaltered. 

One might thus be inclined to make the tentative assumption that 
the observable g 'has the value' (xltlx> for the state x, in a sense 
analogous to the classical sense. This would not be satisfactory, 
though, for the following reason. Let us take a second observable 71, 
which would have by the above assumption the value (xlrilx) for 
this same state. We should then expect, from classical analogy, that 
for this state the sum of the two observables would have a value 
equal to the sum of the values of the two observables separately and 
the product of the two observables would have a value equal to the 
product of the values of the two observables separately. Actually, the 
tentative assumption would give for the sum of the two observables 
the value (xJt+riJx), which is, in fact, equal to the sum of (xJeJx> 
and (x IT/ Jx), but for the product it would give the value (x Itri Jx) 
or (xJritlx), neither of which is connected in any simple way with 
(xJtlx) and <xlrilx). 

However, since things go wrong only with the product and not with 
the sum, it would be reasonable to call (xltJx) the average value of 
the observable g for the state x. This is because the average of the 
sum of two quantities must equal the sum of their averages, but the 
average of their product need not equal the product of their averages. 
We therefore make the general assumption that if the measurement 
of the observable g for the system in the state corresponding to Ix> is 
made a large number of times, the average of all the results obtained will 
be (xltJx), provided Jx) is normalized. If Jx> is not normalized, as is 
necessarily the case if the state x is an eigenstate of some observable 
belonging to an eigenvalue in a range, the assumption becomes that 
the average result of a measurement oft is proportional to <xltlx>. 
This general assumption provides a basis for a general physical inter
pretation of the theory. 

The expression that an obsenrable 'has a particular value' for a 
particular state is permissible in quantum mechanics in the special 
case when a measurement of the observable is certain to lead to the 
particular value, so that the state is an eigenstate of the observable. 
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It may easily be verified from the algebra that, with this restricted 
meaning for an observable 'having a value', if two observables have 
values for a particular state, then for this state the sum of the two 
observables (if this sum is an observablet) has a value equal to the 
sum of the values of the two observables separately and the product 
of the two 'observables (if this product is an observablet) has a value 
equal to the product of the values of the two observables separately. 

In the general case we cannot speak of an observable having a value 
for a particular state, but we can speak of its having an average value 
for the state.' We can go further and speak of the probability of its 
having any specified val?-e for the state, meaning the probability of 
this specified value being obtained when one makes a measurement of 
the observable. This ptobability can be obtained from the general 
assumption in the following way. 

Let the observable beg and let the state correspond to the normal
ized ket Ix). Then the general assumption tells us, not only that the 
average value of g is <xlg[x), but also that the average value of any 
function of g,J(g) say, is <xlf(t) Ix). Takef(g) to be that function of g 
which is equal to unity when g =a, a being some real number, and 
zero otherwise. This function of g has a meaning according to our 
general theory of functions of an observable, and it may be denoted 
by oga in conformity with the general notation of the symbol 8 with 
two suffixes given on p. 62 (equation (17)). The average value of 
this function of g is just the probability, Pa say, of g having the value 
a. Thus (45) 

If a is not an eigenvalue of g, oga multiplied into any eigenket of g is 
zero, and hence oga = 0 an<;! Pa = 0. This agrees with a conclusion 
of§ 10, that any result of a measurement of an observable must be 
one of its eigenvalues. 

If the possible results of a measurement of g form a range of nu~
bers, the probability of g having exactly a particular value will be 
zero in most physical problems. The quantity of physical importance 
is then the probability of g having a value within a small range, say 
from a to a+da. This probability, which we may call P(a) da, is 

t This is not obviously so, since the sum may not have sufficient eigenstates to 
form a complete set, in which case the sum, considered as a single quantity, would 
not be measurable. 

t Here the reality condition may fail, as well as the condition for the eigenstates 
to form a. complete set. 
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equal to the average value of that function of g which is equal to 
unity for g lying within the range a to a+da and zero otherwise. 
This function of g has a meaning according to our general theory of 
functions of an observable. Denoting it by x(fl, we have 

P(a) da = (x[x(g)[x). (46) 

If the range a to a+da does not include any eigenvalues of g, we 
have as above x(g) = 0 and P(a) · 0. If Jx) is not normalized, the 
right-hand sides of ( 45) and ( 46) will still be proportional to the 
probability of g having the value a and lying within the range a to 
a+da respectively. 

The assumption of§ 10, that a measurement of g is certain to give 
the result f if the system is in an eigenstate of g belonging to the 
eigenvalue f, is consistent with the general assumption for physical 
interpretation and can in fact be deduced from it. Working from the 
general assumption we see that, if It> is an eigenket of g belonging 
to the eigenvalue f, then, in the case of discrete eigenvalues of g, 

oga W> = o unless a= f, 
and in the case of a range of eigenvalues of g 

x(g)[f) = 0 unless the range a to a+da includes f. 
In either case, for the state corresponding to If), the probability of 
g having any vallle other than f is zero. 

An eigenstate of g belonging to an eigenvalue f lying in a range 
is a state which cannot strictly be realized in practice, since it would 
need an infinite amount of precision to get g to equal exactly f. 
The most that could be attained in practice would be to get g to lie 
within a narrow range about the value f. The system would then 
be in a state approximating to an eigenstate of g. Thus an eigenstate 
belonging to an eigenvalue in a range is a mathematical idealization 
of what can be attained in practice. All the same such eigenstates 
play a very useful role in the theory and one could not very well do 
without them. Science contains many examples of theoretical con
cepts which are limits of things met with in practice and are useful 
for the precise formulation of laws of nature, although they are not 
realizable experimentally, and this is just one more of them. It may 
be that the infinite length of the ket vectors corresponding to these 
eigenstates is connected with their unrealizability, and that all realiz
able states correspond to ket vectors that can be normalized and that 
form a Hilbert space. 
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13. Commutability and compatibility 
A state may be simultaneously an eigenstate of two observables. 

If the state corresponds to the ket vector IA) and the observables are 
g and 71, we should then have the equations 

tlA) = flA), 

71IA> = 77'.IA), 

where f and 1/ are eigenvalues of g and 71 respectively. We can now 
deduce 

t71IA> = t71'jA) = f71'IA> = f71IA> = 71flA) = 71gjA), 

or (t71-71fllA) = 0. 
~ 

This suggests that the chances for the existence of a simultaneous 
eigenstate are most favourable if g71-71g = 0 and the two observables 
commute. If they do not commute a simultaneous eigenstate is not 
impossible, but is rather exceptional. On the other hand, if they do 
comm'ute there exist so many simultaneous eigenstates that they form a 
complete set, as will now be proved. 

Let g and 71 be two commuting observables. Take an eigenket of 
71, j71') say, belonging to the eigenvalue 71', and expand it in terms 
of eigenkets of gin the form of the right-hand side of (25), thus 

(47) 

The eigenkets of g on the right-hand side here have 71' inserted in 
them as an extra label, in order to remind us that they come from 
the expansion of a special ket vector, namely j71'), and not a general 
one as in equation (25). We can now show that each of these eigen
kets of g is also an eigenket of 77 belonging to the eigenvalue 77'. We 
have 

0 = (77-71')i?J') = J (?]-?] 1 )1f?J1C) df + ~ (?]-771 )lf?J'd). (48) 

Now the ket (?J-?J'Wr?J'd) sa,tisfies 

t(?J-?] 1 )1f?J 1d) = (?]-?] 1 )gigr?]'d) = (71-?]'}g'lf71'd) 

= gr(71-71')W?J'd>, 

showing that it is an eigenket of g belonging to the eigenvalue gr, 
and similarly the ket (?J-?J')lf?J'c) is an eigenket of g belonging to 
the eigenvalue f. Equation (48) thus gives an integral plus a sum 
of eigenkets of g equal to zero, which, as we have seen with equation 
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(31), is impossible unless the integrand and every term in the sum 
vanishes. Hence 

(17-17')1f17'c) = 0, 

so that all the kets appearing on the right-hand side of ( 4 7) are 
eigenkets of 17 as well as of g. Equation (47) now gives [17') expanded 
in terms of simultaneous eigenkets of g and 71. Since any ket can be 
expanded in terms of eigenkets [17') of 71, it follows that any ket can 
be expanded in terms of simultaneous eigenkets of g and 71, and thus 
the simultaneous eigenstates form a complete set. 

The above simultaneous eigenkets of g and YJ, If YJ'c) and [g'71 1d), 
are labelled by the eigenvalues f and YJ', or gr and 17', to which they 
belong, together with the labels c and d which may also be necessary. 
The procedure of using eigenvalues as labels for simultaneous eigen
vectors will be generally followed in the future, just as it has been 
followed in the past for eigenvectors of single observables. 

The converse to the above theorem says that, if g and 71 are two 
observables such that their simultaneous eigenstates form a complete set, 
then g and 71 commute. To prove this, we note that, if If 71') is a 
simultaneous eigenket belonging to the eigenvalues rand Y) 1

, 

(49) 

Since the simultaneous eigenstates form a complete set, an arbitrary 
ket [P) can be expanded in terms of simultaneous eigenkets If 71'), 
for each of which (49) holds, and hence 

(t71-71g}[P) = 0 

and so t71-71g = 0. 
The idea of simultaneous eigenstates may be extended to more 

than two observables and the above theorem and its converse still 
hold, i.e. if any set of observables commute, each with all the others, 
their simultaneous eigenstates form a complete set, and conversely. 
The same arguments used for the proof with two observables are 
adequate for the general case; e.g., if we have three commuting 
observables g, 71, ~i we can expand any simultaneous eigenket of g 
and 71 in terms of eigenkets of ~ and then show that each of these 
eigenkets of~ is also an eigenket of g and of 71. Thus the simultaneous 
eigenket of g and 17 is expanded in terms of simultaneous eigenkets 
of g, 17, and~' and since any ket can be expanded in terms of simul
taneous eigenkets of g and 71, it can also be expanded in terms of 
simultaneous eigenkets of g, 71, and ~. 
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The orthogonality theorem applied to simultaneous eigenkets tells 
us that two simultaneous eigenvectors of a set of commuting observ
ables are orthogonal if the sets of eigenvalues to which they belong 
differ in any way. 

Owing to the simultaneous eigenstates of two or more commuting 
observables forming a complete set, we can set up a theory of func
tions of two or more commuting observables on the same lines as the 
theory of functions of a single observable given in § 11. If g, 77, ,, ... 
are commuting observables, we define a general function f of them 
to be that linear operator f(g, 77, ,, ... ) which satisfies 

f(g, 77, ,, .•• )/f 77T .•• ) = JW, 77', r, ... ) /f 77T ..• ), (50) 

where /f 77T •.. ) is any simultaneous eigenket of g, 77, s, ... belonging 
to the eigenvalues f, 77', S',.... Here f is any function such that 
f(a, b, c, ... ) is defined for all values of a, b, c, ... which are eigenvalues 
of g, 77, s, ... respectively. As with a function of a single observable 
defined by (34), we can show that f(g, 77, s, ... ) is completely deter
mined by (50), that 

f(g, 71, ,, •.. ) = f(g, 77, ,, ... ), 

corresponding to {37), and that if j(a, b, c, ... ) is a real function, 
f(g, 77, s, ... ) is real and is an observable. 

We can now proceed to generalize the results ( 45) and ( 46). Given 
a set of commuting observables g, 77, s, ... , we may form that function 
of them which is equal to unity when g = a, 77 = b, s = c, ... , a, b, c, ... 
being real numbers, and is equal to zero when any of these conditions 
is not fulfilled. This function may be written Sga 87)b 8~0 •• ., and is in 
fact just the product in any order of the factors Sga, 87Jb' o~C'"" defined 
as functions of single observables, as may be seen by substituting this 
product for f(g, 77, s, ... ) in the left-hand side of (50). The average 
value of this function for any state is the probability, Pabc ..• say, of 
g, 77, s, ... having the values a, b, c, ... respectively for that state. Thus 
if the st~te corresponds to the normalized ket vector Ix), we get from 
our general assumption for physical interpretation 

(51) 

Pabc ... is zero unless each of the numbers a, b, c, ... is an eigenvalue of 
the corresponding observable. If any of the numbers a, b, c, ... is an 
eigenvalue in a range of eigenvalues of the corresponding observable, 
Pabc ... will usually again be zero, but in this case we ought to replace 
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the requirement that this observable shall have exactly one value by 
the requirement that it shall have a value lying within a small range, 
which involves replacing one of the 8 factors in (51) by a factor like 
the x(fl of equation (46). On carrying out such a replacement for 
each of the observables g, 71, ~, ... , whose corresponding numerical 
value a, b, c, ... lies in a range of eigenvalues, we shall get a proba
bility which does not in general vanish. 

If certain observables commute, there exist states for which they all 
have particular values, in the sense explained at the bottom ofp. 46, 
namely the simultaneous eigenstates. Thus one can give a meaning to 
several commuting observables having values at the same time. Further, we 
see from (51) that for any state one can give a meaning to the probability 
of particular results be,ing obtained for simultaneous measurements of 
several commuting observables. This conclusion is an important new 
development. In general one cannot make an observation on a 
system in a definite state without disturbing that state and spoiling 
it for the purposes of a second observation. One cannot then give 
any meaning to the two observations being made simultaneously. 
The above conclusion tells us, though, that in the special case when. 
the two observables commute, the observations are to be considered 
as non-interfering or compatible, in such a way that one can give a 
meaning to the two observations being made simultaneously and can 
discuss the probability of any particular results being obtained. The 
two observations may, in fact, be considered as a single observation 
of a more complicated type, the result of which is expressible by two 
numbers instead of a single number. From the point of view of general 
theory, any two or more commuting observables may be counted as a 
single observable, the result of a measurement of which consists of two or 
more numbers. The states for which this measurement is certain to 
lead to one particular result are "the simultaneous eigenstates. 



14. Basic vectors 

III 

REPRESENTATIONS 

IN the preceding chapters we set up an algebraic scheme involving 
certain abstract quantities of three kinds, namely bra vectors, ket 
vectors, and linear operators, and we expressed some of the funda
mental laws of quantum mechanics in terms of them. It would be 
possible to continue to develop the theory in terms of these abstract 
quantities and to use them for applications to particular problems. 
However, for some purposes it is more convenient to replace the 
abstract quantities by sets of numbers with analogous mathematical 
properties and to 'vork in terms of these sets of numbers. The proce
dure is similar to using c:iordinates in geometry, and has the advan
tage of giving one greater mathematical power for the solving of 
particular problems. 

The way in which the abstract quantities are to be replaced by 
numbers is not unique, there being many possible ways corresponding 
to the many systems of cqordinates one can have in geometry. Each 
of these ways is called a representation and the set of numbers that 
replace an abstract quantity is called the representative of that 
abstract quantity in the representation. Thus the representative of 
an abstract quantity corresponds to the coordinates of a geometrical 
object. When one has a particular problem to work out in quantum 
mechanics, one can minimize the labour by using a representation 
in which the representatives of the more important abstract quanti
ties occurring in that problem are as simple as possible. 

To set up a representation in a general way, we take a complete 
set of bra vectors, i.e. a set such that any bra can be expressed 
linearly in terms of them (as a sum or an integral or possibly an 
integral plus a sum). These bras we call the basic bras of the repre
sentation. They are sufficient, as we shall see, to fix the representation 
completely. 

Take any ket Ja) and form its scalar product with each of the basic 
bras. The numbers so obtained constitute the representative of ja). 
They are sufficient to determine the ket ja) completely, since if there 
is a second ket, ja1) say, for which these numbers are the same, the 
difference Ja)-ja1) will have its scalar product with any basic bra 

3595.57 E 
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vanishing, and hence its scalar product with any bra whatever will 
vanish and la>- la1) itself will vanish. 

We may suppose the basic bras to be labelled by one or more 
parameters, A1, A2, ... , Au, each of which may take on certain numerical 
values. The basic bras will then be wTitten <A1A2 ... Aul and the repre
~entative of la) will be written <A1A2 ... Aula). ';['his representative will 
now consist of a set of numbers, one for each set. of values that 
Av A2, ... , Au may have in their respective domains. Such a set of 
numbers just forms a function of the variables .\1, .\2 , .. ., Au. Thus the 
representative of a ket may be looked upon either as a set of numbers 
or as a function of the variables used to label the basic bras. 

If the number of independent states of our dynamical system is 
finite, equal to n say, it is sufficient to take n basic bras, which may 
be labelled by a single parameter>. taking on the values 1, 2, 3, .•. , n. 
The representative of any ket la) now consists of the set of n numbers 
<Ila), <21a), (31a), ... , <nla), which are precisely the coordinates of 
the vector la) referred to a system of coordinates in the usual way. 
The idea of the representative of a ket vector is just a generalization 
of the idea of the coordinates of an ordinary vector and reduces to 
the latter when the number of dimensions of the space of the ket 
vectors is finite. 

In a general representation there is no need for the basic bras to 
be all independent. In most representations used in practice, how
ever, they are all independent, and also satisfy the more stringent 
condition that any two of them are orthogonal. The representation 
is then called an orthogonal representation. 

Take an orthogonal representation with basic bras <>.1 A2 ... Aul, 
labelled by parameters Av >.2,. .. , Au whose domains are all real. Take 
a ket la) and form its representative <>.1 A2 ... Aula). Now form the 
numbers A1(A1 A2 ... Aula> and consider them as the representative of 
a new ket lb). This is permissible since the numbers forming the 
representative of a ket are independent, on account of the basic bras 
being independent. The ket lb) is defined by the equation 

<A1A2···.\ulb) = ><1<ft.1A2 ... .\ula). 

The ket lb) is evidently a linear function of the ket la), so it may 
be considered as the result of a linear operaror applied to la). Calling 
this linear operator L1, we have 

lb)= L1 1a) 
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and hence 

This equation holds for any ket la), so we get 

<>.1 i\2 ... \, I L1 = ,\1 (,\1 Az .. ·"u 1. 

55 

(1) 

Equation (1) may be looked upon as the definition of the linear 
operator L 1• It shows that each basic bra is an eigenbra of L 1, the 
value of the parameter ,\1 being the eigenvalue belonging to it. 

From the condition that the basic bras are orthogonal we can 
deduce that L1 is real and is an observable. Let ,\~, >.;, .. ., ~ and 
,\~, >.;, ... ; ,\~ be two sets of values for the parameters \, .:\2 , ... , Au. 
We have, putting ,\"s for the ,\'sin (1) and multiplying on the right 
by I.:\~>.; ... .:\~), the conjugate imaginary of the basic bra (,\~>.; ... ,\~I, 

< >.~ >.; .. -~I L1 I>.~ >.; .. -~> = >.~ < >.~ >.; .. -~I (I~ >.; · · -~> · 
Interchanging i\"s and ;\"'s, 

(.\~ >.; ... ~I L1 I.:\~>.; .. -~> = >.~<A~>.; ... >.~; I.:\~>.; ... >.~>. 
On account of the basic bras being orthogonal, the right-hand sides 
here vanish unless >.; = >.;. for all r from 1 to u, in which case the 
right-hand sides are equal, and they are also real, ,\~being real. Thus, 
whether the ;\"'s are equal to the A."s or not, 

<>.~ >.; ... ~IL1 IA.~>.; ... ~> = (.:\~>.; ... .:\~I Lil.:\~>.; ... ~) 

= <A.~A.; ... ~1L1IA.~>.; ... ~) 
from equation ( 4) of§ 8. Since the (,\~ >i; ... ~I's form a complete set 
of bras and the l.:\~>i; ... ~)'s form a complete set of kets, we can 
infer that L 1 = L1 • The further condition required for L 1 to be an 
observable, namely that its eigenstates shall form a complete set, is 
obviously satisfied since it has as eigenbras the basic bras, which 
form a complete set. 

We can similarly introduce linear operators L2, L3 , ••• , Lu by multi
plying (A1 A2 ... Au la) by the factors A2, A3,. •• , Au in turn and considering 
the resulting sets of numbers as representatives of kets. Each of these 
L's can be shown in the same way to have the basic bras as eigenbras 
and to be real and an observable. The basic bras are simultaneous 
eigenbras of all the L's. Since these simultaneous eigenbras form a 
complete set, it follows from' a theorem of§ 13 that any two of the 
L's commute. 

It will now be shown that, if gv g2, ... , gu are any set of commuting 
observables, we can set up an orthogonal representation in which the basic 
bras are simultaneous eigenbras of gv g2, ... , gu· Let us suppose first that 
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there is only one independent simultaneous eigenbra of f1, g2, .•• , g.,, 
belonging to any set of eigenvalues e;_, g;, ... , f~. Then we may take 
these simultaneous eigenbras, with arbitrary numerical coefficients, as 
our basic bras. They are all orthogonal on account of the orthogonality 
theorem (any two of them will have at least one eigenvalue different, 
which is sufficient to make them orthogonal) and there are sufficient 
of them to form a complete set, from a result of§ 13. They may 
conveniently be labelled by the eigenvalues gi, g;, ... , g~ to which they 
belong, so that one of them is written <fi g; ... ful· 

Passing now to the general case when there are several independent 
simultaneous eigenbras of fv f 2, ••• , f.,, belonging to some sets of eigen
values, we must pick out from all the simultaneous eigenbras belong
ing to a set of eigenvalues fi, g;, ... , g~ a complete subset, ~he members 
of which are all orthogonal to one another. (The condition of com
pleteness here means that any simultaneous eigenbra belonging to the 
eigenvalues gi, g;, ... , (,. can be expressed linearly in terms of the 
members of the subset.) We must do this for each set of eigenvalues 
e;_, g;, ... , g~ and then put all the members of all the subsets together 
and take them as the basic bras of the representation. These bras 
are all orthogonal, two of them being orthogonal from the orthogona
lity theorem if they belong to different sets of eigenvalues and from 
the special way in which they were chosen if they belong to the same 
set of eigenvalues, and they form altogether a complete set of bras, 
as any bra can be expressed linearly in terms of simultaneous eigen
bras and' each simultaneous eigenbra can then be expressed linearly 
in terms of the members of a subset. There are infinitely many ways 
of choosing the subsets, and each way provides one orthogonal 
representation. 

For labelling the basic bras in this general case, we may use the 
eigenvalues· gi, g;, ... , g~ to which they belong, together with certain 
additional real variables .\1, .\2, ... , .\,say, which must be introduced to 
distinguish basic vectors belonging to the same set of eigenvalues 
from one another. A basic bra is then written (gig; ... g~.\1 .\2 .•• .\I· 
Corresponding to the variables .\1 , .\2, •• ., .\v we can define linear 
operators L1, L2, ••• , Lv by equations like (1) and can show that these 
linear operators have the basic bras as eigenbras, and that they are 
real and observables, and that they commute with one another and 
with the g's. The basic bras are now simultaneous eigenbras of all 
the commuting observables gv g2,. •• , f u• L1 , L2, ••• , Lv. 
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Let us define a complete set of commuting observables to be a set of 
observables which all commute with one another and for which there 
is only one simultaneous eigenstate belonging to any set of eigen
values. Then the observables gv g2, ... , gu, L1, L2 , ... , Lv form a complete 
set of commuting observables, there being only one independent simul
taneous eigenbra belonging to the eigenvalues g~, g;, ... , g~, Av A2, ... , \, 

namely the corresponding basic bra. Similarly the observables 
Lv L 2 , ••• , Lu defined by equation (1) and the following work form 
a complete set of commuting observables. With the help of this 
definition the main results of the present section can be concisely 
formulated thus: 

(i) The basic bras of an orthogonal representation are simul
taneous eigenbras of a complete set of commuting observ
ables. 

(ii) Given a complete set of commuting observables, we can set 
up an orthogonal representation in which the basic bras are 
simultaneous eigenbras of this complete set. 

(iii) Any set of commuting observables can be made into a com
plete commuting set by adding certain observables to it. 

(iv) A convenient way of labelling the basic bras of an orthogonal 
representation is by means of the eigenvalues of the complete 
set of commuting observables of which the basic bras are 
simultaneous eigenbras. 

The conjugate imaginaries of the basic bras of a representation we 
call the basic kets of the representation. Thus, if the basic bras are 
denoted by (A1 A2 ... A,. [, the basic kets will be denoted by [A1 A2 ... Au>· 
The representative of a bra (bl is given by its scalar product with 
each of the basic kets, i.e. by (b[A1 A2 ••• Au)· It may, like the repre
sentative of a ket, be looked upon either as a set of numbers or as a 
function of the variables Av A2, ••• , A,,. We have 

(b[A1A2 ... Au) = (A1A2···Aufb), 

showing that the representative of a bra is the conjugate complex of the 
representative of the conjugate imaginary ket. In an orthogonal repre
sentation, where the basic bras are simultaneous eigenbras of a com
plete set of commuting observables, g1, g2, ... , gu say, the basic kets 
will be simultaneous eigenkets of g1 , g2, ... , g,.. 

We have not yet considered the lengths of the basic vectors. With 
an orthogonal representation, the natural thing to do is to normalize 
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the basic vectors, rather than leave their lengths arbitrary, and so 
introduce a further stage of simplification into the representation. 
However, it is possible to normalize them only if the parameters 
~hich label them all take on discrete values. If any of these para
meters are continuous variables that can take on all values in a range, 
the basic vectors are eigenvectors of some observable belonging to 
eigenvalues in a range and are of infinite length, from the discussion 
in § 10 (see p. 39 and top of p. 40). Some other procedure is then 
needed to fix the numerical factors by which the basic vectors may 
be inultiplied. To get a convenient method of handling this question 
a new mathematical notation is required, which will be given in the 
next section. . 

15. The o function 
Our work in § 10 led us to consider quantities involving a certain 

kind of infinity. To get a precise notation for dealing with these 
infinities, we introduce a quantity o(x) depending on a parameter x 
satisfying the conditions 

00 

J o(x) dx = l 
-oo 

o(x) = 0 for x * 0. 

To get a picture of o(x), take a function of the real variable x which 
vanishes everywhere except inside a small domain, of length E say, 
surrounding the origin x = 0, and which is so large inside this domain 
that its integral over this domain is unity. The exact shape of the 
function inside this domain does not matter, provided there are no 
unnecessarily wild variations (for example provided the function 
is always of order c 1). Then in the limit E-+ 0 this function will go 
over into o(x). 

o(x) is not a function of x according to the usual mathematical 
definition of a function, which requires a function to have a definite 
value for each point in its domain, but is something more general, 
which we may call an 'improper function' to show up its difference 
from a function defined by the usual definition. Thus o(x) is not a 
quantity which can be generally used in mathematical analysis like 
an ordinary function, but its use must be confined to certain simple 
types of expression for which it is obvious that no inconsistency 
can arise. 
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The most important property of o(x) is exemplified by the follow-
ing equation, .., f j(x)o(x) dx = j(O), (3) 

where j(x) is any continuous function of x. We can easily see the 
validity of this equation from the above picture of o(x). The left
hand side of (3) can depend only on the values of f(x) very close 
to the origin, so that we may replace f(x) by its value at the origin, 
f(O), without essential error. Equation (3) then follows from the 
first of equations (2). By ma.king a change of origin in (3), we can 
deduce the formula. .., 

f f(x)o(x-a) dx = f(a), (4) _.., 
where a is any real number. Thus the process of multiplying a Junction 
of x by o(x-a) and integrating over all xis equivalent to the process of 
substituting a for x. This general result holds also if the function of xis 
not a numerical one, but is a vector or linear operator depending on x. 

The range of integration in (3) and (4) need not be from -oo to oo, 
but may be over any domain surrounding the critical point at which 
the o function does not vanish. In future the limits of integration 
will usually be omitted in such equations, it being understood that 
the domain of integration is a suitable one. 

Equations (3) and (4) show that, although an improper function 
does not itself have a well-defined value, when it occurs as a factor 
in an integrand the integral has a well-defined value. In quantum 
theory, whenever an improper function appears, it will be something 
which is to be used ultimately in an integrand. Therefore it should be 
possible to rewrite the theory in a. form in which the improper func
tions appear all through only in integrands. One could then eliminate 
the improper functions altogether. The use of improper functions 
thus does not involve any lack of rigour in the theory, but is merely 
a convenient notation, enabling us to express in a. concise form 
certain relations which we could, if necessary, rewrite in a form not 
involving improper functions, but only in a cumbersome way which 
would tend to obscure the argument. 

An alternative way of defining the o function is as the differential 
coefficient e'(x) of the function e(x) given by 

e(x) = 0 (x < 0) 

=I (x > 0). 
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We may verify that this is equivalent to the previous definition by 
substituting E'(x) for 3(x) in the left-hand side of (3) and integrating 
by parts. We find, for g1 and g2 two positive numbers, 

01 01 

J f(x}E'(x) dx = [j(x)E(x)]~0,- J J'(x}E(x) dx 
-o. -o. 

"' = f(g1)- J J'(x) dx 
0 

= j(O), 

in agreement with (3). The 3 function appears whenever one differen
tiates a discontinuous function. 

There are a number of elementary equations which one can write 
down about o functions. These equations are essentially rules of 
manipulation for algebraic work involving o functions. The meaning 
of any of these equations is that its two sides give equivalent results 
as factors in an integrand. 

Examples of such equations are 

3(-x) = 3(x) 

xo(x) = 0, 

(6) 

(7) 

o(ax) = a-13(x) (a > 0), (8) 

3(x2-a2 ) = ta-1{o(x-a)+o(x+a)} (a > 0), (9) 

J o(a-x) dx o(x-b) = o(a-b), (lo) 

f(x)o(x-a) = f(a)o(x-a). (11) 

Equation (6), which merely states that o(x) is an even function of its 
variable x is trivial.· To verify (7) take any continuous function of 
x, f(x). Then 

J f(x)xo(x) dx = 0, 

from (3). Thus x o(x) as a factor in an integrand is equivalent to 
zero, which is just the meaning of (7). (8) and (9) may be verified 
by similar elementary arguments. To verify (10) take any continuous 
function of a, f(a). Then 

J f(a) da J o(a-x) dx o(x-b) = f o(x-b) dx f f(a) da o(a-x) 

=I o(x-b) dxf<x> = J f(a> da o(a-b). 

Thus the two sides of (10) are equivalent as factors in an integrand 
with a as variable of integi:ation. It may be shown in the same way 
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that they are equivalent also as factors in an integrand with b as 
variable of integration, so that equation (10) is justified from either 
of these points of view. Equation (11) is also easily justified, with 
the help of (4), from two points of view. 

Equation (10) would be given by an -application of (4) with 
f(x) = o(x-b). We have here an illustration of the fact that we may 
often use an improper function as though it were an ordinary con
tinuous function, without getting a wrong result. 

Equation (7) shows that, whenever one divides both sides of an 
equation by a variable x which can take on the value zero, one 
should add on to one side an arbitrary multiple of o(x), i.e. from an 

equation A = B (12) 

one cannot infer A/x = B/x, 

but only A/x = B/x+co(x), (13) 

where c is unknown. 
As an illustration of work with the o function, we may consider the 

differentiation of log x. The usual formula 

d 1 
-lOO'X =
dx 0 x 

(14) 

requires examination for the neighbourhood of x = 0. In order to 
make the reciprocal function l/x well defined in the neighbourhood 
of x = 0 (in the sense of an improper function) we must impose on 
it an extra condjtion, such as that its integral from -€to€ vanishes. 
With this extra condition, the integral of the right-hand side of (14) 
from -€to€ vanishes, while that of the left-hand side of (14) equals 
log(-1), so that (14) is not a correct equation. To correct it, we must 
remember that, taking principal values, log x has a pure imaginary 
term i7r for negative values of x. As x passes through the value zero 
this pure imaginary term vanishes discontinuously. The differen
tiation of this pure imaginary term gives us the result -i7T o(x), so 
that (14) should read 

(15) 

The particular combination of reciprocal function and o function 
appearing in (15) plays an important part in the quantum theory of 
collision processes (see§ 50). 
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16. Properties of the basic vectors 
Using the notation of the o function, we can proceed with the theory 

of representations. Let us suppose first that we have a single observ
able g forming by itself a complete commuting set, the condition for 
this being that there is only one eigenstate of g belonging to any 
eigenvalue f, and let us set up an orthogonal representation in which 
the basic vectors are eigenvectors of g and are written <t' j, If). 

In the case when the eigenvalues of g are discrete, we can normalize 
the basic vectors, and we then have 

<f W> = o W ¥= g"), 
<f If>= l. 

These equations can be combined into the single equation 

<f If'> = 0eg•, (16) 

where the symbol o with two suffixes, which we shall often use in the 
future, has the meaning 

o,8 = 0 when r ¥= s 

= 1 when r = s. 
} (17) 

In the case when the eigenvalues of t are continuous we cannot 
normalize the basic vectors. If we now consider the quantity ~f If'>· 
with f fixed and f' varying, we see from the work connected with 
expression (29) of§ 10 that this quantity vanishes for f' ¥= f and 
that its integral over a range of f' extending through the value f 
is finite, equal to c say. Thus 

<f It"> = c o(f-f'). 
From (30) of§ 10, c is a positive number. It may vary with f, so 
we should write it c(g') or c' for brevity, and thus we have 

(g'ig") = c'o(f-t"). (18) 

Alternatively, we have 

<f IC> = c" o(g'-f'), (19) 

where c" is short for c(g"), the right-hand sides of (18) and (19) being 
equal on account of (11). 

Let us pass to another representation whose basic vectors are 
eigenvectors oft, the new basic vectors being numerical multiples of 
the previous ones. Calling the new basic vectors (f*I, If*), with the 
additional label* to distinguish them from the previous ones, we have 

<f*l = k'(fl, If*>= k'lf), 
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where k' is short for k(fl and is a number depending on f. We get 

<f*lf'*> = k'k"<f If'>= lc'k"c' o(f-f') 

with the help of (18). This may be written 

<f*W'*> = k'k'c' o(f-t") 

from (11). By choosing k' so that its modulus is c'-l, which is possible 
since c' is positive, we arrange to have 

<f *If'*> = 8(f-f'). (20) 

The lengths of the new basic vectors are now fixed so as to make the 
representation as simple as possible. The way these lengths were 
fixed is in some respects analogous to the normalizing of the basic 
vectors in the case of discrete f, equation (20) being of the form of 
(16) with the 0 function o{f-f')replacing the 8 symbol on- of 
equation (16). We shall continue to work with the new representation 
and shall drop the *labels in it to save writing. Thus (20) will now 
be written 

<flf'> = o(f-f'). (21) 

We can develop the theory on closely parallel lines for the discrete 
and continuous cases. For the discrete case we have, using (16), 

2: If ><f It"> = 2: If >on = If'» 
g· . g· 

the sum being taken over all eigenvalues. This equation holds for 
any basic ket If'> and hence, since the basic kets form a complete set, 

(22) 

This is a useful equation expressing an important property of the 
basic vectors, namely, if If> is multiplied on the right by (fl the 
resulting linear operator, summed for all f, equals the unit operator. 
Equations {16) and (22) give the fundamental properties of the basic 
vectors for the discrete case. 

Similarly, for the continuous case we have, using (21), 

f W> df <f It"> = f If> df o(f-t") = W> (23) 

from (4) applied with a ket vector for f(x), the range of integration 
being the range of eigenvalues. This holds for any basic ket If"> 
and hence 

J lf)df <fl= 1. (24) 
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This is of the same form as (22) with an integral replacing the sum. 
Equations (21) and (24) give the fundamental properties of the basic 
vectors for the continuous case. 

Equations (22) and (24) enable one to expand any bra or ket in 
terms of the basic vectors. For example, we get for the ket IP> in the 
discrete case, by multiplying (22) on the right by IP), 

JP) = I W><f IP), (25) 
t' 

which gives IP> expanded in terms of the If )'s and shows that the 
coefficients in the expansion are <flP), which are just the numbers 
forming the representative of IP>· Similarly, in the continuous case, 

(26) 

giving JP) as an integral over the Je)'s, with the coefficient in the 
integrand again just the representative <f IP> of IP). The conjugate 
imaginary equations to (25) and (26) would give the bra vector <Pl 
expanded in terms of the basic bras. 

Our present mathematical methods enable us in the continuous 
case to expand any ket as an integral of eigenkets of g. If we do not 
use the o function notation, the expansion ofa general ket will consist 
of an integral plus a sum, as in equation (25) of§ 10, but the o function 
enables us to replace the sum by an integral in which the integrand 
consists of terms each containing a 8 function as a factor. For 
example, the eigenket ig") may be replaced by an integral of eigen
kets, as is shown by the second of equations (23). 

If (QI is any bra and IP> any ket we get, by further applications 
of (22) and (24), 

for discrete f and 

<QJP> =I <Qlf><f IP> ,, 
<QIP> =I <Qlf> df <f JP> 

(27) 

(28) 

for continuous f. These equations express the scalar product of (QI 
and IP> in terms of their representatives (Qlf) and <f IP). Equa
tion (27) is just the usual formula for the scalar product of two 
vectors in terms of the coordinates of the vectors, and (28) is the 
natural modification of this formula for the case of continuous f, 
with an integral instead of a sum. 

The generalization of the foregoing work to the case when g has 
both discrete and continuous eigenvalues is quite straightforward. 
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Using gr and gs to denote discrete eigenvalues and f and f' to denote 
continuous eigenvalues, we ha.ve the set of equations 

<f W> = o(f -e) (29) 

as the generalization of (16) or (21). These equations express that 
the basic vectors are all orthogonal, that those belonging to discrete 
eigenvalues are normalized and those belonging to continuous eigen
value~ have their lengths fixed by the same rule as led to (20). From 
(29) we can derive, as the generalization of (22) or (24), 

I/ 
. I W><g'/+ I W> df <fl= 1, (30) ,, 

the range of integration being the range of continuous eigenvalues. 
With the help of (30), we get immediately 

/P) = I lg')(f /P>+ I W> df <flP> 
~· 

(31) 

as the generalization of (25) or (26), and 

(Q/P> =I <QW><g'/P>+ I <Qlf> df <flP> . (32) ,, 
a.s the generalization of (27) or (28). 

Let us now pass to the general case when we have several commuting 
observables g1, g2, ••• , f,, forming a. complete commuting set and set up 
an orthogonal representation in which the basic vectors are simul
taneous eigenvectors of all of them, and are written (g~ ... g~/, jg~ ... g~). 
Let us suppose gv g2,. •• , g,, (v ~ u) have discrete eigenvalues and 
g,,+i,.··· g,. have continuous eigenvalues. 

Consider the quantity (g~ .. g~g~w·g~/g~ .. g~g;+1 •• g~). From the 
orthogonality theorem, it must vanish unless each g; = g~ for 
s = v+l, .. ,u. By extending the work connected with expression 
(29) of § 10 to simultaneous eigenvectors of several commuting 
observables and extending also the axiom (30), we find that the 
(u-v)-fold integral of this quantity with respect to each g; over 
a range extending through the value g~ is a finite positive number. 
Calling this number c', the ' denoting that it is a function of 
g~, .. , g~, g~+i···· g~, we can express our results by th13 equation 

<t~ .. g~g~+i··g~/g~ .. g~g;+l .. g~> = c' 8(g~+l-g;+l) .. 8(g~-g~), (33) 

with one 8 factor on the right-hand side for each value of s from 
v+l to u. We now change the lengths of our basic vectors so as to 
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make c' unity, by a procedure similar to that which led to (20). By 
a further use of the orthogonality theorem, we get finally 

<g~ ... g~1g~ ... g~> = s,w .. oe;e;S(g~+1-g~+1) .. S(g~-g::), (34) 

with a two-suffix o sym~bo1 on the right-hand side for each g with 
discrete eigenvalues and a o function for each g with continuous 
eigenvalues. This is the generalization of (16) or (21) to the case when 
there are several commuting observables in the complete set. 

From (34) we can derive, as the generalization of (22) or (24) 

! f.·f 1g~ ... g~) dg~+l"dg~ (g~ ... g~1 = 1, 
,~ .. ,~ 

(35) 

the integral being a (u-v)-fold one over all the f's with continuous 
eigenvalues and the summation being over all the f's with discrete 
eigenvalues. Equations (34) and (35) give the fundamental properties 
of the basic vectors in the present case. From (35) we can imme
diately write down the generalization of (25) or (26) and of (27) or (28). 

The case we have just considered can be further generalized by 
allowing some of the fs to have both discrete and continuous eigen
values. The modifications required in the equations are quite straight
forward, but will not be given here as they are rather cumbersome to 
write down in general form. 

There are some problems in which it is convenient not to make the 
c' of equation (33) equal unity, but to make it equal to some definite 
function of the f's instead. Calling this function of the f's p'-1 we 
then have, instead of (34) 

<g~ ... g~1g~ ... g~> = p'-1 s,w .. oe;e; o(g~+l -g~+l) .. o(g~-g~}, (36) 

and instead of (35) we get 

! f.·f 1g~ ... g~) p' dg~+l .. dg~ (g~ ... g~1 = 1. (37) 
,~ .. ,~ -

p' is called the weight function of the representation, p' dg~+l'.dg~ 
being the 'weight' attached to a small volume element of the space 
of the variables g~+i,.., g~. 

The representations we considered previously all had the weight 
function unity. The introduction of a weight function not unity is 
entirely a matter of convenience and does not add anything to the 
mathematical power of the representation. The basic bras <ti ... g~ *I 
of a representation with the weight function p' are connected with 
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the basic bras <t~ ... t~I of the corresponding representation with the 
weight function unity by 

<t~ ... g~ *I = p'-&<g~ ... g~I, (38) 

as fa easily verified. An example of a useful representation with 
non-unit weight function occurs when one has two fs which are 
the polar and azimuthal angles fJ and <P giving a direction in three
dimensional space and one takes p' = sin()'. One then has the element 
of solid angle sinfJ' dfJ'd<f/ occurring in (37). 

17. The representation of linear operators 
In§ 14 we saw how to represent ket and bra vectors by sets of 

numbers. We now have to do the same for linear operators, in order 
to have a complete scheme for representing all our abstract quantities 
by sets of numbers. The same basic vectors that we had in§ 14 can 
be used again for this purpose. 

Let us suppose the basic vectors are simultaneous eigenvectors of 
a complete set of commuting observables g1 , g2 , ••• , gu· If a: is any 
linear operator, we take a general basic bra <t~ ... g~I and a general 
basic ket 1g~ ... g~> and form the numbers 

<e~ ... e~1a:1K .. e~>· (39) 
These numbers are sufficient to determine a: completely, since in the 

· first place they determine the ket a:it~ ... t~> (as they provide the 
representative of this ket), and the value of this ket for all the basic 
kets lt~ ... g~> determines a:. The numbers (39) are called the repre
sentative of the linear operator a: or of the dynamical variable a:. They 
are more complicated than the representative of a ket or bra vector 
in that they involve the parameters that label two basic vectors 
instead of one. 

Let us examine the form of these numbers in simple cases. Take 
first the case when there is only one g, forming a complete commuting 
set by itself, and suppose that it has discrete eigenvalues f. The 
representative of a: is then the discrete set of numbers <fla:ie). If 
one had to write out these numbers explicitly, the natural way of 
arranging them would be as a two-dimensional array, thus: 

<e1 1a:1e1> <e1 1a:1t2> <e1 1a:1ea> 
<e2 1a:1e1> <t2 1a:1e2> <t2 1a:1ea> 
<ea1a:1e1> <t3 la:le2> <t3 la:lt3> (40) 



68 REPRESENTATIONS § 17 

where gi,g2,ga,.. are all the eigenvalues of g. Such an array is called 
a matrix and the numbers are called the elements of the matrix. We 
make the convention that the elements must always be arranged so 
that those in the same row refer to the same basic bra vector and 
those in the same column refer to the same basic ket vector. 

An element (f [ cx If> referring to two basic vectors with the same 
label is called a diagonal element of the matrix, as all such elements 
lie on a diagonal. If we put ex equal to unity, we have from (16) all 
the diagonal elements equal to unity and all the other elements equal 
to zero. The matrix is then called the nnit matrix. 

If a is real, we have 
(41) 

The effect of these conditions on the matrix (40) is to make the 
diagonal elements all real and each of the other elements equal the 
conjugate complex of its mirror reflection in the diagonal. The matrix 
is then called a Hermitian niatrix. 

If we put cx equal to g, we get for a general element of the matrix 

(42) 

Thus all the elements not on the diagonal are zero. The matrix is 
then called a diagonal matrix. Its diagonal elements are just equal 
to the eigenvalues of g. More generally, if we put a equal to f(fl, a 
function of g, we get 

<f lf(t) It"> = f(fl 8n-, (43) 

and the matrix is again a diagonal mat.rix. 
Let us determine the representative of a product cx/3 of two linear 

operators a and f3 in terms of the representatives of the factors. 
From equation (22) with t"' substituted for f we obtain 

<f l(l'..Blf'> = <flcx I lf"><f"l.Blf'> 
f"' 

=I <f Jcx!t"'><f"J,Blf'» 
f"' 

(44) 

which gives us the required result. Equation (44) shows that the 
matrix formed by the elements (f [cx,BW> equals the product of the 
matrices formed by the elements (fla:lf') and (f J,BW'> respectively, 
according to the usual mathematical rule for multiplying matrices. 
This rule gives for the element in the rth row and sth column of the 
product matrix the sum of the product of each element in the rth 
row of the first factor matrix ·with the corresponding element in the sth 
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column of the second factor matrix. 'l'he multiplication of matrices 
is non-commutative, like the multiplication of liI!-ear operators. 

We can summarize our results for the case when there is only one 
g and it has discrete eigenvalues as follows: 

(i) Any linear operat<Jr is represented by a matrix. 
(ii) The unit operator is represented by the unit matrix. 

(iii) A real linear operator is represented by a Hermitian matrix. 
(iv) g and functions of g are represented by diagonal matrices. 
(v) The matrix representing the product of two linear operators is the 

product of the matrices representing the two factors. 
Let us now consider the case when there is only one g and it has 

continuous eigenvalues. The representative of a: is now (g'Ja:lf'), a 
function of two variables f and g" which can vary continuously. It 
is convenient to call such a function a 'matrix', using this word in 
a generalized sense, in order that we may be able to use the same 
terminology for the discrete and continuous cases. One of these 
generalized matrices cannot, of course, be written out as a two
dimensional array like an ordinary matrix, since the number of its 
rows and columns is an infinity equal to the number of points on a 
line, and the number of its elements is an infinity equal to the 
number of points in an area. 

We arrange our definitions concerning these generalized matrices 
so that the rules (i)-(v) which we had above for the discrete case 
hold also for the continuous ·case. The unit operator is represented 
by o(f-g") and the generalized matrix formed by these elements 
we define to be the unit matrix. We still have equation (41) as the 
condition for a: to be real and we define the generalized matrix formed 
by the elements <f la: If'> to be Hermitian when it satisfies this 
condition. g is represented by 

<e1ew> = e o(f-e") (45) 
and f(g) by <flf(g) W> = f(g') o(f-g"), ( 46) 
and the generalized matrices formed by these elements we define to be 
diagonal matrices. From (11), we could equally well have g" andf(g") 
as the coefficients of o(f-g") on the right-hand sides of (45) and (46) 
respectively. Corresponding to equation (44) we now have, from (24) 

<fla:.Blf'> = f <fla1e'"> df" <f"l.BW» (47) 

with an integral instead of a sum, and we define the generalized 
matrix formed by the elements on the right-hand side here to be the 

3696,67 F 
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product of the matrices formed by (f[a:Jf') and (f[,81f'). With 
these definitions we secure complete parallelism between the discrete 
and continuous cases and we have the rules (i)-(v) holding for both. 

The question arises how a general diagonal matrix is to be defined 
in the continuous case, as so far we have only defined the right-hand 
sides of (45) and (46) to be examples of diagonal matrices. One 
might, be inclined to define as diagonal any matrix whose (f, g") 
elements all vanish except when f differs infinitely little from f', 
but this would not be satisfactory, because an important property 
of diagonal matrices in the discrete case is that they always commute 
with one another and we want this property to hold also in the 
continuous case. In order that the matrix formed by the elements 
(f[wlf') in the continuous case may commute with that formed by 
the elements on the right-hand side of (45) we must have, using the 
multiplication rule (47), 

J <flwlf"> dg"' f"o(g"'-f') = J g'o(f-g'") df" <f"lwit'). 

With the help of formula (4), this reduces to 

(f[wlf')f' = f (f[wlf') (48) 

or (f-f')(f Jwlf') = 0. 

This gives, according to the rule by which (13) follows from (12), 

(f [w If'> = c' o(g' -f') 
where c' is a number that may depend on f. Thus (f [w [g") is of the 
form of the right-hand side of (46). For this reason we define only 
matrices whose el:ements are of the form of the right-hand side of ( 46) to 
be diagonal matrices. It is easily verified that these matrices all 
commute with one another. One can form other matrices whose 
(f, f') elements all vanish when f differs appreciably from f' and 
have a different form of singularity when f equals f' [we shall later 
introduce the derivative 8'(x) of the o function and 8'(f-f') will 
then be an example, see§ 22 equation (19)], but these other matrices 
are not diagonal according to the definition. 

Let us now pass on to the case when there is only orie g and it has 
both discrete and continuous eigenvalues. Using gr, gs to denote 
discrete eigenvalues and g', f' to denote continuous eigenvalues, we 
now have the representative of a: consisting of four kinds of quanti
ties, (g'ja:[t"), <trl()'.lf), (f Ja:[t'), (fla:it"). These quantities can all 
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be put together and considered to form a more general kind of matrix 
having some discrete rows and columns and also a continuous range 
of rows_ and columns. We define unit matrix, Hermitian matrix, 
diagonal matrix, and the product of two matrices also for this more 
general kind of matrix so as to make the rules (i)-(v) still hold. The 
details are a straightforward generalization of what has gone before 
and need not be given explicitly. 

Let us now go back to the general case of several fs, gv g2, ... , g,,. 
The representative of ex, expression (39), may still be looked upon as 
forming a matrix, with rows corresponding to different values of 
g~, ... , g~ and columns corresponding to different values of g~, ... , g~. 
Unless all the fs have discrete eigenvalues, this matrix will be of the 
generalized kind with continuous ranges of rows and columns. We 
again arrange our definitions so that the rules (i)-{v) hold, with rule 
(iv) generalized to: 

(iv') Each g11, (m = I, 2, ... , u) and any function of them is repre
sented by a diagonal matrix. 
A diagonal matrix is now defined as one whose general element 
<K .. g~lwlg~ ... g~) is of the form 

(g~ ... g~Jw lg~ ... g~) = c' Sg;ei··Sg;g;S(g;,+1-g;+i) .. S(g~-g~) ( 49) 

in the case when g1,.., gv have discrete eigenvalues and gv+1,.., g,, have 
continuous eigenvalues, c' being any function of the g''s. This defini
tion is the generalization of what we had with one g and makes 
diagonal matrices always commute with one another. The other 
definitions are straightforward and need not be given explicitly. 
· We now have a linear operator always represented by a matrix. 
The sum of two linear operators is represented by the sum of the 
matrices representing the operators and this, together with rule (v), 
means that the matrices are subject to the same algebraic relations as 
the linear operators. If any algebraic equation holds between certain 
linear operators, the same equation must hold between the matrices 
representing those operators. 

The scheme of matrices can be extended to bring in the repre
sentatives of ket and bra vectors. The matrices representing l_inear 
operators are· all square matrices with the same number of rows and 
columns, and with, in fact, a one-one correspondence between their 
rows and columns. We may look upon the representative of a ket 
JP) as a matrix with a single column by setting all the numbers 
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(gi ... g~!P) which form this representative one below the other. The 
number of rows in this matrix will be the same as the number of 
rows or columns in the square matrices representing linear operators. 
Such a single-column matrix can be multiplied on the left by a square 
matrix <K .. g~!cx!g~ ... g~) representing a linear operator, by a rule 
similar to, that for the multiplication of two square matrices. The 
product is another single-column matrix with elements given by 

I f.·f <gi ... g~1cx1g~ ... g~> dg~+l .. dg~ <g~ ... g~!P>· 
e~ .. e: 

From (35) this is just equal to (gi ... g~lcxlP), the. representative of 
cx!P). Similarly we may look upon the representative of a bra (QI 
as a matrix with a single row by setting all the numbers (Qlg~ ... g;.) 
side by side. Such a single-row matrix may be multiplied on the 
right by a square matrix <K .. g;,lcxlg~ ... g~), the product being another 
single-row matrix, which is just the representative of (Q lex. The 
single-row matrix representing <QI may be multiplied on the right 
by the single-column matrix representing IP), the product being a 
matrix with just a single element, which is equal to (Q!P). Finally, 
the single-row matrix representing (QI may be multiplied on the left 
by the single-column matrix representing IP), the product being a 
square matrix, which is just the representative of !P)(Q!. In this 
way all our abstract symbols, linear operators, bra vectors, and ket 
vectors, can be represented by matrices, which are subject to the 
same algebraic relations as the abstract symbols themselves. 

18. Probability amplitudes 
Representations are of great importance in the physical interpreta

tion of quantum mechanics as they provide a convenient method for 
obtaining the probabilities of observables having given values. In 
§ 12 we obtained the probability of an observable having any speci
fied value for a given state and in § 13 we generalized this result 
and obtained the probability of a set of commuting observables 
simultaneously having specified values for a given state. Let us now 
apply this result to a complete set of commuting observables, say the 
set of g's which we have been dealing with already. According to 
formula (51) of§ 13, the probability of each gr having the value g; 
for the state corresponding to the normalized ket vector Ix) is 

(50) 
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If the g's all have discrete eigenvalues, we can use (35) with v = u 
and no integrals, and get 

.Fk .. e~ = :L <x13e,e1 3e,fr··3eue~lg~ ... g=><g~ ... g=1x> 
ei .. .e~ 

= L (x1°eigi 3g;g3 ... og~g~IK .. g~)(g~._ .. g~1x> 
e; .. l~ 

= <xlg~ ... g~><g~ ... g~lx> 
= 1<g~ ... g~1x>1 2 • (51) 

We thus get the simple result that the probability of the g's having the 
values f is just the square of the mod·ulus of the appropriate coordinate 
of the normalized ket vector corresponding to the state concerned. 

If the g's do not all have discrete eigenvalues, but if, say, g1, .. , g,, 
have discrete eigenvalues and g,,+1, .. , gu have continuous eigenvalues,, 
then to get something physically significant we must obtain the 
probability of each gr (r = 1,.., v) having a specified value g; and each 
gs (s = v+l,..,u) lying in a specified small range g; to g;+dg;. For 
this purpose we must replace each factor 3g,g; in (50) by a factor Xs' 
which is that function of the observable gs which is equal to unity 
for gs within the range g; to g~+dg~ and zero otherwise. Proceeding 
as before with the help of (35), we obtain for this probability " 

.Fk .. g~dg~+i··dg~ = 1<g~ ... g~1x>l 2 dg~+l .. dg~. (52) 

Thus in every case the probability distribution of values for the g's is 
given by the square of the modulus of the representative of the norma
lized ket vector corresponding to the state concerned. 

The numbers which form the representative of a normalized ket 
(or bra) may for this reason be called probability amplitudes. The 
square of the modulus of a probability amplitude is an ordinary 
probability, or a probability per unit range for those variables that 
have continuous ranges of values. 

We may be interested in a state whose corresponding ket Ix) cannot 
be normalized. This occurs, for example, if the state is an eigenstat'e 
of some observable belonging to an eigenvalue lying in a. range of 
eigenvalues. The formula (51) or (52) can then still be used to give 
the relative probability of the g's having specified. values or having 
values lying in specified small ranges, i.e. it will give correctly the 
ratios of the probabilities for diffe:i:ent f's. The numbers (g~ ... fulx) 
may then be called relative probability amplitudes. 
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The representation for which the above results hold is characterized 
by the basic vectors being simultaneous eigenvectors of all the f s. 
It may also be characterized by the requirement that each of the f s 
shall be represented by a diagonal matrix, this condition being easily 
seen to be equivalent to the previous one. The latter characterization 
is usually the more convenient one. For brevity, we shall formulate 
it as each of the fs 'being diagonal in the representation'. 

Provided the fs form a complete set of commuting observables, 
the representation is completely determined by the characterization, 
apart from arbitrary phase factors in the basic vectors. Each basic bra 
(g~ ... g~I may be multiplied by eir', where y' is any real function of 
the variables g~, ... , g~, without changing any of the conditions which 
the representation has to satisfy, i.e. the condition that the fs are 
diagonal or that the basic vectors are simultaneous eigenvectors of 
the fs, and the fundamental properties of the basic vectors (34) and 
(35). With the basic bras changed in this way, the representative 
(g~ ... g~!P) of a ket IP) gets multiplied by eiY', the representative 
<Qlg~ ... g~) of a bra <QI gets multiplied by e-iy' and the representa
tive (g~ ... g~lcxlK .. g~) of a linear operator ex gets multiplied by ei(y'-r"l. 

The probabilities or relative probabilities (51), (52) are, of course, 
unaltered. 

The probabilities that one calculates in practical problems in 
quantum mechanics are nearly always obtained from the squares 
of the moduli of probability amplitudes or relative prob_ability ampli
tudes. Even when one is interested only in the probability of an 
incomplete set of commuting observables having specified values, it 
is usually necessary first to make the set a complete one by the 
introduction of some extra commuting observaqles and to obtain 
the probability of the complete set having specified values (as the 
square of the modulus of a probability amplitude), and then to sum 
or integrate over all possible values of the extra observables. A 
more direct application of formula (51) of § 13 is usually not 
practicable. 

To introduce a representation in practice 
(i) We look for observables which we would like to have diagonal, 

either because we are interested in their probabilities or for 
reasons of mathematical simplicity; 

(ii) We must see that they all commute-a necessary condition 
since diagonal matrices always commute; 



§ 18 PROBABILITY AMPI,.ITUDES 71\ 

(iii) We then see that they form a complete commuting set, and 
if not we add some more commuting observables to them to 
make them into a complete commuting set ; 

(iv) we set up an orthogonal representation with thil:l complete 
commuting set diagonal. 

The representation is then completely determined except for the 
arbitrary phase factors. For most purposes the arbitrary phase 
factors are unimportant and trivial, so that we may count the 
representation as being completely determined by the observables 
that are diagonal in it. This fact is already implied in our notation, 
since the only indication in a representative of the representation to 
which it belongs are the letters denoting the observables that are 
diagonal. 

It may be that we are interested in two representations for the 
same dynamical system. Suppose that in one of them the complete 
set of commuting observables g1, ... , g" are diagonal and the basic 
bras are <g~ ... g~J and in the other the complete set of commuting 
observables 77v···· 71w are diagonal and the basic bras are (77~ ... 77:,,J. 
A ket JP) will now have the two representatives (g~ ... g~JP) and 
(77~ ... 77:,,JP). If gv··· gv have discrete eigenvalues and gv+v··· g" have 
continuous eige~values and if 77v··· 71x have discrete eigenvalues and 
71:r+i• .. , 71w have continuous eigenvalues, we get from (35) 

(77~ ... 77:CJP) = L J..J (77~ ... 77;0 Jg~ ... g'u) dg~w·dg~ ([i ... g~JP), (53) 
KJ; 

and interchanging fs and 77's 

These are the transformation equations which give one representative 
of JP) in terms of the other. They show that either representative 
is expressible linearly in terms of the other, with the quantities 

(55) 

as coefficients. These quantities are called the transformation Ju.ne
t-ions. Similar equations -may be written doWh to connect the two 
representatives of a bra vector or of a linear operator. The trans
formation functions ( 55) are in every case the means which enable 
one to pass from one representative to the other. Each of the 
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transforruation functions is the conjugate complex of the other, and 
they satisfy the conditions 

I f.·f <17~ ... 17;,,/g~ ... g~> dg~+l".dg~ <t~···t~/17~···17~> 
~; .. ~~ 

= o?)l?)i··o?J~?J:;,8(17~+1-17~+1) .. 8(17;v-17:i,) (56) 

and the corresponding conditions with g's and 17's interchanged, as 
may be verified from (35) and (34) and the corresponding equations 
for the 17's. 

Transformation functions are examples of probability amplitudes 
or relative probability amplitudes. Let us take the case when all the 
g's and all the r/s have discrete eigenvalues. Then the basic ket 
/17~ ... 17;,,) is normalized, so that its representative in the g-representa
tion, (t~···t~l17~···77;,,), is a probability amplitude for each set of values 
for the f's. The state to which these probability amplitudes refer, 
namely the state corresponding to /17~ ... 17;,,), is characterized by the 
condition that a simultaneous measurement of 17v···, 17w is certain to 
lead to the results 17~, ... , 17;,,. Thus l<t~···t~/17~ ... 17;,,)12 is the proba
bility of the g's having the values g~ ... g~ for ~he state for which the 
17's certainly have the values 17~···77~o· Since 

l<K-.g~117~ ... 17;,,>12 = 1<77~···17:Vlt~···t~>l 2 , 
we have the theorem of reciprocity-the probability of the f s having 
the values f for the state for which the 17's certainly have the values r/ 
is equal to the probability of the 17' s having the values 77' for the state for 
which the f s certainly have the values f. 1 

If all the 17's have discrete eigenvalues and some of the g's have 
continuous eigenvalues, /(t~···t~/77~ ... 17;,,)12 still gives the probability 
distribution of values for the g's for the state for which the 77's cer
tainly have the values 17'. If some of the 71's have continuous eigen
values, /'1)~···7J;,,) is not normalized and l<t~···t~l17~···'1J:V)/ 2 then gives 
only the relative probability distribution of values for the g's for the 
state for which the 71's certainly have the values "7'· 

19. Theorems about functions of observables 
We shall illustrate the mathematical value of representations by 

using them to prove some theorems. 

THEOREM 1. A linear operator that commutes with an observable g 
commutes also with any function of g. 

The theorem is obviously true when the function is expressible as 
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a power series. To prove it generally, let w be the linear operator, 
so that we have the equation 

gw-wg = 0. (57) 

Let us introduce a representation in which g is diagonal. If g by 
itself does not form a complete commuting set of observables, we must 
make it into a complete commuting set by adding certain observables, 
f3 say, to it, and then take the representation in which g and the {J's 
are diagonal. (The case when g does form a complete commuting set 
by itself can be looked upon as a special case of the preceding one 
with the number of f3 variables zero.) In this representation equation 

(57) becomes <ffJ'[tw-wflg",8") = O, 

which reduces to 

f <ffJ'[w[f'{J")-(f,8'[w[f',8")f' = 0. 

In the case when the eigenvalues of g are discrete, this equation 
shows that all the matrix elements (f ,8' /w lf'{J") of w vanish except 
those for which f = f'. In the case when the eigenvalues of g are 
continuous it shows, like equation ( 48), that (f{J' /w lf'{J") is of the 
form <f ,8' /w /e',8") = c o(f-C), 
where c is some function of f and the ,B"s and ,B"'s. In either case 
we may say that the matrix representing w 'is diagonal with respect 
toe. Iff(t) denotes any function of gin accordance with the general 
theory of§ 11, which requires f(t"') to be defined for g"' any eigenvalue 
of g, we can deduce in either case 

This gives 

so that 

f(f)(f{J'/w/f',8")-<f,8'/w[f',B")f(g") = 0. 

<ffJ'/J(t)w-wf(t)lf',8") = 0, 

f(t) w-wj(fl = 0 

and the theorem is proved. 
As a special case of the theorem, we have the result that any 

observable that commutes with an observable g also commutes with 
any function off This result appears as a physical necessity when 
we identify, as in § 13, the condition of commutability of two 
observables with the condition of compatibility of the correspond
ing observations. Any observation that is compatible with the 
measurement of an observable g must also be compatible with the 
measurement of f(fl, since any measurement of g includes in itself 
a measurement ofJ(t). 
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THEOREM 2. A linear operator that commutes with each of a complete 
set of commuting observables is a function of those observables. 

Let w be the linear operator and gl> g2 , ... , gu the complete set of 
commuting observables, and set up a representation with these 
observables diagonal. Since w commutes with each of the fs, the 
matrix representing it is diagonal with respect to each of the fs, 
by the argument we had above. This matrix is therefore a diagonal 
matrix and is of the form (49), involving a number c' which is a 
function of the f's. It thus represents the function of the fs that 
c' is of the f's, and hence w equals this function of the f s. 

THEOREM 3. If an observable g and a linear operator g are such that 
any linear operator that commutes with g also commutes with g, then g 
is a function of g, 

This is the converse of Theorem 1. To prove it, we use the same 
representation with g diagonal as we had for Theorem 1. In the first 
place, we see that g must commute with g itself, and hence the 
representative of g must be diagonal with respect to g, i.e. it must 
be of the form 

<f,B'lgW',B") = a(t,B',B")og-g· or a(f/3',8")8(f-f'), 

according to whether t has discrete or continuous eigenvalues. Now 
let w be any linear operator that commutes with t, so that its 
representative is of the form 

<f ,B' lw lf',B") = b(f ,B',B")og-g- or b(f ,B',B")8(f-f'). 

By hypothesis w must also commute with g, so that 

<ff3'1gw-wglf',8") = 0. (58) 

If we suppose for definiteness that the ,B's have discrete eigenvalues, 
(58) leads, with the help of the law of matrix multiplication, to 

2: {a(f,B',B"')b(f,B"',B")-b(f,B',B"')a(f,8"'(3")} = 0, (59) 
f3"' 

the left-hand side of (58) being equal to the left-hand side of (59) 
multiplied by 8g,e or 8(f-f'). Equation (59) must hold for all 
functions b(f,B',B"). We can deduce that 

a(f,B',B") = 0 for ,B' =I= ,B", 

a(f ,B',B') = a(f ,B",B"). 

The first of these -results shows that the matrix representing g is 
diagonal and the second shows that a(f ,B',B') is a function off only. 
We can now infer that g is that function of g which a(f,B'/3') is off, 
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so the theorem is proved. The proof is analogous if some of the {J's 
have continuous eigenvalues. 

Theorems 1 and 3 are still valid if we replace the observable g by 
any set of commuting observables sv s2,.., gr, only formal changes 
being needed in the proofs. 

20. Developments in notation 
The theory of representations that we have developed provides a 

general system for labelling kets and bras. In a representation in which 
the complete set of commuting observables s1,. .. , Su are diagonal any 
ket IP> will have a representative <s~---s~IP), or <f !P> for brevity. 
This representative is a definite function of the variables f, say if;(f). 
The function if; then determines the ket IF) completely, so it may be 
used to label this ket, to replace the arbitrary label P. In symbols, 

if <f IP> = if;(fl }-- ... 
we put IP> = lif;(s)>. (60) 

We must put IP> equal to lif;(s)) and not lif;(f)), since it does not 
depend on a particular set of eigenvalues for the f s, but only on the 
form of the function if;. 

With f(g) any function of the observables s1,. .. , Su• f(s)IP> will 
have as its representative 

<f lf(s)IP> = f(flif;{f). 
Thus according to (60) we put 

f(g)IP> = lf(g)if;(fl). 
With the help of the second of equations (60) we now get 

J(s) lif(g)> = lf(g)if(s)>. (61) 
This is a general result holding for any functions f and if; of the f s, 
and it shows that the vertical line I is not necessary with the new 
notation for a ket-either side of (61) may be written simply as 
f(flif;{g)). Thus the rule for the new notation becomes:-

if <flP) = if;(fl 
we put IP> = if;{g)). 

} (62) 

We may further shorten if;(g)) to if;), leaving the variables g under
stood, if no ambiguity arises thereby. 

The ket if;(fl) may be considered as the product of the linear 
operator if;(fl with a ket which is denoted simply by ) without a 
label. We call the ket ) the standard ket. Any ket whatever can be 
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expressed as a function of the g's multiplied into the standard ket. 
For example, taking jP) in (62) to be the basic ket If'), we find 

If'>= oMi··og.g;o(gv+l-g;+l) .. o(gu-g~)> (63) 

in the case when g1,.., gv have discrete eigenvalues and gv+l, .. , gu have 
continuous eigenvalues. The standard ket is characterized by the 
condition that its representative (g' j) is unity over the whole domain 
of the variable g', as may be seen by putting if;= 1 in (62). 

A further contraction may be made in the notation, namely to 
leave the symbol ) for the standard ket understood. A ket is then 
written simply as rf;(g), a function of the observables g. A function 
of the fs used in this way to denote a ket is called a wave function. t 
The system of notation provided by wave functions is the one usually 
used by most authors for calculations in quantum mechanics. In 
using it one should remember that each wave function is understood 
to have the standard ket multiplied into it on the right, which 
prevents one from multiplying the wave function by any operator 
on the right. Wave functions can be multiplied by operators only on 
the left. This distinguishes them from ordinary functions of the fs, 
which are operators and can be multiplied by operators on either the 
left or the right. A wave function is just the representative of a ket 
expressed as a function of the o bserva bl es g, instead of eigenvalues f 
for those observables. The square of its modulus gives the proba
bility (or the relative probability, if it is not normalized) of thlil g's 
having specified values, or lying in specified small ranges, for the 
corresponding state. 

The new notation for bras may be developed in the same way as 
for kets. A bra <QI whose representative (Qlf) is <fi(g') we write 
( <fi(g} j. With this notation the conjugate irpaginary to jrj;(g)) is 
(~(g)[. Thus the rule that we have used hitherto, that a ket and 
its conjugate imaginary bra are both specified by the same label, 
must be extended to read-if the labels of a /f;et involve complex 
numbers or complex functions, the labels of the conjugate imaginary 
bra involve the conjugate complex numbers or functions. As in the 
case of kets we can show that (cp(g) lf(g) and (<fi(g)f(g) I are the same, 
so that the vertical line can be omitted. We can consider (</i(fl as 
the product of the linear operator <fi(g) into the standard bra (, which 

t The reason for this name is that in the early days of quantum mechanics all the 
examples of these functions were of the form of waves. The name is not a descriptive 
one from the point of view of the modern general theory. 

_I 



§ 20 DEVELOrl\rnNTS IN NOTATION 81 

is the conjugate imaginary of the standard ket ). We may leave 
the standard bra understood, so that a general bra is written as rp(g), 
the conjugate complex of a wave function. The conjugate complex 
of a wave function can be multiplied by any linear operator on the 
right, but cannot be multiplied by a linear operator on the left. We 
can construct triple products of the form <f(g}). Such a triple product 
is a number, equal to f(g) summed or integrated over the whole 
domain of eigenvalues for the g's, 

(64) 

in the case when gl,.., g'll have discrete eigenvalues and g'll+l""' eu have 
continuous eigenvalues. 

The standard ket and bra are defined with respect to a representa
tion. If we carried through the above work with a different repre
sentation in which the complete set of commuting observables 'T/ are 
diagonal, or if we merely changed the phase factors in the representa
tion with the f s diagonal, we should get a different standard ket and 
bra. In a piece of work in which more than one standard ket or bra 
appears one must, of course, distinguish them by giving them labels. 

A further development of the notation which is of great importance 
for dealing with complicated dynamical systems will now be discussed. 
Suppose we have a dynamical system describable in terms of dynami
cal variables which can all be divided into two sets, set A and set B 
say, such that any member of set A commutes with any member of 
set B. A general dynamical variable must be expressible as a function 
of the A-variables and B-variables together. We may consider 
another dynamical system in which the dynamical variables are the 
A-variables only-let us call it the A-system. Similarly we may 
consider a third dynamical system in which the dynamical variables 
are the B-variables only-the B-system. The original system can 

I 
then be looked upon as a combination of the A-system and the 
B-system in accordance with the mathematical scheme given below. 

Let us take any ket la) for the A-system and any ket lb) for the 
B-system. We assume that they have a product la)lb) for which 
the commutative and distributive axioms of multiplication hold, i.e. 

la)lb) = lb)la), 

{c1la1)+c2la2)}lb) = C1la1)lb)+c2la2)!b), 

la){c1lb1)+c2lb2)} = C1la)lb1)+c2!a)jb2), 
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the e's being numbers. We can give a meaning to any A-variable 
operating on the product Ja)Jb) by assuming that it operates only 
on the Ja) factor and commutes with the lb) factor, and similarly 
we can give a meaning to any B-variable operating on this product 
by assuming that it operates only on the Jb) factor and commutes 
with the Ja) factor. {This makes every A-variable commute with 
every B-variable.) Thus any dynamical variable of the original 
system can operate on the product Ja)Jb), so this product can be 
looked upon as a ket for the original system, and may then be 
written Jab), the two labels a and b being sufficient to specify it. 
In this way we get the fundamental equations 

Ja)Jb) = Jb)Ja) = Jab). (65) 

The multiplication here is of quite a different kind from any that 
occurs earlier in the theory. The ket vectors Ja) and Jb) are in two 
different vector spaces and their product is in a third vector space, 
which may be called the product of the two previous vector spaces. 
The number of dimensions of the product space is equal to the 
product of the number of dimensions of each of the factor spaces. 
A general ket vector of the product space is not of the form (65), but 
is a sum or integral of kets of this form. 

Let us take a representation for the A-system in which a complete 
set of commuting observables gA of the A-system are diagonal. We 
shall then have the basic· bras <f& J for the A-system. Similarly, taking 
a representation for the B-system with the observables g8 diagonal, 
we shall have the basic bras (f81 for the B-system. The products 

<f.'.t l<g;; I = <f.&. f8 J {66) 
I 

will then provide the basic bras for a representation for the original 
system; in which representation the g..1.'s and the gB's will be diagonal. 
The go.1.'s and gB's will together form a complete set of commuting 
observables for the original system. From {65) and {66) we get 

<e..! Ja)(f8.Jb) = (g_.! f8Jab), (67) 

showing that the representative of Jab) equals the product of the 
representatives of Ja) and of Jb) in their respective representations. 

We can introduce the standard ket, ).& say, for the A-system, 
with respect to the representation with the g..1.'s diagonal, and also 
the standard ket >B for the B-system, with respect to the repre
sentation with the gB's diagonal. Their product ).&)Bis then the 
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standard ket for the original system, with respect to the representa
tion with the tA's and gB's diagonal. Any ket for the original system 
may be expressed as 

(68) 

It may be that in a certain calculation we wish to use a particular 
representation for the B-system, say the above representation with 
the gB's diagonal, but do not "Wish to introduce any particular 
representation for the A-system. It would then be convenient to 
use the standard ket >n for the B-system and no standard ket for 
the A-system. Under these circumstances we could write any ket 
for the original syRtem as 

ltB))B, (69) 

in which ltn> is a ket for the A-system and is also a function of the 
tn's, i.e. it is a ket for the A-system for each sot of values for the 
tn's-in fact (69) equals (68) if we take 

ltn> = if;(tA tn)> A· 

We may leave the standard ket )Bin (69) understood, and then we 
have the general ket for the original system appearing as ltB), a ket 
for the A-system and a wave function in the variables gB of the 

B-system. An example of this notation will be used in§ 66. 
The above work can be immediately extended to a dynamical 

system describable in terms of dynamical variables which can be 
divided into three or more sets A, B, C, ... such that any member of 
one set commutes with any member of another. Equation (65) gets 
generalized to !a)Jb)!c) ... = labc ... ), 

the factors on the left being kets for the component systems and 
the ket on the right being a ket for the original system. Equations 
(66), (67), and (68) get generalized to many factors in a similar way. 



IV 

THE QUANTUM: CONDITIONS 

21. Poisson brackets 
OuR work so far has consisted in setting up a general mathematical 
scheme connecting states and observables in quantum mechanics. 
One of the dominant features of this scheme is that observables, and 
dynamical variables in general, appear in it as quantities which do 
not obey the commutative law of multiplication. It now becomes 
necessary for us to obtain equations to replace the commutative law 
of multiplication, equations that will tell us the value of g'l'}-71g when 
g and 71 are any two observables or dynamical variables. Only when 
such equations are known shall we have a complete scheme of 
mechanics with which to replace classical mechanics. These new 
equations are called quantum conditions or commutation relations. 

The problem of finding quantum conditions is not of such a general 
character as those we have been concerned with up to the present. It 
is instead a special problem which presents itself with each particular 
dynamical system one is called upon to study. There is, however, 
a fairly general method of obtaining quantum conditions, applicable 
to a very large class of dynamical systems. This is the method of 
classical analogy and will form the main theme of the present chapter. 
Those dynamical systems to which this method is not applicable 
must be treated individually and special considerations used in each 
case. 

The value of classical analogy in the development of quantum 
mechanics depends on the fact that classical mechanics provides a 
valid description of dynamical systems under certain conditions, 
when the particles and bodies composing the systems are sufficiently 
massive for the disturbance accompanying an observation to be 
negligible. Classical mechanics must therefore be a limiting case of 
quantum mechanics. We should thus expect to find that important 
concepts in classical mechanics correspond to important concepts in 
quantum mechanics, and, from an understanding of the general 
nature of the analogy between classical and quantum mechanics, we 
may hope to get laws and theorems in quantum mechanics appearing 
as simple generalizations of well-known results in classical mechanics; 
in particular we may hope to get the quantum conditions appearing 
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as a simple generalization of the classical law that all dynamical 
variables commute. 

Let us take a dynamical system composed of a number of particles 
in interaction. As independent dynamical variables for dealing with 
the system we may use the Cartesian coordinates of all the particles 
and the corresponding Cartesian components of velocity of the par
ticles. It is, however, more convenient to work with the momentum 
components instead of the velocity components. Let us call the 
coordinates q,, r going from I to three times the number of particles, 
and the corresponding momentum components Pr- The q's and p's 
are called canonical coordinates and momenta. 

The method of Lagrange's equations of motion involves introdu
cing coordinates q, and momenta p, in a more general way, applicable 
also for a system not composed of particles (e.g. a system containing 
rigid bodies). These more general q's and p's are also called canonical 
coordinates and momenta. Any dynamical variable is expressible in 
terms of a set of canonical coordinates and momenta. 

An important concept in general dynamical theory is the Poisson 
Bracket. Any two dynamical variables u and v have a P.B. (Poisson 
Bracket) ·which we shall denote by [ u, v], defined by 

[u,v] = ""'"'{ou !.!!__ ou ov}, 
L, oq, op, op, oq, 

r 

(I) 

u and v being regarded as functions of a set of canonical coordinates 
and momenta q, and Pr for the purpose of the differentiations. The 
right-hand side of (1) is independent of which set of canonical 
coordinates and momenta are used, this being a consequence of the 
general definition of canonical coordinates and momenta, so the 
P.B. f u, v l is well defined. 

The main properties of P.B.s, which follow at once from their 
cietinitioI?- ( 1 ), are 

[u,v] = -[v,u], 

[u,c] = 0, 

(2) 

(3) 

where c is a number (which may be considered as a special case of a 
dynamical variable), 

:1595.57 

[ii1+u2,v] = [u1 ,v]+[u2,v], 

[u,v1+v2] = [it,v1]+[u,v2], 

G 

_I 
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[ U1 'U2, v] = "'\;' {(oui 'U2+·u1 ou2) ov -(8u1 ·u2+·u1 o·u2):v} 
~ oq, oq, op, op, op, q, 

r 

= [ Uv v ]u2+u1[ u2, v ], 

[ u, V1 V2] = [ u, Vi]v2+vi[ U: V2J. 
Also the identity 

[u, [v,w]]+[v,[w, u]]+[w, [u, v]] = 0 

§!ll 

(6) 

is easily verified. Equations (4) express that the P.B. [u,v] involves 
u and v linearly, while equations (5) correspond to the ordinary rules 
for differentiating a product. 

Let us try to introduce a quantum P.B. which shall be the analogue 
of the classical one. We assume the quantum P.B. to satisfy all the 
conditions (2) to (6), it being now necessary that the order of the 
factors Ui and u 2 in the first of equations (5) should be preserved 
throughout the equation, as in the way we have here written it, and 
similarly for the v1 and v2 in the second of equations ( 5). These condi
tions are already sufficient to determine the form of the quantum 
P.B. uniquely, as may be seen from the following argument. We can 
evaluate the P.B. [ Ui u2, vi v2] in two different ways, since we can use 
either of the two formulas (5) first, thus, 

[ U1 U2, V1 Vz] = [ U1, V1 V2]u2+ui[ U2, Vi V2] 

= {[ Uv Vi]v2+v1[ U1, V2]}u2+u1{[ U2, V1]v2+v1[U2, V2]} 

and 
= [ Uv V1]V2U2+v1[ Uv V2]u2+u1[ U2, V1]v2+U1 V1[ U2, V2] 

[ U1 U2, V1 V2] = [ U1 U2, v1]v2 + V1[ u1 U2, v2] 

= [ u,1 , v1]u2 v2+u1['u2 , vi]v2+v1[·uv v2]u2+v1 u1[u2, v2]. 

Equating these two results, we obtain 

[u1,V1](u2V2-V2'U2) = (u1V1-V1U1)[u2,V2J. 

Since this condition holds with u1 and v1 quite independent of u2 and 
v2, we must have 

U2 V2-V2 U2 = in[ U2, V2], 

where 1i must not depend on u1 and Vv nor on u2 and v2, and also 
must commute with (u1 v1-v1 ui). It follows that n must be simply 
a number. We want the P.B. of two real variables to be real, as in 
the classical theory, which requires. from the work at the top of p. 28, 
that n shall be a real nurn ber when introduced, as here, with the 
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coefficient i. We are thus led to the following definition for the 
quantum P.B. [ u, v] of any two rariables u and v, 

UV-VU = in[ U, V ], (7) 

in which n is a new universal constant. It has the dimensions of 
action. In order that the theory may agree with experiment, we 
must take n equal to h/2Tr, where h is the universal constant that 
was introduced by Planck, known as Planck's constant. It is easily 
verified that the quantum P.B. satisfies all the conditions (2), (3), (4), 
(5), and (6). 

The problem of finding quantum conditions now reduces to the 

problem of determining P.B.s in quantum mechanics. The strong 
analogy between the quantum P.B. defined by (7) and the classical 
P.B. defined by (1) leads us to make the assumption that the quantum 
P.B.s, or at any rate the simpler ones of them, have the same values 
as the corresponding classical P.B.s. The simplest P.B.s are those 
involving the canonical coo.rdinates and momenta themselves and 
ha.ve the following values in the classical theory : 

[q,,q8] = 0, [p,,p8] = 0, 

[qr>ps] = Ors· 

We therefore assume that the corresponding quantum P.B.s also 
have the values given by (8). By eliminating the quantum P.B.s 
with the help of (7), ~e obtain the equations 

which are the fundamental quantum conditions. They show us where 
the lack of commutability among the canonical coordinates and 
momenta lies. They also provide us with a basis for calculating com
mutation relations between other dynamical variables. For instance, 
if t and ?J are any two functions of the q's and p's expressible as 
power series, we may express t?J-?Jt or [t, ?J], by repeated applica
tions of the laws (2), (3), (4), and (5), in terms of the elementary 
P.B.s given in (8) and so evaluate it. The result is often, in simple 
cases, the same as the classical result, or departs from· the classical 
result only through requiring a special order for factors in a product, 
this order being, of course, unimportant in the classical theory. Even 
when t and ?J are more general functions of the q's and p's not ex
pressible as power series, equations (9) are still sufficient to fix the 
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value of g17-17g, as will become clear from the following work. 
Equations (9) thus give the solution of the problem of finding the 
quantum conditions, for all those dynamical systems which have a 
classical analogue and which are def;!cribable in terms of canonical 
coordinates and momenta. This does not include all possible systems 
in quantum mechanics. 

Equations (7) and (9) provide the foundation for the analogy 
between quantum mechanics and ·classical mechanics. They show 
that classical mecha.nics may be regarded as the limiting case of quantum 
mechanics when n tends to zero. A P.B. in quantum mechanics is a 
purely algebraic notion and is thus a rather more fundamental con
cept than a classical P.B., which can be defined only with reference to 
a set of canonical coordinates and momenta. For this reason canonical 
coordinates and momenta are ofless importance in quantum mechanics 
than in classical mechanics; in fact, we may have a system in quan
tum mechanics for which canonical coordinates and momenta do 
not exist and we can still give a meaning to P.B.s. Such a system 
would be one without a classical analogue and we should not be able 
to obtain its quantum conditions by the method here described. 

From equations (9) we see that two variables with different suffixes 
r and s always commute. It follows that any function of qr and Pr 
will commute with any function of q8 and p 8 when s differs fro~ r. 
Different values of r correspond to different degrees of freedom of the 
dynamical system, so we get the result that dynamical variables 
referring to different degrees of freedom commute. This law, as we have 
derived it from (9),. is proved only for dynamical systems with 
classical analogues, but we assume it to hold generally. In this way 
we can make a start on.the problem of finding quantum conditions 
for dynamical systems for which canonical coordinates and momenta 
do not exist, provided we can give a meaning to different degrees of 
freedom, as we may be able to do with the help of physical insight. 

We can now see the physical meaning of the division, which was 
discussed in the preceding section, of the dynamical variables into 
sets, any member of one set commuting with any member of another. 
Each set corresponds to certain degrees of freedom, or possibly just 
one degree of freedom. The division may correspond to the physical 
process of resolving the dynamical system into its constituent parts, 
each constituent being capable of existing by itself as a physical 
system, and the various constituents having to be brought into 
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interaction with one another to produce the original system. Alterna
tively the division may be merely a mathematical procednre of 
resolving the dynamical system into degrees of freedom which cannot 
be separated physically, e.g. the system consisting of a particle with 
internal structure may be divided into the degrees of freedom describ
ing the motion of the centre of the particle and those describing th~ 
internal structure. 

22. Schrodinger's representation 
Let us consider a dynamical system with n degrees of freedom 

having a classical analogue, and thus describable in terms of canonical 
coordinates and momenta qr, Pr (r = 1, 2, ... , n). We assume that the 
coordinates qr are all observables and have continuous ranges of eigen
values, these assumptions being reasonable from the physical signifi
cance of the q's. Let us set up a representation with the q's diagonal. 
The question arises whether the q's form a complete commuting set 
for this dynamical system. It seems pretty obvious from inspection 
that they do. We shall here assume that they do, and the assumption 
will be justified later (see top of p. 92). With the q's forming a 
complete commuting set, the representation is fixed except for the 
arbitrary phase factors in it. 

Let us consider first the case of n = 1, so that there is only one q 
and p, satisfying · qp-pq =in. (10) 

Any ket may be written in the standard ket notation if(q)). From it 
we can form another ket dif/dq), whose representative is the deriva
tive of the original one. This new ket is a linear function of the 
original one and is thus the result of some linear operator applied to 
the original one. Calling this linear operator d/dq, we have 

:q if> = ~~>· (11) 

Equation (11) holding for all functions if defines the linear operator 
d/dq. We have d 

dq> = 0. (12) 

Let us treat the linear operator d/dq according to the general theory 
oflinear operators of§ 7. We should then be able to apply it to a bra 
(</>(q), the product (<pd/dq being defined, according to (3) of§ 7, by 

{<~~}if>= <~{~if>} (13) 
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for all functions if;(q). Taking representatives, we get 

J «f>±lq'> dq' if;(q') = r </>(q') dq' dif;(q'). (14) 
dq .J dq' 

We can transform the right-hand side by partial integration and get 

J <1> ~lq') dq' ij;(q') = - J d~~~:1 dq' ij;(q'), . (15) 

provided the contributions from the limits of integration vanish. 
This gives e± I '> = _ rZ<f>(q') 

'I' dq q dq' , 

d def> 
<cf>-=-<-. 

dq dq 
{16) showing that · 

Thus d/dq operating to the left on the conjugate complex of a wave 
function has the meaning of minus differentiation with respect to q. 

The validity of this result depends on our being able to make the 
passage from (14) to (15), which requires that we must restrict our
selves to bras and kets corresponding to wave functions that satisfy 
suitable boundary conditions. The conditions usually holding in 
practice are that they vanish at the boundaries. (Somewhat more 
general conditions will be given in the next section.) These conditions 
do not limit the physical applicability of the theory, but, on the con
trary, are usually required also on physical grounds. For example, 
if q is a Cartesian coordinate of a particle, its eigenvalues run from 
·-co to co, and the physical requirement that the particle has zero 
probability of being at infinity leads to the condition that the wave 
function vanishes for q = ±co. 

The conjugate complex of the linear operator d/dq can be evaluated 
by noting that the conjugate imaginary of d/dq.if;) or dif;/dq) is 
<d$Jdq, or -<~d/dq from (16). Thus the conjugate complex of d/dq 
is -d/dq, so d/dq is a pure imaginary linear operator. 

To get the representative of d/dq we note that, from an application 
of formula (63) of§ 20, 

lq"> = o(q-q")), 

so that ± lq"> = ~o(q-q")>, 
dq dq 

and hence <q' I~ I q"> = ~, o(q' -q"). 

( 17) 

(18) 

(19) 

The representative of d/dq involves the derivative of the o function. 
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Let w; work out the commutation re];ition connecting djdq with q. 
We have 

(20) 

Since this holds for any ket if;), we have 

d d 
-q-q-= l. 
dq dq 

(21) 

Comparing this result with (10), we see that -ind/dq satisfies the 
same commutation relation with q that p does. 

To extend the foregoing work to the case of arbitrary n, we write 
the general ket as ij;(q1 •.. qn)) = if;) and introduce then linear opera
tors 8/8q, (r = 1, ... , n), which can operate on it in accordance with 
the formula 

corresponding to (11). We have 

8 
-)=0 
8q, 

(22) 

(23) 

corresponding to (12). Provided we restrict ourselves to bras and 
kets corresponding to wave functions satisfying suitable boundary 
conditions, these linear operators can operate also on bras, in accor-
dance with the formula 8 oef> 

<4> 8q, = -<8q/ (24) 

corresponding to (16). Thus 8/8qr can operate to the left on the 
conjugate complex of a wave function, when it has the meaning of 
minus partial differentiation with respect to qr. We find as before 
that each 8/oq, is a pure imaginary linear operator. Corresponding 
to (21) we have the commutation relations 

8 8 
-q3-q8 - = 0,8 • (25) 
oqr oq, 

We have further 

!_!_if;>= a2ip >=!_!_if;>, 
8q, aq. 8qr aq. 8qs oqr 

(26) 

8 8 8 8 
showing that (27) 

8qr oqs 8q8 oqr 

Comparing (25) and (27) with (9), we see that the linear operators 
-ili8/8qr satisfy the same commutation relations with the q's and with 
each other that the p's do. 
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It would be possible to take 

Pr= -iho/oqr (28) 

without getting any inconsistency. This possibility enables us to see 
that the q's must form a complete commuting set of observables, 
since it means that any function of the q's and p's could be taken 
to be a function of the q's and -inOjoq's and then could not commute 
with all the q's unless it is a function of the q's only. 

The equations (28) do not necessarily hold. But in any case the 
quantitiespr+ino/oqr each commute with all the q's, so each of them 
is a function of the q's, from Theorem 2 of§ 19. Thus 

Pr= -ino/oqr+fr(q). (29) 

Since Pr and -in 8/oqr are both real, f,(q) must be real. For any 
function f of the q's we have 

~o N> = f "'o tfa> +off» 
oqr oqr oq, 

showing that !_f-f!_ = of. (30) 
oqr oqr oqr 

With the help of (29) we can now deduce the general formula 

Prf-fp, = -iliof/oq,. (31) 
This formula may be written in P.B. notation 

[f, p,] = of/oq,, (32) 

when it is the same as in the classical theory, as follows from (1). 
Multiplying (27) by (-ih)2 and substituting for -ili o/oq, and -in o/oqs 
their values given by (29), we get 

(p,-fr)(Ps-fs) = (Ps-fs)(p,-j,), 

which reduces, with the help of the quantumconditionprPs = PsPr, to 

Prfs+frPs = psf,+fsPr-
This reduces fµrther, with the help of (31), to 

ofsf oq,. -: of,./oq., (33) 

showing that the functions f,. are all of the form 

f,. = aF/oq,. (34) 

with F independent of r. Equation (29) now becomes 

Pr= -ilio/oqr+aF/oq,.. (35) 

We have been working with a representation which is fixed to the 
extent that the q's must be diagonal in it, but which contains arbitrary 



§ 22 SCHRLlDINGER'S REPRESENTATION 93 

phase factors. If the phase factors are changed, the operators 8/8qr 
get changed. It will now be shown that, by a suitable change in the 
phase factors, the function Fin (35) can be made to vanish, so that 
equations (28) are made to hold. 

Using stars to distinguish quantities referring to the new repre
sentation with the new phase factors, we shall have the new basic 
bras connected with the previous ones by 

(q~ ... q~ *I = eir'(q' ... q~I (36) 

where y' = y(q') is a real function of the q"s. The new representa
tive of a ket is eir' times the old one, showing that eirij;)* =if;), so 
we get (37) 

as the connexion between the new standard ket and the original one. 
The new linear operator (8/8q,)* satisfies, corresponding to (22), 

(!__)*if;>*= oif; >* = e-iy8if;) 
8q, 8q, 8q, 

with the help of (37). Using (22), this gives 

( 8 ) * ,/, * . 8 .!. . 8 . . !. * - 'I') = e-•Y-'I') = e-•Y-e•Y'I') , 
8qr 8q, 8q, 

showing that 

or, with the help of (30), 

By choosing y so that 

(35) becomes 

- = e-'Y-e•Y ( 8 )* . 8 . 
8q, 8q, ' 

( 8)* 8 .8y 
aq, = aq,+i aq, · 

F = ny+ a constant, 

p, = -ili(8/8q,)*. 

(38) 

(39) 

(40) 

(41) 

Equation (40) fixes y except for an arbitrary constant, so the repre
sentation is fixed except for an arbitrary constant phase factor. 

In this way we see that a representation can be set up in which 
the q's are diagonal and equations (28) hold. This representation is 
a very useful one for many problems. It will be called Schrodinger's 
representation, as it was the representation in terms of which Schro
dinger gave his original formulation of quantum mechanics in 1926. 
Schrodinger's representation exists whenever one has canonical q's 
and p's, and is completely determined by these q's and p's except for 
an arbitrary constant phase factor. It owes its great convenience to 
its allowing one to express immediately any algebraic function of the 
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q's and p's of the form of a pov,·er series in the p's as an operator of 
differentiation, e.g. if f(q 1 , ... , q11 , p1 , ... ,p,J is such a function, we have 

J(q1, ... ,qn,P1,···,Pn) =J(ql,. .. ,qn, -ih8/8ql,. .. , -ifi8/8q,.}, (42) 

provided we preserve the order of the factors in a product on substi
tuting the -in8/8q's for the p's. 

From (23) and (28), we have 

( 43) 

Thus the standard ket in Schrodinger's representation is characterized 
by the condition that it is a simultaneous eigenket of a,ll the momenta 
belonging to the eigenvalues zero. Some properties of the ha.sic 
vectors of Schrodinger's representation mn,y also he noted. Equation 
(22) gives · 

, , 
1 

a .1.> ___ < , , 
1 
oif1 > oif;(q~ ... q~,) o , , \·'· (ql ... qn -'I' - ql"'qn - = ----, - =-; (ql ... qn 'I'). 

8qr 8qr 8qr 8qr 

Hence (44) 

so that (45) 

Similarly, equation (24) leads to 

I , , > ·1· a I , , > Pr ql ... qn =in-, ql ... qn · 
8qT 

(46) 

23. The momentum representation 
Let us take a system with one degree of freedom, describable in 

terms of a q and p with the eigenvalues of q running from -oo tow, 
and let us take an eigenket \p') of p. Its representative in the Schro
dinger representation, (q' \p'), satisfies 

p' (q' \p') = (q' IP Ip') = -iii~' (q' \p')' 

with the help of (45) applied to the case of one degree of freedom. 
The solution of this differential equation for (q' \p') is 

(q' \p') = c' eip'q'fh' (47) 

where c' = c(p') is independent of q', but may involve p'. 
The representative (q' Ip') doe:;; not satisfy the boundary conditions 

of vanishing at q' = ±w. This gives rise to some difficulty, which 
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shows itself up most directly in the failure of the orthogonality 
theorem. If we take a second eigenket Ip") of p with representative 

(q' Ip") = c" eip"q'fli, 

belonging to a different eigenvalue p", we shall have 
co co 

(p'lp") = J (p'lq') dq' (q'lp") = 2c" J e-i(p'-p")q'/n dq'. (48) 
-co -co 

This integral does not converge according to the usual definition of 
convergence. To bring the theory into order, we adopt a new defini
tion of convergence of an integral whose domain extends to infinity, 
analogous to the Cesaro definition of the sum of an infinite series. 
With this new definition, an integral whose value to the upper limit 
q' is of the form cosaq' or sinaq', with a a real number not zero, is 
counted as zero when q' tends to infinity, i.e. we take the mean value 
of the oscillations, and similarly for the lower limit of q' tending to 
minus infinity. This makes the right-hand side of (48) vanish for 
p" =I= p', so that the orthogonality theorem is restored. Also it makes 
the right-hand sides of (13) and (14) equal when (<p and if;) are eigen
vectors of p, so that eigenvectors of p become permissible vectors to 
use with the operator d/dq. Thus the boundary conditions that the 
representative of a permissible bra or ket has to satisfy become 
extended to allow the representative to oscillate like cos aq' or sinaq' 
as q' goes to infinity or minus infinity. 

For p" very close top', the right-hand side of (48) involves a 8 
function. To evaluate it, we need the formula 

00 

J ei= dx = 21To(a) (49) 
-co 

for real a, which may be proved as follows. The formula evidently 
holds for a different from zero, as both sides are then zero. Further 
we have, for any continuous functionf(a), 

co g "' 

J f(a) da J eiax dx = J f(a) da 2a-1sinag = 27Tf(O) 
-co -g -co 

in the limit when g tends to infinity. A more complicated argument 
shows that we get the same result if instead of the limits g and -g 
we put g1 and -g2, and then let g1 and g2 tend to infinity in different 
ways (not too widely different). This shows the equivalence of both 
sides of (49) as factors in an integrand, which proves the formula. 
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With the help of ( 49), ( 48} becomes 

(p'Jp") = c'c"21To[(p'-p")/n] = C'c"ho(p'-p") 

= lc'l 2 ho(p'-p"). (50) 

We have obtained an eigenket of p belonging to any real eigenvalue 
p', its representative being given by (47). Any ket IX) can be ex
panded in terms of these eigenkets of p, since its representative 
(q'IX) can be expanded in terms of the representatives (47) by 
Fourier analysis. It follows that the momentum p is an observable, 
in agreement with the experimental result that momenta can be 
observed. 

A symmetry now appears between q and p. Each of them is an 
observable with eigenvalues extending from -oo to oo, and the 
commutation relation connecting q and p, equation (10), remains 
invariant if we interchange q and p and write -i for i. We have set 
up a representation in which q is diagonal and p = -ilid/dq. It 
follows from the symmetry that we can also set up a representation 
in which p is diagonal and 

q = ilid/dp, (51) 

the operator d/dp being defined by a procedure similar to that used 
for d/dq. This representation will be called the momentum representa
tion. It is less useful than the previous Schrodinger representation 
because, while the Schrodinger representation enables one to express 
as an operator of differentiation any function of q and p that is a 
power series in p, the momentum representation enables one so to 
express any function of q and p that is a power series in q, and the 
important quantities in dynamics are almost always power series in 
p but are often not power series in q. All the same the momentum 
representation is of value for certain problems (see§ 50). 

Let us calculate the transformation function (q' Ip') connecting the 
two representations. The basic kets jp') of the momentum representa
tion are eigenkets of p and their Schrodinger representatives (q' Ip') 
are given by (47) with the coefficients c' suitably chosen. The phase 
factors of these basic kets must be chosen so as to make (51) hold. 
The easiest way to bring in this condition is to use the symmetry 
between q and p referred to above, according to which (q' Ip') must 
go over into (p' lq') if we interchange q' and p' and write -i for i. 
Now (q' Ip') is equal to the right-hand side of ( 47) and (p' lq') to the 
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conjugate complex expression, and hence c' must be independent of 
p'. Thus c' is just a number c. Further, we must have 

<P' [p") = o(p' -p"), 

which shows, on comparison with (50), that [cl = h-t. We can choose 
the arbitrary constant phase factor in either representation so as to 
make c = h-t, and we then get 

<q'/p') = h-teiP''l'tn · (52) 

for the transformation function. 
The foregoing work may easily be generalized to a system with 

n degrees of freedom, describable in terms of n q's and p's, with the 
eigenvalues of each q running from -co to co. Each p will then be 
an observable with eigenvalues running from -co to co, and there 
will be symmetry between the set of q's and the set of p's, the 
commutation relations remaining invariant if we interchange each q, 
with the corresponding p, and write -i for i. A momentum repre
sentation can be set up in which the p's are diagonal and each 

qr= iliE!fop'" (53) 

The transformation function connecting it with the Schrodinger 
representation will be given by the product of the transformation 
functions for each degree of freedom separately, as is shown by 
formula (67) of§ 20, and will thus be 

<q~ q; ... q~/p~p; ... p~) = <q~IP~><q;lp;) ... <q~IP~> 
= h-n/2ei(p;q;+p;q;+ ... +p~q~)fn. (54) 

24. Heisenberg's principle of uncertainty 
For a system with one degree of freedom, the Schrodinger and the 

momentum representatives of a ket IX) are connected by 
ro 

(p'!X) = Ji-t J e-iq'p'JU dq' <q'IX), 
-ro 

} (55) 00 

<q'!X) = h-t J eiCJ'p'/n dp' <P'IX). 
-co 

These formulas have an elementary significance. They show that 
either of the representatives is given, apart from numerical coefficients, 
by the amplitudes of the Fourier components of the other. 

It is interesting to apply (55) to a ket whose Schrodinger repre
sentative consists of what is called a wave packet. This is a function 
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whose value is very small everywhere outside a certain domain, of 
width !iq' say, and inside t~is domain is approximately periodic with 
a definite frequency.t If a Fourier analysis is made of such a wave 
packet, the amplitude of all the Fourier components will be small, 
except those in the neighbourhood of the definite frequency. The 
components whose amplitudes are not small will fill up a frequencyt 
ban4 whose width is of the order l/!iq', since two components whose 
frequencies differ by this amount, if in phase in the middle of the 
domain !iq', will be just out of phase and interfering at the ends of 
this domain. Now in the first of equations (55) the variable 
(27T)-1p'/n = p'/h plays the part of frequency. Thus with <q'!X)ofthe 
form of a wave packet, the function <P' IX), being composed of the 
amplitudes of the Fourier components of the wave packet, will be 
small everywhere in the p' -space outside a certain domain of width 
!ip' = h/!iq'. 

Let us now apply the physical interpretation of the square of the 
modulus of the representative of a ket as a probability. We find that 
our wave packet represents a state for which a measurement of q is 
almost certain to lead to a result lying in a domain of width !iq' and 
a measurement of p is almost certain to lead to a result lying in a 
domain of width !ip'. We may say that for this state q has a definite 
value with an error of order !iq' and p has a definite value with an 
error of order !ip'. The product of these two errors is 

!iq' !ip' = h. (56) 

Thus the more accurately one of the variables q,p has a definite 
value, the less accurately the other has a definite value. For a system 
with several degrees of freedom, equation (56) applies to each degree 
of freedom separately. 

Equation (56) is known as Heisenberg's Principle of Uncertainty. 
It shows clearly the limitations in the possibility of simultaneously 
assigning numerical values, for any particular state, to two non
commuting observables, when those observables are a canonical co
ordinate and momentum, and provides a plain illustration of how 
observations in quantum mechanics may be incompatible. It also 
shows how classical mechanics, which assumes that numerical values 
can_be assigned simultaneously to all observables, may be a valid 
approximation when h can be considered as small enough to be 

t Frequency here means reciprocal of wave-length. 
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negligible. Equation (56) holds only in the most favourable case, 
which occurs when the representative of the state is of the form of a 
wave packet. Other forms of representative would lead to a tiq' and 
tip' whose product is larger than h. 

Heisenberg's principle of uncertainty shows that, in the limit when 
either q or p is completely determined, the other is completely 
undetermined. This result can also be obtained directly from the 
transformation function <q'/p'). According to the end of § 18, 
l<q'/p')l2dq' is proportional to the probability of q having a value in 
the small range from q' to q' +dq' for the state for which p certainly 
has the value p', and from (52) this probability is independent of q' 
for a given dq'. Thus if p certainly has a definite value p', all values 
of q are equally probable. Similarly, if q certainly has a definite value 
q', all values of p are equally probable. 

It is evident physically that a state for which all values of q are 
equally probable, or one for which all values of pare equally probable, 
cannot be attained in practice, in the first case because of limitations 
of size and in the second because of limitations of energy. Thus an 
eigenstate of p or an eigenstate of q cannot be attained in practice. 
The argument at the end of§ 12 already showed that such eigenstates 
are unattainable, because of the infinite precision that would be 
needed to set them up, and we now have another argument leading 
to the ·same conclusion. 

25. Displacement operators 
We get a new insight into the meaning of some of the quantum con

ditions by making a study of displacement operators. These appear 
in the theory when we take into consideratio!l that the scheme of 
relations between states and dynamical variables given in Chapter II 
is essentially a physical scheme, so that if certain states and dynamical 
variables are connected by some relation, on our displacing them all 
in a definite way (for example, displacing them all through a distance 
ax in the direction of the x-axis of Cartesian coordinates), the new 
states and dynamical variables would have to be connected by the 
same relation. 

The displacement of a state or observable is a perfectly definite 
process physically. Thus to displace a state or observable through a 
distance ax in the direction of the x-axis, we should merely have to 
displace all the apparatus used in preparing the state, or all the 
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apparatus required to measure the observable, through the distance 
ox in the direction of the x-axis, and the displaced apparatus would 
define the displaced state or observable. The displacement of a 
dynamical variable must be just as definite as the displacement of 
an observable, because of the close mathematical connexion between 
dynamical variables and observables. A displaced state or dynamical 
variable is uniquely determined by the undisplaced state or dynami
cal variable together with the direction and magnitude of the dis
placement. 

The displacement of a ket vector is not such a definite thing though. 
If we take a certain ket vector, it will represent a certain state and we 
may displace this state and get a perfectly definite new state, but this 
new state will not determine our displaced ket, but only the direction 
of our displaced ket. We help to fix our displaced ket by requiring 
that it shall have the same length as the undisplaced ket, but. even 
then it is not completely determined, but can still be multiplied by 
an arbitrary phase factor.· One would think at first sight that each 
ket one displaces would have a different arbitrary phase factor, 
but with the help of the following argument, we see that it must be 
the same for them all. We make use of the law that superposition 
relationships between states remain invariant under the displace
ment. A superposition relationship between states is expressed 
mathematically by a linear equation between the kets corresponding 
to those states, for example • 

(57) 

where c1 and c2 are numbers, and the invariance of the superposition 
relationship requires that the displaced states correspond to kets 
with the same linear equation between them-in our example they 
would correspond to j.Rd), JAd), !Bd) say, satisfyihg 

!Rd)= c1 jAd)+c2 jBd). (58) 

We take these kets to be our displaced kets, rather than these kets 
multiplied by arbitrary independent phase factors, which latter 
kets would satisfy a linear equation with different coefficients c1 , c2• 

The only arbitrariness now left in the displaced kets is that of a single 
arbitrary phase factor to be multiplied into all of them. 

The condition that linear equations between the kets remain in
variant under the displacement and that an equation such as (58) 
holds whenever the corresponding (57) holds, means that the dis-
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placed kets are linear functions of the undisplaced kets and thus each 
displaced ket !Pd) is the result of some linear operator applied to the 
corresponding undisplaced ket IP). In symbols, 

!Pd) = DIP), (59) 

where D is a linear operator independent of IP> and depending only 
on the displacement. The arbitrary phase factor by which all the 
displaced kets may be multiplied results in D being undetermined 
to the extent of an arbitrary numerical factor of modulus unity. 

With the displacement of kets made definite in the above nianner 
and the displacement of bras, of course, made equally definite, 
through their being the conjugate imaginaries of the kets, we can 
now assert that any symbolic equation between kets, bras, and 
dynamical variables must remain invariant under the displacement 
of every symbol occurring in it, on account of such an equation 
having some physical significance which will not get changed by the 
displacement. 

Take as an example the equation 

<QIP> = c, 
c being a number. Then we must have 

(QdlPd) = c = <QIP). 
l!..,rom the conjugate imaginary of (59) with Q instead of P, 

(Qdl = <QJ15. 

Hence (60) gives <QIDDIP> = <QIP>. 
Since this holds for arbitrary (QI and IP), vve must have 

(60) 

(61) 

DD . 1, (62) 

giving us a general condition which D has to satisfy. 
Take as a second example the equation 

v!P> =IR), 

where v is any dynamical variable. Then, using vd to denote the 
displaced dynamical variable, we must have 

va!Pd) = !Rd). 

With the help of (59) we get 

Va!Pd) = DjR) = Dv!P> = DvD-1 JPd). 

Since !Pd) can he any ket, we must have 

vd = DvD-1, (63) 
3595.57 H 



/ 

102 THE QUANTUM CONDITIONS §25 

which shows that the linear operator lJ determines the displacement 
of dynamical variables as well as that of kets and bras. Note that 
the arbitrary numerical factor of modulus unity in D does not affect 
Va, and also it does not affect the validity of (62). 

Let us now pass to an infinitesimal displacement, i.e. taking the 
displacement through the distance 8x in the direction of the x-axis, 
let us make 8x -+ 0. From physical continuity we should expect 
a displa'ced ket !Pd) to tend to the original jP) and we may further 
expect the limit 

lim IPd>-IP>_ = lim D-1 IP> 
Ox-+O OX ox-+O 8x 

to exist. This requires that the limit 

lim (D- l)/8x 
OX-+0 

(64) 

shall exist. This limit is a linear operator which we shall call the 
displacement operator for the x-direction and denote by dx. The 
arbitrary numerical factor eiY with y real which we may multiply 
into D must be made to tend to unity as 8x -+ 0 and then introduces 
an arbitrariness in dx, namely, dx may be replaced by 

lim (DeiY-l)/8x = Iim (D-I+iy)/8x = dx+ia,,. 
ox-+O OX-70 

where ax is the limit of y/8x. Thus dx contains an arbitrary additive 
pure imaginary number. 

For ox small D = I+oxdx. (65) 

Substituting this into (62), we get 

(1+8xdx)(I+oxdx) = 1, 

which reduces, with neglect of 8x2, to 

8x(dx+dx) = 0. 

Thus dx is a pure imaginary linear operator. Substituti.ng (65) into 
(63) we get, with neglect of 8x2 again, 

V,z = (1+8xdx)v(I-8xdx) = v+8x(dxv-v dx), 

showing that lim (va-v)/8x = dxv-vdx. 
OX-70 

(66) 

(67) 

We may describe any dynamical system in terms of the following 
dynamical variables: the Cartesian coordinates x, y, z of the centre of 
mass of the system, the components PvPv•Pz of the total momentum 
of the system, which are the canonical momenta conjugate to x, y, z 
respectively, and any dynamical variables needed for describing 
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internal degrees of freedom of the system. If we suppose a piece 
of apparatus which has been set ~ to measure x, to be displaced a 
distance ox in the direction of the x-axis, it will measure x-ox, hence 

Xa = X-OX. 

Comparing this with (66) for v = x, we obtain 

dxx-xdx = -1. (68) 

This is the quantum condition connecting dx with x. From similar 
arguments we find that y, z, Pv p11' Pz and the internal dynamical vari
ables, which are unaffected by the displacement, must commute with 
dx. Comparing these results with (9), we see that indx satisfies just 
the same quantum conditions as Px- Their difference, Px-indi, 
commutes with all the dynamical variables and must therefore be a 
number. This number, which is necessarily real since Px and indx are 
both real, may be made zero by a suitable choice of the arbitrary, 
pure imaginary number that can be added to dx. We then have the 
result 

Px = indv (69) 

or the x-component of the total momentum of the system is in times the 
displacement rYperator dx. 

This is a fundamental result, which gives a new significance to 
displacement operators. There is a corresponding result, of course, 
also for the y and z displacement operators du and dz. The quantum 
conditions which state that Px• Pu and Pz commute with each other 
are now seen to be connected with the fact that displacements in 
different directions are commutable operations. 

26. Unitary transformations 
Let U be any linear operator that has a reciprocal U-1 and con

sider the equation a:*= Uc.:U-1, (70) 

a: being an arbitrary linear operator. This equation may be regarded 
as expressing a transformation from any linear operator a: to a 
corresponding linear operator a:*, and as such it has rather remarkable 
properties. In the first place it should be noted that each a:* has the 
same eigenvalues as the corresponding a:; since, if a:' is any eigenvalue 
of a: and jo:') is an eigenket belonging to it, we have 

o:lo:') = a:' lo:') 
and hence 

cx*Ujcx') = UcxU-1 Ujo:') = Uo:io:') = o:'Ujo:'), 
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showing that U!c/) is an eigenket of o:* belonging to the same eigen
value o:', and similarly any eigenvalue of o:* may be shown to be also 
an eigenvalue of o:. Further, if we take several o:'s that are connected 
by algebraic equations and transform them all according to (70), the 
corresponding o:*'s will be connected by the same algebraic equations. 
This result follows from the fact that the fundamental algebraic pro
cesses of addition and multiplication are left invariant by the trans
formation (70), as is shown by the following equations: 

(0:1 +0:2)*.= U(o:1 +0:2)U-1 = Uo:1 U-1 +Uo:2 U-1 = o:f+o:~, 

(o:1 cx2)* = Ua.1 0:2 U-1 = Uo:1 U-1Ua2 U-1 = cxfa~. 

Let us now see what condition would be imposed on U by the 
requirement that any real o: transforms into a real o:*. Equation 

(70) may be written o:*U = Ua. (71) 

Taking the conjugate complex of both sides m accordance with 
(5) of§ 8 we find, if o: and o:* are both real, 

Va*= a.V. (72) 

Equation (71) gives us Vo:*U = VUa 

and equation (72) gives us 

Vo:*U = o:VU. 

Hence VUa = o:UU. 

Thus VU commutes with any real linear operator and therefore also 
with any linear operator whatever, since any linear operator can be 
expressed as one real one plus i times another. Hence VU is· a 
number. It is obviously real, its conjugate complex according to (5) 
of § 8 being the same as itself, and further it must be a positive 
number., since for any ket JP), (P!UU!P) is positive as well as 
(PIP). We can suppose it to be unity without any loss of generahty 
in the transformation (70). We then have 

uu = 1. (73) 

Equation (73) is equivalent to any of the following 

U = '(J-1, '(] = U-1, U-1 V-1 = 1. (74) 

A matrix or linear operator U that satisfies (73) and (74) is said 
to be unitary and a transformation (70) with unitary U is called a 
unitary transformation. A unitary transformation transforms real 
linear operators into real linear operators and leaves invariant any 
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algebraic equation between linear operators. It may be considered 
as applying also to kets and bras, in accordance with the equations 

IP*>= UiP>. <P*I = <PIU = (PjU-1, (75) 

and then it leaves invariant any algebraic equation between linear 
operators, kets, and bras. It transforms eigenvectors of cc into eigen
vectors of cc*. From this one can easily deduce that it transforms an 
observable into an observable and that it leaves invariant any func
tional relation between observables based on the general definition 
of a function given in § 11. 

The inverse of a unitary transformation is also a unitary trans
formation, since from (74), if U is unitary, U-1 is also unitary. 
Further, if two unitary transformations are applied in succession, 
the result is a third unitary transformation, as may be verified in 
the following way. Let the two unitary transformations be (70) and· 

cct = Vcc*V-1• 

The connexion between cc t and cc is then 
cct = VUccU-1V-1 

= (VU)cc(VU)-1 

from (42) of§ 11. Now VU is unitary since 

vuvu = uvvu = uu = 1, 
and hence (76) is a unitary transformation. 

(76) 

The transformation given in the preceding section from undisplaced 
to displaced quantities is an example of a unitary transformation, as 
is shown by equations (62), (63), corresponding to equations (73), 
(70), and equations (59), (6i)_, corresponding to equations (7~~-

In classical mechanics one can make a transformation from the 
canonical coordinates and momenta qr, Pr (r = 1, .. , n) to a new set of 
variables q~,p~ (r = 1, .. , n) satisfying the same P.B. relations as the 
q's and p's, i.e. equations (8) of§ 21 with q*'s and p*'s replacing the 
q's and p:s, and can express :;+11 dynamical variables in terms of the q*'s 
and p*'s. The q*'s and p*'s are then also called canonical coordinates 
and momenta and the transformation is called a contact transforma
tion. One can easily verify that the P.B. of any two dynamical 
variables u and vis correctly given by formula (1) of§ 21 with q*'s and 
p*'s instead of q's and p's, so that the P.B. relationship is invariant 
under a contact transformation. This results in the new canonical 
coordinates and momenta being on the same footing as the original 
ones for many purposes of general dynamical theory, even though the 
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new coordinates q; may not be a set of Lagrangian coordinates but 
n'tay be functions of the Lagrangian coordinates and velocities. 

It will now be shown that, for a quantum dynamical system that 
has a classical analogue, unitary transformations in the quantum theory 
are the analogue of contact trans] ormations in the classical theory. 
Unitary transformations are more general than contact transforma
tions, since the former can be applied to systems in quantum 
mechanics that have no classical analogue, but for those systems in 
quantum mechanics which are describable in terms of canonical 
coordinates and momenta, the analogy between the two kinds of 
transformation holds. To establish it, we note that a unitary trans
formation applied to the quantum variables qr, Pr gives new variables 
q;,p; satisfying the same P.B. relations, since the P.B. relations are 
equivalent to the algebraic relations (9) of§ 21 and algebraic relations 
are left invariant by a unitary transformation. Conversely, any real 
variables q;,p; satisfying the P.B. relations for canonical coordinates 
and momenta are connected with the qr, Pr by a unitary transforma
tion, as is shown by the following argument. 

We use the Schrodinger representation, and write the basic ket 
lq~ ... q~) as lq') for brevity. Since we are assuming that the q;,p; 
satisfy the P.B. relations for canonical coordinates and momenta, 
we can set up a Schrodinger representation referring to them, with 
the t;_; diagonal and each p; equal to -in8/8q~. The basic kets in 
this second Schrodinger representation will be lqf ... q~'), which we 
write lq*') for brevity. Now introduce the linear operator U defined by 

<q*' iU!q') = 8(q*' -q'), (77) 

where 8(q*' -q') is short for 

8(q*' -q') = 8(qf-q~)8(qt'-q;) ... 8(q!' -q~). (78) 

The conjugate complex of (77) is 

and hence"j 

so that 

<q' I Uiq*'> = S(q*' -q'), 

(q'!UU!q"> = f (q'IUlq*'> dq*' (q*'iUlq") 

= J 8(q*' -q') dq*' 8(q*' -q") 

= o(q'-q"), 

uu = 1. 

t We use the notation of a single integral sign and dq*' to denote an integral over 
all the variables qf', q~',. . ., q!'· This abbreviation will be used also in future work. 
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Thus U is a unitary operator. We have further 

<q*' lq: U [q') = q:'S(q*' -q') 

and (q*' l Uq,[q') = S(q*' -q')q~. 

The right-hand sides of these two equations are equal on account of 
the property of the S function ( 11) of§ 15, and hence 

q:u = Uq, 

01' 

Again, from (45) and (46), 

<q*'tp:Utq') = -in8::,S(q*'-q'), 

<q*'[Up,[q') = in~S(q*'-q'). 
8qr 

The right-hand sides of these two equations are obviously equal, and 

hence *U U Pr = Pr 

or p: =Up, U-1• 

Thus all the conditions for a unitary transformation are verified. 
We get an infinitesimal unitary transformation by taking U in (70) 

to differ by an infinitesimal from unity. Put 

U = l+iEF, 

where E is infinitesimal, so that its square can be neglected. Then 

U-1 = 1-iEF. 

The unitary condition (73) or (74) requires that F shall be real. The 
transformation equation (70) now takes the form 

a*= (l+iEF)cx(l-iEF), 

which gives cx*-cx = iE(Fcx-cxF). (79) 

It may be written in P.B. notation 

cx*-cx = En[ cx, F]. (80) 

If cx is a canonical coordinate or momentum, this is formally the same 
as a classical infinitesimal contact transformation. 



v 
THE EQUATIONS OF MOTION 

27. Schrodinger's form for the equations of motion 
OuR work from § 5 onwards has all been. concerned with orie instant 
of time. It gave the general scheme of relations between states and 
dynamical variables for a dynamical system at one instant of time. 
To get a complete theory of dynamics we must consider also the 
connexion between different instants of time. When one makes an 
observatl.on on the dynamical system, the state of the system gets 
changed in an unpredictable way, but in between observations 
causality applies, in quantum mechanics as in classical mechanics, 
and the system is governed by equations of motion which make the 
state at one time determine the state at a later time. These equations 
of motion we now proceed to study. They will apply so long as the 
dynamical system is left undisturbed by any observation or similar 
process. t Their general form can be deduced from the principle of 
superposition of Chapter I. 

Let us consider a particular state of motion throughout the time 
during which the system is left undisturbed. We shall have the state 
at any time t corresponding to a certain ket which depends on t and 
which may be written jt). If we deal with several of these states of 
motion we distinguish them by giving them labels such as A, and we 
then write the ket which corresponds to the state at time t for one 
of them jAt). The requirement that the state at one time determines 
the state at another time means that jAt0) determines jAt) except 
for a numerical factor. The principle of superposition applies to these 
states of motion throughout the time during which the system is 
undisturbed, and means that if we take a superposition relation 
holding for certain states at time t0 and giving rise to a linear equation 
between the corresponding kets, e.g. the equation 

jRt0) = c1 jAt0)+c2 [Bt0), 

the same superposition relation must hold between the states of 
motion throughout the time during which the system is undisturbed 
and must lead to the same equation between the kets corresponding 

t The preparation of a state is a process of this kind. It often takes the form of 
making an observation and selecting the system when the result of the observation 
turns out to be a certain pre-assigned number. 
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to these states at any time t (in the undisturbed time interval), i.e. 
the equation 

provided the arbitrary numerical factors by which these kets may be 
. multiplied are suitably chosen. It follows that the !Pt)'s are linear 

functions of the !Pt0)'s and each !Pt) is the result of some linear 
operator applied to !Pt0). In symbols 

!Pt) = TiPt0 ), (1) 

where Tis a linear operator independent of P and depending only 
on t (and t0). 

We now assume that each !Pt) has the same length as the corre
sponding /Pt0). It is not necessarily possible to choose the arbitrary 
numerical factors by which the !Pt)'s may be multiplied so as to 
make this so without destroying the linear dependence of the !Pt)'s 
on the !Pt0)'s, so the new assumption is a physical one and not just 
a question of notation. It involves a kind of sharpening of the 
principle of superposition. The arbitrariness in !Pt) now becomes 
merely a phase factor, which must be independent of Pin order that 
the linear dependence of the !Pt)'s on the !Pt0)'s may be preserved. 
From the condition that the length of c1 !Pt)+c2 1Qt) equals that of 
c1 !Pt0)+c2 1Qt0) for any complex numbers cv c2, we can deduce that 

(Qt!Pt) = (Qt0 !Pt0). (2) 

The connexion between the !Pt)'s and !Pt0)'s is formally similar 
to the connexion we had in§ 25 between the displaced and undisplaced 
kets, with a process of time displacement instead of the space displace
ment of§ 25. Equations (1) and (2) play the part of equations (59) 
and (60) of§ 25. We can develop the consequences of these equations 
as in § 25 and can deduce that T contains an arbitrary numerical 
factor of modulus unity and satisfies 

TT= 1, (3) 

corresponding to (62) of§ 25, so Tis nnitary. We pass to the infinitesi
mal case by making t --+ t0 and assume from physical continuity that 
the limit 

1. !Pt)-1Pt0) im -----'--'-
t-->to t-t0 

exists. This limit is just the derivative of !Pt0 ) with respect to t0• 

From (1) it equals 

(4) 
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The limit operator occurring here is, liRe (64) of§ 25, a pure imaginary 
linear operator and is undetermined to the extent of an arbitrary 
additive pure imaginary number. Putting this limit operator multi
plied by in equal to H, or rather H(t0 ) since it may depend on t0 , 

equation ( 4) becomes, when written for a genel'al t, 

ind!Pt) = H(t)!Pt) 
dt . (5) 

Equation (5) gives the general law for the variation with time of 
the ket corresponding to the state at any time. It is Schriidinger's 
form for the equations of motion. It involves just one real linear 
operator H(t), which must be characteristic of the dynamical system 
under consideration. We assume that H(t) is the total energy of 
the system. There are two justifications for this assumption, (i) the 
analogy with classical mechanics, which will be developed in the 
next section, and (ii) we have H(t) appearing as in times an opemtor 
of displacement in time similar to the operators of displacement in 
the x, y, and z directions of§ 25, so corresponding to (69) of§ 25 
we should have H(t) equal to the total energy, since the theory of 
relativity puts energy in the same relation to time as momentum to 
distance. 

We assume on physical grounds that the total energy of a system 
is a,lways an observable. For an isolated system it is a constant, and 
may then be written H. Even when it is not a constant we shall often 
write it simply H, leaving its dependence on t understood. If the 
energy depends on t, it means the system is acted on by external 
forces. An action of this kind is to be distinguished from a distur
bance caused by a process of observation, as the former is compatible 
with causality and equations of motion while the latter is not. 

We can get a connexion between H(t) and the T of equation (I) 
by substituting for !Pt) in (5) its value given by equation (1). This 
gives dT 

in(jj 1Pt0) = H(t)T!Pt0). 

Since 1Pt0 ) may be any ket, we have 

in~~ = H(t)T. (6) 

Equation (5) is very important for practical problems, where it is 
usually used in conjunction with a representation. Introducing a 
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representation with a complete set of commuting observables t 
diagonal and putting <g'[Pt) equal to ifa(g't), we have, passing to the 
standard ket notation, 

!Pt> = i/J(tt)). 
Equation (5) now becomes 

in!_ifa(tt)) = Hifa(tt)). 
at 

(7) 

Equation (7) is known as Schrodinger's wave equation and its solutions 
ifa(tt) are time-dependent wave functions. Each solution corresponds to 
a state of motion of the system and the square of its modulus gives 
the probability of the g's having specified values at any time t. For 
a system describable in terms of canonical coordinates and momenta 
we may use Schrodinger's representation and can then take H to be 
an operator of differentiation in accordance with (42) of§ 22. 

28. Heisenberg's form for the equations of motion 
In the preceding section we set up a picture of the states of 

undisturbed motion by making each of them correspond to a moving 
ket, the state at any time corresponding to the ket at that time. We 
shall call this the Schrodinger picture. Let us apply to our kets the 
unitary transformation which makes each ket la) go over into 

la*) = T-1 !a). (8) 

This transformation is of the form given by (75) of§ 26 with T-1 for 
U, but it depends on the time t since T depends on t. It is thus to be 
pictured as the application of a continuous motion (consisting of 
rotations and uniform deformations) to the whole ket vector space. 
A ket which fa originally fixed becomes a moving one, its motion being 
given by (8) with la) independent oft. Qn 'the other hand, a ket 
which is originally moving to correspond to a state of undisturbed 
motion, i.e. in accordance with equation (1), becomes fixed, since on 
substituting !Pt) for la) in (8) we get la*) independent oft. Thus 
the transformation brings the kets corresponding to states of undisturbed 
motion to rest. 

The unitary transformation must be applied also to bras and linear 
operators, in order that equations between the various quantities may 
remain invariant. The transformation applied to bras is given by the 
conjugate imaginary of (8) and applied to linear operators it is given 
by (70) of§ 26 with T-1 for U, i.e. 

a* = T-1aT. (9) 
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A linear operator which is originally fixed transforms into a moving 
linear operator in general. Now a dynamical variable corresponds to 
a linear operator which is originally fixed (because it does not refer 
to t at all), so after the transformation it corresponds to a moving 
linear operator. The transformation thus leads us to a new picture 
of the motion, in which the states correspond to fixed vectors and 
the dynamical variables to moving linear operators. We shall call 
this the Heisenberg picture. 

The physical condition of the dynamical system at any time 
in;volves the relation of the dynamical variables to the state, and 
the change of the physical condition with time may be ascribed 
either to a change in the state, with the dynamical variables kept 
fixed, which gives us the Schri:idinger picture, or to a change in the 
dynamical variables, with the state kept fixed, which gives us the 
Heisenberg picture. 

In the Heisenberg picture there are equations of motion for the 
dynamical variables. Take a dynamical variable corresponding to 
the fixed linear operator v in the Schri:idinger picture. In the Heisen
berg picture it corresponds to a moving linear operator, which we 
write as v1 instead of v*, to bring out its dependence on t, and which 
is given by 

or 

vt = T-1vT 

Tv1 = vT. 

Differentiating with respect to t, we get 

dT vi+Tdv1= vdT_ 
dt dt dt 

With the help of (6), this gives 

or 

where 

HTv1+inT~~t = vHT 

ilidvt = T-1vHT-T-1HTv1 
dt 

= v1H,,-H,,vt, 

H,, . T-1HT. 

Equation (11) may be written in P.B. notation 

~: = [Vt, H,,]. 

(10) 

(11) 

(12) 

(13) 
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Equation (11) or (13) shows how any dynamical variable varies 
with time in the Heisenberg picture and gives us Heisenberg's form 
for the equations of motion. These equations of motion are determined 
by the one linear operator Hi, which is just the transform of the linear 
operator H occurring in Schrodinger's form for the equations of 
motion and corresponds to the energy in the Heisenberg picture. We 
shall call the dynamical variables in the Heisenberg picture, where 
they vary with the time, Heisenberg dynamical variables, to distinguish 
them. from the fixed dynamical variables of the Schrodinger picture, 
which we shall call Schrodinger dynamical variables. Each Heisenberg 
dynamical variable is connected with the corresponding Schrodinger 
dynamical variable by equation (10). Since this connexion is a unitary 
transformation, all algebraic and functional relationships are the 
same for both kinds of dynamical variable. We have T = 1 for 
t = t0, so that v1, = v and any Heisenberg dynamical variable at time 
t0 equals the corresponding Schrodinger dynamical variable. 

Equation (13) can be compared with classical mechanics, where we 
also have dynamical variables varying with the time. The equations 
of motion of classical mechanics can be written in the Hamiltonian 
form oH 

(14) 
- oqr' 

where the q's and p's are a set of canonical coordinates and momenta 
and H is the energy expressed as a function of them and possibly also 
oft. The energy expressed in this way is called the Hamiltonian. 
Equations (14) give, for v any function of the q's and p's that does 
not contain the time t explicitly, 

= [v,H], ( 15) 

with the classical definition of a P.B., equation (1) of§ 21. This is 
of the same form as equation (13) in the quantum theory. We thus 
get an analogy between the classical equations of motion in the 
Hamiltonian form and the quantum equations of motion in Heisen
berg's form. This analogy provides a justification for the assumption 
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that the linear operator 11 introduced in the preceding section is the 
energy of the system in quantum mechanics. 

In classical mechanics a dynamical system is defined mathemati
cally when the Hamiltonian is given, i.e. when the energy is given 
in terms of a set of canonical coordinates and momenta, as this is 
sufficient to fix the equations of motion. In quantum mechanics a 

·· dynamical system is defined mathematically when the energy is 
given in terms of dynamical variables whose commutation relations 
are known, as this is then sufficient to fix the equations of motion, 
in both Schrodinger's and Heisenberg's form. We need to have 
either H expressed in terms of the Schrodinger dynamical variables 
or fie expressed in terms of the corresponding Heisenberg dynamical 
variables, the functional relationship being, of course, the same in 
both cases. We call the energy expressed in this way the Hamiltonian 
of the dynamical system in quantum mechanics, to keep up the 
analogy with the classical theory. 

A system in· quantum mechanics always has a Hamiltonian, whether 
the system is one that has a classical analogue and is describable in 
terms of canonical coordinates and momenta or not. However, if the 
system does have a classical analogue, its connexion with classical 
mechanics is specially close and one can usually assume that the 
Hamiltonian is the same function of the canonical coordinates and 
momenta in the quantum theory as in the classical theory.t There 
would be a difficulty in this, of course, if the classical Hamiltonian 
involved a product of factors whose quantum analogues do not com
mute, as one would not know in which order to put these factors in 
the quantum Hamiltonian, but this does not happen for most of the 
elementary dynamical systems whose study is important for atomic 
physics. In consequence we are able also largely to use the same 
language for describing dynamical systems in the quantum theory as 
in the classical theory (e.g. to talk about particles with given masses 
moving through given fields of force), and when given a system in 
classical mechanics, can usually give a meaning to 'the same' system 
in quantum mechanics. 

Equation ( 13) holds for vt any function of the Heisenberg dynamical 
variables not involving the time explicitly, i.e. for v any constant 

t This assumption is found in practice to be successful only when applied with the 
dynamical coordinates and momenta referring to a Cartesian system of axes and not 
to more general curvilinear coordinates. 
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linear operator in the Schri:idinger picture. It shows that such a 
function v1 is constant if it commutes with He or if v commutes with H. 
We then have 

and we call v1 or v a constant of the motion. It is· necessary that v shall 
commute with H at all times, which is usually possible only if H is 
constant. In this case we can substitute H for v in (13) and deduce 
that H,, is constant, showing that H itself is then a constant of the 
motion. Thus if the Hamiltonian is constant in the Schri:idinger 
picture, it is also constant in the Heisenberg picture. 

For an isolated system, a system not acted on by any external 
forces, there are always certain constants of the motion. One of these 
is the total energy or Hamiltonian. Others are provided by the 
displacement theory of § 25. It is evident physically that the total 
energy must remain unchanged if all the dynamical variables are 
displaced in a certain way, so equation (63) of§ 25 must hold with 
v,,, = v = H. Thus D commutes with H and is a constant of the 
motion. Passing to the case of an infinitesimal displacement, we see 
that the displacement operators d,,,, dv, and dz are constants of the 
motion and hence, from (69) of§ 25, the total momentum is a constant 
of the motion. Again, the total energy must remain unchanged if all 
the dynamical variables are subjected to a certain rotation. This 
leads, as will be shown in § 35, to the result that the total angular 
momentum is a constant of the motion. The laws of conservation of 
energy, momentum, and angular momentum hold for an isolated system 
in the Heisenberg picture in quantum mechanics, as they hold in 
classical mechanics. 

Two forms for the equations of motion of quantum mechanics have 
now been given. Of these, the Schri:idinger form is the more useful 
one for practical problems, as it provides the simpler equations. The 
unknowns in Schri:idinger's wave equation are the numbers which 
form the representative of a ket vector, while Heisenberg's equation 
of motion for a dynamical variable, if expressed in terms of a repre
sentation, would involve as unkriowns the numbers forming the 
representative of the dynamical variable. The latter are far more 
numerous and therefore more difficult to evaluate than the Schri:i
dinger unknowns. Heisenberg's form for the equations of motion is 
of value in providing an immediate analogy with classical mechanics 
a.nd enabling one to see how various features of classical theory, such 
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as the conservation laws referred to above, are translated into quan
tum theory. 

29. Stationary states 
We shall here deal with a dynamical system whose energy is con

stant. Certain specially simple relations hold for this case-. Equation 
(6) can be integratedt to give 

T = e-iH(t-to)fn, 

with the help of the initial condition that T = 1 for t = t0• This 
result substituted into (1) gives 

IPt) = e-iH(l-lo)ffijPt0), (16) 

which is the integral of Schrodinger's equation of motion (5), and 
substituted into (10) it gives 

Vt= eiHU-lo)f1ive-iH(t-to)fn, (17) 

which is the integral of Heisenberg's equation of motion (11), Hi being 
now equal to H. Thus we have solutions of the equations of motion 
in a simple form. However, these solutions are not of much practical 
value, because of the difficulty involved in evaluating the operator 
e-iH(t-to)fn, unless His particularly simple, and for practical purposes 
one usually has to .fall back on Schrodinger's wave equation. 

Let us consider a state of motion such that at time t0 it is an eigen
state of the energy. The ket JPt0) corresponding to it at this time 
must be an eigenket of H. If H' is the eigenvalue to which it belongs, 

equation (16) gives !Pt) = e-iH'(t-to)/fllPto), 

showing that iPt) differs from JPt0 ) only by a phase factor. Thus 
the state always remains an eigenstate of the energy, and further, it 
does not vary with the time at all, since the direction of the ket !Pt) 

does not vary with the time. Such a state is called a stationary state. 
The probability for any particular result of an observation on it is 
independent of the time when the observation is made. From our 
assumption that the energy is an observable, there are sufficient 
stationary states for an arbitrary state to be dependent on them. 

The time-dependent wave function f(tt) representing a stationary 
state of energy H' will vary with time according to the law 

f(tt) = fo(t)e-iH'tfn, (18) 

t The integration can be carried out as though H were an ordinary algebraic 
variable instead of a linear operator, because there is no quantity that does not 
commute with H in the work. 
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and Schrodinger's wave equation (7) for it reduces to 

H't/;o) = Htf;o>· 
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(19) 

This equation merely asserts that the state represented by tf;0 is an 
eigenstate-of H. We call a function t/;0 satisfying (19) an eigenfunction 
of H, belonging to the eigenvalue H'. 

In the Heisenberg picture the stationary states correspond to fixed 
eigenvectors of the energy. We can set up a representation in which 
all the basic vectors are eigenvectors of the energy and so correspond 
to stationary stat<Js in the Heieenberg picture. We call such a repre
sentation a Heisenberg representation. The first form of quantum 
mechanics, discovered by Heisenberg in 1925, was in terms of a 
representation of this kind. The energy is diagonal in the representa
tio!l. Any other diagonal dynamical variable must commute with the 
energy and is therefore a constant of the motion. The problem of 
setting up a Heisenberg representation thus reduces to the problem 
of finding a complete set of commuting observables, each of which 
is a constant of the motion, and then making these observables 
diagonal. The energy must be a function of these observables, from 
Theorem 2 of§ 19. It is sometimes convenient to take the energy 
itself as one of them. 

Let a: denote the complete set of commuting observables in a 
Heisenberg representation, so that the basic vectors are written (a:'j, 
ja:"). The energy is a function of these observables a:, say H = H(a:). 
From (17) we get 

(a:' jv,ja:") = (a:' jeiH(l-lo}fr've-iH(l-lo)/li ja:") 

= ei(H'-H'Xl-lo)/li(a:'jvja:"), (20) 

where H' = H(a:') and H" = H(a:"). The factor (a:' jvja:") on the right
hand side here is independent of t, being an element of the matrix 
representing the fixed linear operator v. Formula (20) shows how the 
Heisenberg matrix elements of any Heisenberg dynamical variable 
vary with time, and it makes v, satisfy the equation of motion (11), 
as is easily verified. The variation given by (20) is simply periodic 
with the frequency 

1H'-H"IJ2TTli = IH'-H"l/h, (21) 

depending only on the energy difference of the two stationary states 
to which the matrix element refers. This result is closely connected 
with the Combination Law of Spectroscopy and Bohr's Frequency 

3595.57 I 
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Condition, according to which (21) i8 t.hc frequency of the electro
magnetic radiation emitted or absorbed when the system makes a 
transition under the influence of radiation between the stationary 
states a' and a", the eigenvalues of H being Bohr's energy levels. 
These matters will be dealt ·with in § 45. 

30. The free particle 
The most fundamental and elementary application of quantum 

mechanics is to the system consisting merely of a free particle, or 
particle not acted on by any forces. For dealing with it we use as 
dynamical variables the three Cartesian coordinates x, y, z and their 
conjugate momenta Px, py, Pz· The Hamiltonian is equal to the 
kinetic energy of the particle, namely 

(22) 

according to Newtonian mechanics, m being the mass. This formula 
is valid only if the velocity of the particle is small compared with c, 
the velocity of light. For a rapidly moving particle, such as we often 
have to deal with in atomic theory, (22) must be replaced by the 
relativistic formula 

(23) 

For small values of Px, p 11 , and Pz (23) goes over into (22), except for 
the constant term mc2 which corresponds to the rest-energy of the 
particle in the theory of relativity and which has no influence on the 
equations of motion. Formulas (22) and (23) can be taken over 
directly into the quantum theory, the square root in (23) being now 
understood as the positive square root defined at the end of § 11. 
The constant term mc2 by which (23) differs from (22) for small values 
of Px, pY, and Pz can still have no physical effects, since the Hamil
tonian in the quantum. theory, as introduced in§ 27, is undefined to 
the extent of an arbitrary additive real constant. 

We shall here work with the more accurate formula (23). We shall 
first solve the Heisenberg equations of motion. From the quantum. 
conditions (9) of§ 21, Px commutes with p 11 and p., and hence, from 
Theorem l of§ 19 extended to a set of commuting observables, Px 
commutes with any function of Px, p11 , and p,. and therefore with H. 
It follows that Px is a constant of the motion. Similarly Py and Pz are 
constants of the motion. These results are the same as in the classical 
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theory. Again, the equation of motion for a coordinate, x1 say, is, 
according to (11), 

iii it = iii ~:1 = x1 c(m2c2 +p;,+pi+p;)! _:_c(m2c2 -J-p;+P~+p;)•x1• 
The right-hand side here can be evaluated by means of formula 
(31) of§ 22 with the roles of coordinates and momenta interchanged, 
so that it reads (24) 

f now being any function of the p's. This gives 

a c2p 
i1 = op,, c(rn2c2+P;+P~+p;)t = H x. 

Similarly, 
} (25) 

The magnitude of the velocity is 

v = (xz+yz+zr)t = c2(p;,+Pi+p;)t/H. (26) 
Equations (25) and (26) are just the same as in the classical theory. 

Let us consider a state that is an eigenstate of the momenta, 
belonging to the eigenvalues p~, p;,, p~. This state must be an eigen
state of the Hamiltonian, belonging to the eigenvalue 

H' = c(rn2c2+P~2+P~2+p?)t, (27) 

and must therefore be a stationary state. The possible values for H' 
are all numbers from rnc2 tow, as in the classical theory. The wave 
function ifa(xyz) representing this state at any time in Schrodinger's 
representation must satisfy 

p~ifa(xyz)) = p,,ifa(xyz)) = -iliaifa(xyz)), 
ax 

with similar equations for Pv and Pz· These equations show that 
ifa(xyz) is of the form ' 

ifa(xyz) = aeiCP~x+P~Y+P;z)fli, (28) 

where a is independent of x, y, and z. From (18) we see now that the 
time-dependent wave function ifa(xyzt) is of the form 

ifa(xyzt) = a0 ei(p~x+P~Y+P;z-H't)fli, (29) 

where a0 is independent of x, y, z, and t. 
The function (29) of x, y, z, and t describes plane waves in space

time. We see from this example the suitability of the terms 'wave 
function' and 'wave equation'. The frequency of the waves is 

v = H'/h, (30) 
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their wavelength is 

,\ = h/(p~2+P~2+P~2)t = h/P', (31) 

P' being the length of the vector (p~,p~,p~), and their motion is in 
the direction specified by the vector (p~,p~,p~) with the velocity 

>.v = H'/P' = c2/v', (32) 

v' being the velocity of the particle corresponding to the momentum 
(p~,p~,p~) as given by formula (26). Equations (30), (31), and (32) 
are easily seen to hold in all Lorentz frames of reference, the expres
sion on the right-hand side of (29) being, in fact, relativistically 
invariant with p~,p~,p~ and H' as the components of a 4-vector. 
These properties of relativistic invariance led de Broglie, before the 
discovery of quantum mechanics, to postulate the existence of waves 
of the form (29) associated with the motion of any particle. They 
are therefore known as de Broglie waves. 

In the limiting case when the mass mis made to tend to zero, the 
Classical velocity of the particle v becomes equal to c and hence, from 
(32), the wave velocity also becomes c. The waves are then like the 
light-waves associated with a photon, with the difference that they 
contain no reference to the polarization and involve a complex ex
ponential instead of sines and cosines. Formulas (30) and (31) are 
still valid, connecting the frequency of the light-waves with the 
energy of the photon and the wavelength of the light-waves with 
the momentum of the photon. 

For the state represented by (29), the probability of the particle 
being found in any specified small volume when an observation of its 
position is made is independent of where the volume is. This provides 
an example of Heisenberg's principle of uncertainty, the state being 
one for which the momentum is accurately given and for which, in 
consequence, the position is completely unknown. Such a state is, 
of course, a limiting case which never occurs in practice. The states 
usually met with in practice are those represented by wave packets, 
which may be formed by superposing a number of waves of the type 
(29) belonging to slightly different values of (p~,p~,p~), as discussed 
in§ 24. The ordinary formula in hydrodynamics for the velocity of 
such a wave packet, i.e. the group velocity of the waves, is 

dv 
d(l/>.) 

(33) 
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which gives, from (30) and (31) 

dH' d ( 2 2+ P' 2)~ ·c2 P' , 
dP' = c dP' m c " = H' = v . 
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(34) 

This is just the velocity of the particle. The wave packet moves in 
the same direction and with the same velocity as the particle moves 
in classical mechanics. 

31. The motion of wave packets 
The result just deduced for a free particle is an example of a general 

principle. For any dynamical system with a classical analogue, a state 
for which the classical description is valid as an approximation is 
represented in quantum mechanics by a wave packet, all the co
ordinates and momenta having approxi~ate numerical values, whose 
accuracy is limited by Heisenberg's principle of uncertainty. Now 
Schrodinger's wave equation fixes how such a wave packet varies with 
time, so in order that the classical description may remain valid, the 
wave packet should remain a wave packet and should move according 
to the laws of classical dynamics. We shall verify that this is so. 

We take a dynamical system having a classical analogue and let 
its Hamiltonian be H(q,,p,) (r = 1, 2, ... , n). The corresponding classi
cal dynamical system will have as Hamiltonian Hc(q,,p,) say, obtained 
by putting ordinary algebraic variables for the q, and p, in H(q,,p,) 
and making n-+ O if it occurs in H(q,,p,). The classical Hamiltonian 
He is, of course, a real function of its variables. It is usually a 
quadratic function of the momenta p,, but not always so, the 
relativistic theory of a free particle being an example where it is not. 
The following argument is valid for He any algebraic function of the p's. 

We suppose that the time-dependent wave function in Schro
dinger's representation is of the form 

i/J(qt) = AeiS/li, (35) 

where A and S are real functions of the q's and t which do not vary 
very rapidly with their arguments. The wave function is then of the 
form of waves, with A and S determining the amplitude and phase 
respectively. Schrodinger's wave equation (7) gives 

in~AeiS//i> = H(q,,p,)AeiS//i> 

or {in~~ -A~~)>= e-iS/liH(qr,Pr)AeiS/h). (36) 
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Now e-iS/li is evidently a unitary linear operator and may be used for 
U in equation (70) of§ 26 to give us a unitary transformation. The 
q's remain unchanged by this transformation, each Pr goes over into 

e-iSl"p,eiS/n = Pr+aS/aqr, 
with the help of (31) of§ 22, and H goes over into 

e-is/"H(q,.,p,)eiSJn = H(q,,pr+as;aq,), 
since algebraic relations are preserved by the transformation. Thus 
(36) becomes 

{ihaA -A as}>= H(q,.,p,+ aS\A). 
at at ai,.J 

(37) 

Let us now suppose that h can be counted as small and let us neglect 
terms involving 1i in (37). This involves neglecting the p/s that occur 
in H in (37), since each p, is equivalent to the operator -in a/aqr 
operating on the functions of the q's to the right of it. The surviving 
terms give 

(38) 

This is a differential equation which the phase function S has to 
satisfy. The equation is determined by the classical Hamiltonian 
function H0 and is known as the Hamilton-Jacobi equation in classical 
dynamics. It allows S to be real and so shows that the assumption 
of the wave form (35) does not lead to an inconsistency. 

To obtain an equation for A, we must retain the terms in (37) 
which are linear in li and see what they give. A direct evaluation of 
these terms is rather awkward in the case of a general function H, 
and we can get the result we require more easily by first multiplying 
both sides of (37) by the bra vector <AJ, where f is an arbitrary real 
function of the q's. This gives 

<Af{inaA -A as}>= <AJH(q,,p,+ as)A>. at at aq, 
The conjugate complex equation is 

(Af{-ina;-A ~~}> = <AH(q,,p,+ :~)JA). 
Subtracting and dividing out by in, we obtain 

2(A/~) = <A[f,H(q,,pr+!~]A). (39) 
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We now have to evaluate the P.B. 

[!, H(q,,p,+oS/oq,)]. 
Our assumption that Ii can be counted as small enables us to expand 
H(q,,p,+oS/oq,) as a power series in the p's. The terms of zero degree 
will contribute nothing to the P.B. The terms of the first degree in 
the p's give a contribution to the P.B. which can he evaluated most 
easily with the help of the classical formula (1) of§ 21 (this formula 
being valid also in the quantum theory if u is independent of the p's 
and vis linear in the p's). The amount of this contribution is 

""' of [oH(q,,p,)] 
7 oqs ops p,=i!S/i!q: 

the notation meaning that we must substitute oS/oq, for each p, in 
the function [ ] of the q's and p's, so as to obtain a function of the q's 
only. The terms of higher degree in the p's give contributions to the 
P.B. which vanish when h-+ 0. Thus (39) becomes, with neglect of 
terms involving n, which is equivalent to the neglect of 1i2 in (37), 

</A2) = (A2"""' of [?Hc(q,,p,)] ). (40) 
ot L. oq. op. p,=osfi!q, s 

Now if a(q) and b(q) are any two functions of the q's, formula 

(64) of§ 20 gives (a(q)b(q)) = J a(q') dq' b(q'), 

and so (a(q) ob(q)> = -<oa(q) b(q)), (41) 
aq, oq, 

provided a(q) and b(q) satisfy suitable boundary conditions, as dis
cussed in§§ 22 and 23. Hence (40) may be written 

<f°A2) = -<!"""' !__{A2[~l_!r:S_q,,p,)] }>· 
at L. oq. vp. p,=osJi!q, s 

Since this holds for an arbitrary real function/, we must have 

( 42) 

This is the equation for the amplitude A of the wave function. To 
get an understanding of its sign!ficance, let us suppose we have a fluid 
moving in the space of the variables q, the density of the fluid at any 
point and time being A 2 and its velocity being 

dq. = [8IJ,,(q,, p,)] . ( 4-3) 
dt op3 p,=i!S/i!q, 
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Equation (42) is then just the equation of conservation for such a 
fluid. The motion of the fluid is determined by the function S 
satisfying (38), there being one possible motion for each solution 
of (38). 

For a given S, let us take a solution of (42) for which at some 
definite time the density A 2 vanishes everywhere outside a certain 
small region. We may suppose this region to move with the fluid, 
its velocity at each point being given by (43), and then the equation 
of conservation ( 42) will require the density always to vanish outside 
the region. There is a limit to how small the region may be, imposed 
by the approximation we made in neglecting n in (39). This approxi
mation is valid only provided 

or 

a as 
n-A<{-A aq, oqr ' 

!_ aA <{~as 
A oqr n oq,.' 

which requires that A shall vary by an appreciable fra.ction of itself 
only through a range of the q's in which S varies by many times n, 
i.e. a range consisting of many wavelengths of the wave function (35). 
Our solution is then a wave packet of the type discussed in § 24 and 
remains so for all time. 

We thus get a wave function representing a state of motion for 
which the coordinates and momenta have approximate numerical 
values throughout all time. Such a state of motion in quantum 
theory corresponds to the states with which classical theory deals. 
The motion of our wave packet is determined by equations (38) and 
(43). From these we get, defining p8 as oS/aq., 

dps - !!:__ as - a2S ~ ~ dqu 
dt - dt aq. - ataq. + L, aqu aq. dt 

u 

_ _!__ H (q as)+ ""' a2S aH0(q7 ,p,) 
- Oqs c T' Oqr ~ Oqu Oqs Opu 

u 

(44) 

where in the last line the p's are counted as independent of the q's 
before the partial differentiation. Equations (43) and (44) are just 
the classical equations of motion in Hamiltonian form and show that 
the wave packet moves according to the laws of classical mechanics. 
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We see in this way how the classical equations of motion are derivable 
from the quantum theory as a limiting case . 

. By a more accurate solution of the wave equation one can show 
that the accuracy with which the coordinates and momenta simul
taneously have numerical values cannot remain permanently as 
favourable as the limit allowed by Heisenberg's principle of un
certainty, equation (56) of§ 24, but ifit is initially so it will become 
less favourable, the wave packet undergoing a spreading. t 
32. The action principle:j: 

Equation (10) shows that the Heisenberg dynamical variables at 
time t, Vt, are connected with their values at time t0, v10 , or v, by a 
unitary transformation. The Heisenberg variables at time t+ot are 
connected with their values at time t by an infinitesimal unitary 
transformation, as is shown by the equation of motion (11) or (13), 
which gives the connexion between vt+8t and vt of the form of (79) or 
(80) of§ 26 with Hi for F and ot/li for E. The variation with time of 
the Heisenberg dynamical variables may thus be looked upon as the 
continuous unfolding of a unitary transformation. In classical 
mechanics the dynamical variables at time t+ot are connected with 
their values at time t by an infinitesimal contact transformation and 
the whole motion may be looked upon as the continuous unfolding of a 
contact transformation. We have here the mathematical foundation 
of the analogy between the classical and quantum equations of 
motion, and can develop it to bring out the quantum analogue of all 
the main features of the classical theory of dynamics. 

Suppose we have a representation in which the complete set of 
commuting observables g are diagonal, so that a basic bra is <fl. 
We can introduce a second representation in which the basic bras are 

<e*I = <flT. (45) 

The new basic bras depend on the time t and give us a moving 
representation, like a moving system of axes in an ordinary vector 
space. Comparing (45) with the conjugate imaginary of (8), we see 
that the new basic vectors are just the transforms in the Heisenberg 
picture of the original basic vect-0rs in the Schrodinger picture, and 
hence they must be connected with the Heisenberg dynamical 

t See Kennard, Z.f. Physik, 44 (1927), 344; Darwin, Proc. Roy. Soc. A, 117 (1927), 
258. 

t This section may be omitted by the student who is not specially concerned with 
higher dynamics. 
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variables v1 in the same way in which the original basic vectors are 
connected with the Schrodinger dynamical variables v. In particular, 
each <f*I must be an eigenvector of the t/s belonging to the eigen
values f. It may therefore be v.Titten <t;i, with the understanding 
that the numbers g; are the same eigenvalues of the ti's that the q"s 
are of the g's. From ( 45) we get 

(q;it') = (flT/f'), (46) 

showing that the transformation function is just the representative 
of T in the original representation. 

Differentiating (45) with respect tot and usin~ (6), we get 

in~<t;I = ili,(fla;, = <f IH'l.' = (qlll4 

with the help of (12). Multiplying on the right by any ket la) 
independent of t, we get 

in~<t;la> = (qllHila) = J (g;1He1t;> d(i <(;la), (47) 

if we take for definiteness the case of continuous eigenvalues for the 
g's. Now equation (5), written in terms of representatives, reads 

in !!:_<flPt) = J <f!Hit') df' (f'!Pt). 
dt 

(48) 

Since <tl!Hilfi> is the same function of the variables g; and (;that 
<f!H/f') is off and f', equations (47) and (48) are of precisely the 
same form, with the variables g;, (/ in ( 4 7) playing the role of the 
variables f and f' in (48) and the function (q/!a) playing the role 
of the function <f!Pt). We can thus look upon (47) as a form of 
Schrodinger's wave equation, with the function (g; !a) of the variables 
g; as the wave function. In this way Schrodinger's wave equation 
appears in a new light, as the condition on the representative, in the 
moving representation with the Heisenberg variables q1 diagonal, of the 
fixed ket corresponding to a state in the Heisenberg pict'ure. The function 
(ql!a) owes its variation with time to its left factor <ti!, in contra
distinction to the function <f !Pt), which owes its variation with time 
to its right factor !Pt). 

Ifweput la)= lf')in(47),weget 

in~<tlW'> = J <gl!Heltt> dg;' <gZ'W'» (49) 
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showing that the transformation function <g; If') satisfies Schro
dinger's wave equation. Now g10 = g, so we must have 

(50) 

the o function here being understood as the product of a number of 
factors, one for each g-variable, such as occurs for the variables 
gv+I,.., gu on the right-hand side of equation (34) of§ 16. Thus the 
transformation function <g; If') is that solution of Schrodinger's wave 
equation for which the fs certainly have the values t' at time t0 

The square of its modulus, l<g;jf')j 2, is the relative probability of the 
fs having the values g; at time t > t0 if they certainly have the values 
g'' at time t0 . We may write (g;jf') as (g;Jt';0 ) and consider it as 
depending on t0 as well as on t. To get its dependence on t0 we take 
the conjugate complex of equation {49), interchange t and t0 and also 
interchange single primes and double primes. This gives 

-i/i,d~o <g;1g-;,) = J (g;1g;;> dg;: <g;:JHi,IC;,). (51) 

The foregoing discussion of the transformation function (g;w> is 
valid with the fs any complete set of commuting observables. The 
equations were written down for the case of the f shaving continuous 
eigenvalues, but they would still be valid if any of the fs have 
discrete eigenvalues, provided the necessary formal changes are made 
in them. Let us now take a dynamical system having a classical 
analogue and let us take the fs to be the coordinates q. Put 

(q; Jq") = eiS/n ( 52) 

and so define the function S of the variables q;, q". This function also 
depends explicitly on t. (52) is a solution of Schrodinger's wave 
equation and, if n can be counted as small, it can be handled in the 
same way as (35) was. The S of (52) differs from the S of (35) on 
account of there being no A in ( 52), which makes the S of ( 52) com
plex, but the real part of this S equals the S of (35) and its pure 
imaginary part is of the order n. Thus, in the limit n __,.. 0, the S of 
(52) will equal that of (35) and will therefore satisfy, c01Tesponding 
to (38), (53) 

where p;1 = 0S/oq;1, (54) 

and H0 is the Hamiltonian of the classical analogue of our quantum 
dynamical system. But (52) is also a solution of (51) with q's for fs, 
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which is the conjugate complex of Schri:idinger's wave equation in the 
variables q" or ef't0 • This causes S to satisfy alsot 

oS/8t0 = Hc(q;,p;), (55) 

where p; = -88/oq;. (56) 

The solution of the Hamilton-Jacobi equations (53), _(55) is the 
action function of classical mechanics for the time interval t0 to t, 
i.e. it is the time integral of the Lagrangian L, 

t 

B = f L(t') dt'. (57) 
to 

Thus the S defined by ( 52) is the quantum analogue of the classical action 
function and equals it in the limit 1i -7 0. To get the quantum analogue 
of the classical Lagrangian, we pass to the case of an infinitesimal · 
time interval by putting t = t0+8t and we then have (qi.+sMt.> as the 
analogue of eiL<to)8t/li. For the sake of the analogy, one should consider 
L(t0 ) as a function of the coordinates q' at time t0+8t and the co
ordinates q" at time t0, rather than as a function of the coordinates 
and velocities at time t0 , as one usually does. 

The principle of least action in classical mechanics says that the 
action function ( 57) remains stationary for small variations of the tra
jectory of the system which do not alter the end points, i.e. for small 
variations of the q's at all intermediate times between t0 and t with q,0 

and q1 fixed. Let us see what it corresponds to in the quantum theory. 

Put exp{i tL(t) dtfn} = exp{iS(tb, ta)/n} = B(tb, ta}, (58) 
t. 

so that B(tb, ta) corresponds to (q;6 !qt) in the quantum theory. (We 
here allow qt. and q;6 to denote different eigenvalues of qt. and q16 , to 
save having to introduce a large number of primes into the analysis.) 
Now suppose the time interval t0 -7 t to be divided up into a large 
number of small time intervals t0 -7 tv t1 -7 t2, ••• , tm-I -7 tm, tm -7 t, by 
the introduction of a sequence of intermediate times t1, t2, ••• , tm. Then 

B(t, t0) = B(t, tm)B(tm, tm_1 ) ••• B(t2, t1)B(tv t0). (59) 

The corresponding quantum equation, which follows from the pro
perty of basic vectors (35) of§ 16, is 

<q;1q~> =I f..·I <q;1q;,> dq;.<q:n1q;,_1> dq;,,_1 ... <q~,q~> dq~<q~,q~>, 
(60) 

t For a more accurate comparison of transformation functions with classical 
theory, see Van Vleck, Proc. Nat. Acad. 14, 178. 
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q~ being written for q;k for brevity. At first sight there does not seem 
to be any close correspondence between (59) and (60). We must, 
however, analyse the meaning of ( 59) rather more carefully. We must 
regard each factor B as a function of the q's at the two ends of the 
time interval to which it refers. This makes the right-hand side of 
(59) a function, not only of q1 and q10 , but also of all the intermediate 
q's. Equation (59) is valid only when we substitute for the inter
mediate q's in its right-hand side their values for the real trajectory, 
small variations in which values leave S stationary and therefore also, 
from (58), leave B(t, t0 ) stationary. It is the process of substituting 
these values for the intermediate q's which corresponds to the inte
grations over all values for the intermediate q"s in (60). The quantum 
analogue of the action principle is thus absorbed in the composition 
law (60) and the classical requirement that the values of the inter
mediate q's shall make S stationary corresponds to the condition 
in quantum mechanics that all values of the intermediate q"s 
are important in proportion to their contribution to the integral 
in (60). 

Let us see how (59) can be a limiting case of (60) for n small. We 
must suppose the integrand in (60) to be of the form eiF/li, where Fis 
a function of q~, q~, q;, ... , q:,,., q; which remains continuous as n tends 
to zero, so that the integrand is a rapidly oscillating function when 
n is small. The integral of such a rapidly oscillating function will be 
extremely small, except for the contribution arising from a region in 
the domain of integration where comparatively large variations in 
the q~ produce only very small variations in F. Such a region must 
be the neighbourhood of a point where Fis stationary for small varia
tions of the q~. Thus the integral in (60) is determined essentially by 
the value of the integrand at a point where the integrand is stationary 
for small variations of the intermediate q"s, and so (60) goes over 

into (59). 
Equations (54) and (56) express that the variables q;,p; are con

nected with the variables q",p" by a contact transformation and are 
one of the standard forms of writing the equations of a contact trans
formation. There is an analogous form for writing the equations of a 
unitary transformation in quantum mechanics. We get from ( 52), with 
the help of (45) of§ 22, 

(q;/Prtlq") = -iii" 0, (q;lq") = ~~qt; q") (qtlq"). (61) 
uqrt uqrt 
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Similarly, with the help of (46) of§ 22, 

<q;/p,lq"> = in 8~ <q;Jq"> = - as~~ q") <ql/q"). (62) 

From the general definition of functions of commuting observables, 
we have <q;Jf(q,)g(q) /q") = j(q;)g(q")(q; lq"), (63) 

where f(q1) and g(q) are functions of the q/s and q's respectively. Let 
G(q1, q) be any function of the q/s and q's consisting of a sum or 
integral of terms each of the form f(q1)g(q), so that all the q/s in G 
occur to the left of all the q's. Such a function we call well ordered. 
Applying (63) to each of the terms in G and adding or integrating, 
we get 

Now let us suppose each p,1 and Pr can be expressed as a well-ordered 
function of the q/s and q's and write these functions p,i(q1, q),p,(q1, q). 
Putting these functions for G, we get 

(q;/p,tlq") = p,i(q;,q")(q;/q"), 

<ql/p,/q"> = Pr(ql,q")<q;/q"). 
Comparing these equations with (61) and (62) respectively, we see 
that 

p (q' q") _ 8S(q;, q") 
rt ,, - 8q~ ' 

This means that 
8S(q1,q) 

Prt = oqrt ' 

Pr(q;,q") = 
oS(q;, q") 

8S(q1, q) 
Pr= - oqr , (64) 

provided the right-hand sides of (64) are written as well-ordered 
functions. 

These equations are of the same form as (54) and (56), but refer to 
the non-commuting quantum variables q1, q instead of the ordinary 
algebraic variables q;, q". They show how the conditions for a unitary 
transformation between quantum variables are analogous to the condi
tions for a contact transformation between classical variables. The 
analogy is not complete, however, because the classical S must be real 
and there is no simple condition corresponding to this for the S of (64). 

33. The Gibbs ensemble 
In our work up to the present we have been assuming all along that 

our dynamical system at each instant of time is in a definite state, 
that is to say, its motion is specified as completely and accurately as 
is possible without conflicting with the general principles of the theory 
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In the classical theory this would mean, of course, that all the coordi
nates and momenta have specified values. Now we may be interested 
in a motion which is specified to a lesser extent than this maximum 
possible. The present section will be devoted to the methods to be 
used in such a case. 

The procedure in classical mechanics is to introduce what is called 
a Gibbs ensemble, the idea of which is as follows. We consider all the 
dynamical coordinates and momenta as Cartesian coordinates in a 
certain space, the phase space, whose number of dimensions is twice 
the number of degrees of freedom of the system. Any state of the 
system can then be represented by a point in this space. This point 
will move according to the classical equations of motion (14). Sup
pose, now, that we are not given that the system is in a definite state 
at any time, but only that it is in one or other of a number of possible 
states according to a definite probability law. We should then be 
able to represent it by a fiuid in the phase space, the mass of fluid in 
any volume of the phase space being the total probability of the 
system being in any state whose representative point lies in that 
volume. Each particle of the fiuid will be moving according to the 
equations of motion (14). If we introduce the density p of the fluid 
at any poirit, equal to the probability per unit volume of phase space 
of the system being in the neighbourhood of the corresponding state, 
we shall have the equation of conservation 

op """ { 8 ( dqr) 8 ( dpr)} ot = - .L.., oqr P(Ii + opr pdt 
r 

= - 2 {a:JP :~ -a;r(P::)} 
r 

= -[p,H]. (65) 

This may be considered as the equation of motion for the fluid, since 
it determines the density p for all time if p is given initially as a 
function of the q's and p's. It is, apart from the minus sign, of the 
same form as the ordinary equation of motion (15) for a dynamical 
variable. 

The requirement that the total probability of the system being in 
any state shall be unity gives us a normalizing condition for p 

ff p dqdp =I, (66) 

the integration being over the whole of phase space and the single 
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differential dq or dp being written to denote the product of all the 
dq's or dp's. If f3 denotes any function of the dynamical variables, 
the average value of f3 will be 

JI f3p dqdp. (67) 

It makes only a trivial alteration in the theory, but ofte!l facilitates 
discussion, if we work with a density p differing from the above one 
by a positive constant factor, k say, so that we have instead of (66) 

ff p dqdp = k. 

With this density we can picture the fluid as representing a number 
k of similar dynamical systems, all following through their motions 
independently in the same place, without any mutual disturbance or 
interaction. The density at any point would then be the probable or 
average number of systems in the neighbourhood of any state per unit 
volume of phase space, and expression (67) would give the average 
total value of f3 for all the systems. Such a set of dynamical systems, 
which is the ensemble introduced by Gibbs, is usually not realizable 
in practice, except as a rough approximation, but it forms all the 
same a useful theoretical abstraction. 

We shall now see that there exists a corresponding density p 

in quantum mechanics, having properties analogous to the above. 
It was first introduced by von Neumann. Its existence is rather 
surprising in view of the fact that phase space has no meaning in 
quantum mechanics, there being no possibility of assigning numerical 
values simultaneously to the q's and p's. 

We consider a dynamical system which is at a certain time in one 
or other of a number of possible states according to some given 
probability law. These states may be either a discrete set or a con
tinuous range, or both together. We shall here take for definiteness 
the case of a discrete set and suppose them labelled by a parameter m. 
Let the normalized ket vectors corresponding to them be /m) and let 
the probability of the system being in the mth state be Pm. We then 
define the quantum density p by 

p = 2: lm)P,n<ml. (68) 
m 

Let p' be any eigenvalue of p and Ip') an eigenket belonging to this 
eigenvalue. Then 

2: /m)Pm<m/p') = p/p') = p'/p') 
m 
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i:;o that 

or 

Now Pm, being a probability, can never be negative. It follows that 
p' cannot be negative. Thus p has no negative eigenvalues, in analogy 
with the fact that the classical density p is never negative. 

Let us now obtain the equation of motion for our quantum p. In 
Schrodinger's picture the kets and bras in (68) will vary with the time 
in accordance with Schrodinger's equation (5) and the conjugate 
imaginary of this equation, while the Pm's will remain constant, since 
the system, so long as it is left undisturbed, carmot change over from 
a state corresponding to one ket satisfying Schrodinger's equation to 
a state corresponding to another. We thus have 

in;;= 2 in{d~) Pm<ml+lm>P,n d~71} 
m 

= 2; {H/m)Pm<m/-Jm)Pm<mJH} 
m 

=Hp-pH. (69) 

This is the quantum analogue of the classical equation of motion 
(65). Our quantum p, like the classical one, is determined for all time 
if it is given initially. 

From the assumption of§ 12, the average value of any observable 
f3 when the system is in the state mis <m!f3Jm). Hence if the system 
is distributed over the various states m according to the probability 
law Pm, the average value of f3 'Nill be 2: Pm<mif3Jm). Ifwe introduce 

m 

a representation with a discrete set of basic ket vectors If> say, this 
equals 

= 2 <r!f3pi(> = 2 <flpf31f'), (70) 
f f 

the last step being easily verified with the Jaw of matrix multiplica
tion, equation ( 4"1) of§ 17. The expres::;ions (70) are the analogue of 
the expression (67) of the classical theory. Whereas in the classical 
theory we have to multiply f3 by p and take tho integral of the 
product over all phase space, in the quantum theory we have to 
multiply f3 by p, with the factors in either order, and take the 

3595.57 K 
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diagonal sum of the product in a representation. If the representa
tion involves a continuous range of basic vectors ig'), we get instead 
of (70) J <e1f3p1g'>dt =I <t1pf31t>de, (71) 

so that we must carry through a process of 'integrating along the 
diagonal' fostead of summing the diagonal elements. We· shall define 
(71) to be the diagonal sum of f3p in the continuous case. It can easily 
be verified, from the properties of transformation functions (56) of 
§ 18, that the diagonal sum is the same for all representations. 

From the condition that the !m)'s are normalized we get, with 
discrete g"s 

2: (flpig') = 2: (flm)P,,,(mlf) =LP,,,= l, (72) 
f ~ m 

since the total probability of the system being in any state is unity. 
This is the analogue of equation (66). The probability of the system 
being in the state f, or the probability of the observables g which 
are diagonal in the representation having the values f, is, according 
to the rule for interpreting representatives of kets (51) of§ 18, 

(73) 
m 

which gives us a meaning for each term in the sum on the left-hand 
side of (72). For continuous g"s, the right-hand side of (73) gives the 
probability of the fs having values in the neighbourhood off per 
unit range of variation of the values f. 

As in the classical theory, we may take a density equal to k time2 
the above p and consider it as representing a Gibbs ensemble of k 
similar dynamical systems, between which there is no mutual dis
turbance or interaction. \Ve shall then have k on the right-hand side 
of (72), and (70) or (71) will give the total average f3 for all the 
members of the ensemble, while (73) will give the total probability 
of a member of the ensemble having values for its fs equal to f 
or in the neighbourhood of e per unit range of variation of the 
values f. 

An important application of the Gibbs ensemble is to a dynamical 
system in thermodynamic equilibrium with its surroundings at a 
given temperature T. Gibbs showed that such a system is repre
sented in classical mechanics by the density 

P = ce-H/kT, (74) 
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H being the Hamiltonian, which is now independent of the time, k 
being Boltzmann's constant, and c being a number chosen to make 
the normalizing condition (66) hold. This formula may be taken over 
unchanged i.nto the quantum theory. At high temperatures, (74) 
becomes p = c, which gives, on being substituted into the right-hand 
side of (73), c<f If) = c in the case of discrete f's. This shows that 
at high temperatures all discrete states are equally probable. 



VI 
ELEMENTARY APPLICATIONS 

34. The harmonic oscillator 
A SIMPLE and interesting example of a dynamical system in quantum 
mechanics ~s the harmonic oscillator. This example is of importance 
for general theory, because it forms a corner-stone in the theory of 
radiation. The dynamical variables needed for describing the system 
are just one coordinate q and its conjugate momentum p. The 
Hamiltonian in classical mechanics is 

(1) 

where m is the mass of the oscillating particle and w is 277 times the 
frequency. We assume the same Hamiltonian in quantum mechanics. 
This Hamiltonian, together ·with the quantum condition (10) of§ 22, 
define the system completely. 

The Heisenberg equations of motion are 

<jt = [qt, H] = ptfm, 

It is convenient to introduce the dimensionless complex dynamical 
variable 7J = (2mliw)-l(p+imwq). 

The equations of motion (2) give 

i]1 = (2mnw )-t( -mw2q1+iwp1) = iw711• 

This equation can be integrated to give 

(3) 

7/t = 7/o eiwt, ( 4) 

where 710 is a linear operator independent of t, and is equal to the 
value of 711 at time t = 0. The above equations are all as in the 
classical theory. 

We can express q and p in terms of 71 and its conjugate complex Tj 
and may thus work ~mtirely in terms of 71 and Tj. We have 

liw71Tj = (2m)-1(p+imwq)(p-imwq) 

and similarly 

Thus 

= (2m)-l[p 2+m2w2q2+imw(qp-pq)] 

=H-tnw 

nw'iJ71 = H +tnw. 

ij71-71Tj = I. 

(5) 

(6) 

(7) 
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Equation (5) or (6) gives H in terms of ri and ij and (7) gives the 
commutation relation connecting ri and ij. From (5) 

nwijriij = ijH -!nwij 

and from (6) nwijriij = Hii+!-nwij. 

Thus ijH-Hij = nwij. (8) 

Also, (7) leads to ijrin-rinij = nrin-1 (9) 

for any positive integer n, as may be verified by induction, since, by 
multiplying (9) by ri on the left, we can deduce (9) with n+ 1 for n. 

Let H' be an eigenvalue of Hand iH') an eigenket belonging to it. 
From (5) 

nw(H'lriiilH') = (H'iH-!-nwjH') = (H'-!nw)(H'IH'). 

Now (H'lriiilH') is the square of the length of the ket iilH'), and 
hence 

(H'iriiiiH') ~ 0, 

the case of equality occurring only if ijlH') = 0. Also (H'IH') > 0. 
Thus H' ~ !-nw, (10) 

the case of equality occurring only if 7)1H') = 0. From the form (1) 
of H as a sum of squares, we should expect its eigenvalues to be all 
positive or zero (since the average value of H for any state must be 
positive or zero). We now have the more stringent condition (10). 

From (8) 

HijiH') = (ijH-liwij)IH') = (H'-nw)ijjH'). (11) 

Now if H' -=I= !nw, ijlH') is not zero and is then according to (11) an 
eigenket of H belonging to the eigenvalue H' -nw. Thus, with H' 
any eigenvalue of H not equal to !nw, H' -nw is another eigenvalue 
of H. We can repeat the argument and infer that, if H' -liw -=I= !-nw, 
H'-2nw is another eigenvalue of H. Continuing in this way, we 
obtain the series of eigenvalues H',H'-nw,H'-2nw,H'-3nw, ... , 
which cannot extend to infinity;.,because then it would contain eigen
values contradicting (10), and can terminate only with the value !-nw. 
Again, from the conjugate complex of equation (8) · 

HriiH') = (riH+nwri)IH'> = (H'+nw)rilH'), 

showing that H' +nw is another eigenvalue of H,, with ri IH') as an 
eigenket belonging to it, unless ri IH') = 0. The latter alternative 
can be ruled out, since it would lead to 

o = nwijrilH') = (H+!nw)IH') = (H'+!nw)IH'), 
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which contradicts (10). Thus H' +liw is al·ways another eigenvalue 
of H, and so are H' +21iw, H' +3liw and so on. Hence the eigenvalues 
of H are the series of numbers 

!liw, ~iiw, ~liw, ~nw, (12) 

extending to infinity. These are the possible energy values for the 
harmonic oscillator. 

Let IO) be an eigenket of H belonging to the lowest eigenvalue 
tnw, so that 

?)IO)= o, (13) 

and form the sequence of kets 

IO), 7710), 77 2 10), 773 10), (14) 

These kets are all eigenkets of H, belonging to the sequence of eigen
values (12) respectively. From (9) and (13) 

?)77nlO) = n71n-llO) (15) 

for any non-negative integer n. Thus the set of kets (14) is such that 
77 or ij applied to aµy one of the set gives a ket dependent on the set. 
Now all the dynamical variables in our problem are expressible in terms 
of 77 and?), so the kets (14) must form a complete set (otherwise there 
would be some more dynamical variables). There is just one of these 
kets for each eigenvalue (12) of H, so H by itself forms a complete 
commuting set of observables. The kets ( 14) correspond to the various 
stationary states of the oscillator. The stationary state with energy 
(n+!)liw, corresponding to 77nlO), is called the nth quantum state. 

The square of the length of the ket 77nlO) is 

<Oli7n77"10) = n<Ol?)n-l77n-llO) 

with the help of (15). By induction, we find that 

(Olijn77"IO) = n! (16) 

provided IO) is normalized. Thus the kets (14) multiplied by the 
coefficients n!-t with n = 0, 1, 2, ... , respectively form the basic kets 
of a representation, namely the representation with H diagonal. Any 
ket Ix) can be expanded in the form 

00 

Ix)= L Xn 77nlO), (17) 
0 

where the xn's are numbers. In this way the ket Ix) is put into 
correspondence with a power series 2: xn rin in the variable 77, the 
various terms in the power series corresponding to the various 
stationary states. If Ix) is normalized, it defines a state for which 
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the probability of the oscillator being in the nth quantum state, 
i.e. the probability of H having the value (n+t)liw, is 

Pn = n! lxnl 2, (18) 
as follows from the same argument which led to (51) of§ 18. 

We may consider the ket IO) as a standard ket and the power series 
in 77 as a wave function, since any ket can be expressed as such a 
wave function multiplied into this standard ket. We get a kind of 
wave function differing from the usual kind, introduced by equations 
(62) of§ 20, in that it is a function of the complex dynamical variable 
77 instead of observables. It was first introduced by V. Fock, so we 
shall call the representation Fock's representation. It is for many 
purposes the most convenient representation for describing states of 
the harmonic oscillator. The standard ket 10) satisfies the condition 
(13), which replaces the conditions (43) of§ 22 for the standard ket 
in Schrodinger's representation. 

Let us introduce Schrodinger's representation with q diagonal and 
obtain the representatives of the stationary states. From (13) and (3) 

(p-imwq) IO) = 0, 

so (q'lp-imwqlO) = 0. 

With the help of (45) of§ 22, this gives 

n~(q'IO)+mwq'(q'IO) = o. 
aq 

The solution of this differential equation is 
<q' IO) = (mw/77n)ie-mwq"f2h, 

( 19) 

(20) 

the numerical coefficient being chosen so as to make IO) normalized. 
We have here the representative of the normal state, as the state of 
lowest energy is called. The representatives of the other stationary 
states can be obtained from it. We have from (3) 

(q'l1tiO) = (2mnw)-nf2(q'l(p+imwq)nlO) 

= (2mnw)-nf2in(-nY._+mwq')n<q'IO) 
oq' 

= in(2mliw)-nf2(mw/77n)t(-n 8:, +mU:q'f e-mwq"f2". (21) 

This may easily be worked out for small values of'n. The result is of 
the form of e-mwq"/2" times a :;:icrner series of degree n in q'. A further 
factor n!-t must be inserted in (21) to get the normalized representa
tive of the nth quantum state. The phase factor in may be discarded. 
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35. Angular momentum 
Let us consider a particle described by the three Cartesian coordi

nates x, y, z and their conjugate momenta Px• py, Pz· Its angular 
momentum about the origin is defined as in the classical theory, by 

mx = YPz-ZPy my = zpx-XPz 

or by the vector equation 
m = xxp. 

\Ve must evaluate the P.B.s of the angular momentum components 
with the dynamical variables x, Px, etc., and with each other. This 
we can do most conveniently with the help of the laws ( 4) and ( 5) of 
§ 21, thus 

and similarly, 

[mz,x] = [xpy-YPx,x] = -y[px,x] = y, 

[mz,y] = [xpy-YPx•Y] = x[py,y] = -x, 

[mz,z] = [xpy-YPx,z] = 0, 

[m.z,Px] =Py> [mzipy] = -Pxi 

[mz,Pz] = 0, 

with corresponding relations for mx and my. Again 

[my,mz] = [zpx-XPz,mz] = z[px,mz]-[x,mz]Pz 

= -zpy+YPz = mx, 

[ mz, mx] = my, [ mxi my] = mz. 

} (23) 

(24) 

(25) 

(26) 

} (27) 

These results are all the same as in the classical theory. The sign in 
the results (23), (25), and (27) may easily be remembered from the 
.rule that the + sign occurs when the three dynamical variables, con
sisting of the two in the P .B. on the left-hand side· and the one 
forming the result on the right, are in the cyclic order (xyz) and the 
- sign occurs otherwise. Equations (27) may be put in the vector 
form mxm=ihm. (28) 

Now suppose we have several particles with angular momenta 
mv m 2 ,... • Each of these angular momentum vectors will satisfy 
(28), thus 

and any one of them will commute with any other, so that 

m,xm.+m.xm, = O (r ¥=- s). 
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Hence if M = L; m, is the total angular momentum, 
r 

MxM = L: m,Xm8 = L: m,xm,+ _L: (m,xms+msxmr) 
rs r r<s 

= in "°" m = inM L.. r • (29) 
r 

This result is of the same form as (28), so that the components of the 
total angular momentum M of any number of particles satisfy the 
same commutation relations as those of the angular momentum of 
a single particle. 

Let Av Ay, Az denote the three coordinates of any one of the 
particles, or else the three components of momentum of one of 
the particles. The A's will commute with the angular momenta of 
the other particles, and hence from (23), (24), (25), and (26) 

[M,,,Ax] = Ay, [1J!f,,,Ay] =-Ax, [11-'1,,,Az] = 0. (30) 

If B,,, By, B,, are a second set of three quantities denoting the 
coordinates or momentum components of one of the particles, they 
will satisfy similar relations to (30). We shall then have 

[ M,,, Ax Bx+Ay By+Az Bz] 

= [M,,, AxJBx+Ax[1vJ;,, Bx]+[ ivlz,Ay]By+Ay[fo'J,, By] 

= AyBx+AxBy-AxB11-AyBx 

= o. 
Thus the scalar product Ax Bx+Ay Bv+Az B,, commutes with M,,, 
and similarly with 1J!lx and My. Introduce the vector product 

AxB=C 
or 

AyBz-AzBy =Ox, AzBx-AxBz =Cy, AxBy-AyBx =Oz. 

We have [M,,,OxJ = -AxB,,+AzBx =Cy 

and similarly [ 111,,, CY] = -Ox> [ 111,,, Oz] = 0. 

These equations are again of the form (30), with C for A. We can 
conclude from this work that equations of the form (30) hold for the 
three components of any vector that we can construct from our 
dynamical variables, and that any scalar commutes with M. 

We can introduce linear operators R referring to rotations about 
the origin in the same way in which we introduced the linear operators 
D in § 25 referring to displacements. Taking a rotation through an 
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angle Sip about the z-axis and making Scf> infinitesimal, we can obtain 
the limit operator corresponding to (64) of§ 25, 

lim (R-1 )/Sip, 
o<f>-+O 

which we shall call the rotation opera.tor about the z-axis and denote 
by rz. Like the displacement operators, rz is a pure imaginary linear 
operator and is undetermined to the extent of an arbitrary additive 
pure imaginary number. Corresponding to (66) of§ 25, the change 
in any dynamical variable v caused by a rotation through a small 
angle sip about the z-axis is 

Scf>(rzv-vrz), (31) 

to the first order in sip. Now the changes produced in the three 
components Ax, Ay, AZ of a vector by a (right-handed) rotation sip 
about the z-axis applied to all measuring apparatus are ScfaAu, 
-Scf>Ax, and 0 respectively, and any scalar quantity is unchanged by 
the rotation. Equating these changes to (31), we find that 

and rz commutes with any scalar. Comparing these results with (30), 
we see that ilirz satisfies the same commutation relations as JYI2 • 

Their difference, Mz-ilirz, commutes with all the dynamical variables 
and must therefore be a number. This number, which is necessarily 
real since~ and ilirz are real, may be made zero by a suitable choice 
of the arbitrary pure imaginary number that can be added to rz. We 
then have the result 

~ = inrz. (32) 

Similar equations hold for Mx and JJ1y. They are the analogues of (69) 
of§ 25. Thus the total angular momentnm is connected with the rota
tion operators as the total momentum is connected with the displacement 
operators. This conclusion is valid for any poi:ut as origin. 

The above argument applies to the angular momentum arising 
from the motion of particles, defined by (22) for each particle. There 
is another kind of angular momentum occurring in atomic theory, 
spin angular momentum. The former kind of angular momentum will 
be called orbital angular momentum, to distinguish it. The spin angu
lar momentum of a particle should be pictured as due to some internal 
motion of the particle, so that it is associated with different degrees 
of freedom from those describing the motion of the particle as a whole, 
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and hence the dynamical variables that describe the spin must com
mute with x, y, z, Px, Pv' and p,,. The spin does not correspond very 
closely to anything in classical mechanics, so the method of classical 
analogy is not suitable for studying it. However, we can build up a 
theory-of the spin simply from the assumption that the components 
of the spin angular momentum are connected with the rotation opera
tors in the same way as we had above for orbital angular momentum, 
i.e. equation (32) holds with M,,as the z component of the spin angular 
momentum of a particle and r,, as the rotation operator about the 
z-axis referring to states of spin of that particle. With this assump
tion, the commutation relations connecting the components of the 
spin angular momentum M with any vector A referring to the spin 
must be of the standard form (30), and hence, taking A to be the 
spin angular momentum itself, we have equation (29) holding also 
for the spin. We now have (29) holding quite generally, for any sum 
of spin and orbital angular momenta, and also (30) will hold generally, 
for M the total spin and orbital angular momentum and A any vector 
dynamical variable, and the connexion between angular momentum 
and rotation operators will be always valid. 

As an immediate consequence of this connexion, we can deduce the 
law of conservation of angular momentum. For an isolated system, the 
Hamiltonian must be unchanged by any rotation about the origin, in 
other words it must be a scalar, so it must commute with the angular 
momentum about the origin. Thus the angular momentum is a 
constant of the motion. For this argument the origin may be any 
point. 

As a second immediate consequence, we can deduce that a state 
with zero total angular momentum is spherically symmetrical. The state 
will correspond to a ket IS), say, satisfying 

M.,IS> = MylS> =~IS)= o, 
and hence 

This shows that the ket IS) is unaltered by infinitesimal rotations, 
and it must therefore be unaltered by finite rotations, since the latter 
can be built up from infinitesimal ones. Thus the state is spherically 
symmetrical. The converse theorem, a spherically symmetrical state 
has zero total angular momentum, is also true, though its proof is not 
quite so simple. A spherically symmetrical state corresponds to a ket 
IS) whose direction is unaltered by any rotation. Thus the change 
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in IS) produced by a rotation operator r"" r,v, or rzmust be a numerical 
multiple of IS), say 

rx[S) = cxlS), ry[S) = Cy\S), rzlS) = cz\S), 

where the e's are numbers. This gives 

Mx[S) = incxlS), My\S) = incylS), 

~IS>= iliczlS). (33) 

These equations are not consistent with the commutation relations 
(29) for MX' My, M. unless c,,, = Cy = Cz = 0, in which case the state 
has zero total angular momentum. We have in (33) an example of 
a ket which is simultaneously an eigenket of the three non-commuting 
linear operators M"" My, ~, and this is possible only if all three 
eigenvalues are zero. 

36. Properties of angular momentum 
There are some general properties of angular momentum, deducible 

simply from the commutation relations between the three compo
nents. These properties must hold equally for spin and orbital angular 
momentum. Let mx, my, mz be the three components of an angular 
momentum, and introduce the quantity f3 defined by 

f3 = m;,+m~+m;. 

Since f3 is a scalar it must commute with m"" my, and mz. Let us 
suppose we have a dynamical system for which m.,, my, mz are the 
only dynamical variables. Then f3 commutes with everything and 
must be a number. We can study this dynamical system on much 
the same lines as we used for the harmonic oscillator in§ 34. 

Put mx-imv = TJ· 

From the commutation relations (27) we get 

TiTJ = (mx+imy)(mx-imy) = mi,+m~-i(mxmy-mymx) 

= f3-m;+nmz (34) 

and similarly 71ij = f3-m;-nmz. (35) 

Thus ij71-71ij = 2limz. (36) 

Also mz TJ-7Jmz = ilimv-limx = -liTJ. (37) 

We assume that the components of an angular momentum are 
observables and thus mz has eigenvalues. Let m~ be one of them, 
and \m~) an eigenket belonging to it. From (34) 

<m~\ijTJ[m~) = <m~\[3-m;+nmz\m~) = (f3-m~2 +lim~)<m~\m~). 
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The left-hand side here is the square of the length of the ket 71 Im~) 
and is thus greater than or equal to zero, the case of equality occur
ring if and only if 71 Im~) = 0. Hence 

{3-m?+nm~ ;?: o, 
or /3+ii'i2 ~ (m~-ii'i)2. (38) 

Thus 

Defining the number le by 

k+tn = (f3+in 2)! = (m~+m~+m;+in2)~, (39) 

so that k ~ -~i'i, the inequality (38) becomes 

k+tn ~ lm~-ihl 

or k+h?: m~ ~ -k. (40) 

An equality occurs if and only if 71 [m~) = 0. Similarly from (35) 

(rn;l717jlm~) = (,8-m~2-nm~)<m;lm~), 

showing that 

or 

,8-m~2 -lim; ~ 0 

k ~ m~ ;?: -k-i'i, 

with an equality occurring if and only if ij[m~) = 0. This result 
combined with (40) shows that k ?: 0 and 

k ;?: m~ ?: -k, (41) 

with m~ = k if ij[m;) = 0 and m~ = -k if 71 Im~) = 0. 

From (37) 

mz71lm~) = (71mz-h71)lm;) = (m~-h)71[m~). 
Now if m~ ::/= -k, 71 Im~) is not zero and is then an eigenket of mz 
belonging to the eigenvalue m~-n. Similarly, if m~-n ::/= -k, m~-2i'i 
is another eigenvalue of mv and so on. We get in this way a series 
of eigenvalues m~, m;-n, m~-2n, ... , which must terminate from (41), 
and can terminate only with the value -k. Again, from the conjugate 
complex of equation (37) 

mzij/m~) = (7jmz+i'iij)/m;) = (m~+n)ij/m~), 
showing that m~+n is another eigenvalue of mz unless 7j Im~) = 0, in 
which case m~ = k. Continuing in this way we get a series of eigen
values m~,m~+n,m~+2li, ... , which must terminate from (41), and 
can terminate only with the value k. We can conclude that 2k is an 
integral multiple of n and that the eigenvalues of mz are 

k, k-n, k-2li, ... , -k+h, -k. (42) 
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The eigenvalues of mx and my are the same, from symmetry. These 
eigenvalues are all integral or half odd integral multiples of n, accord
ing to whether 2k is an even or odd multiple of li. 

Let !max) be an eigenket of m,, belonging to the maximum eigen
value k, so that 1Jlmax) = 0, (43) 

and form the sequence of kets 

Jmax), 77Jmax), 772 Jmax), ... , 172k/h Jmax). (44) 

These kets are all eigenkets of m,,, belonging to the sequence of eigen
values ( 42) respectively. The set of kets ( 44) is such that the operator 
77 applied to any one of them gives a ket dependent on the set (77 
applied to the last gives zero), and from (36) and (43) one sees 
that 1j applied to any one of the set also gives a ket dependent on the 
set. All the dynamical variables for the system we are now dealing 
with are expressible in terms of 77 and 17, so the set of kets (44) is a 
complete set. There is just one of these kets for each eigenvalue ( 42) 
of m,,, so m,, by itself forms a complete commuting set of observables. 

It is convenient to define the magnitude of the angular momentum 
vector m to be k, given by (39), rather than {3t, because the possible 
values for k are o, tli, n, In, 2r;,, •.. , (45) 

extending to infinity, while the possible values for f3! are a more 
complicated set of numbers. 

For a dynamical system involving other dynamical variables besides 
mv m11 , and m,,, there may be variables that do not commute with {3. 
Then f3 is no longer a number, but a general linear operator. This 
happens for any orbital angular momentum (22), as x, y, z, Pv Pv• and 
Pz do not commute with {3. We shall assume that f3 is always an 
observable, and k can then be defined by (39) with the positive square 
root function and is also an observable. We shall call k so defined 
the magnitude of the angular momentum vector m in the general 
case. The above analysis by which we obtained the eigenvalues of 
m,, is still valid if we replace Jm~) by a simultaneous eigenket lk'm~) 
of the commuting observables k and mz, and leads to the result that 
the possible eigenvalues for k are the numbers (45), and for each 
eigenvalue k' of k the eigenvalues of mz are the numbers (42) with k' 
substituted fork. We have here an example of a phenomenon which 
we have not met with previously, namely that with two commuting 
observables, the eigenvalues of one depend on what eigenvalue we 
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assign to the other. This phenomenon may be understood as the two 
observables being not altogether independent, but partially functions 
of one another. The number of independent simultaneous eigenkets 
of k and m.z belonging to the eigenvalues k' and m~ must be indepen
dent of m~, since for- each independent jk'm;) we can obtain an 
independent jk'm;>, for any m; in the sequence (42), by multiplying 
jk'm~) by a suitable power of 1/ or ij. 

As an example let us consider a dynamical system with two angular 
momenta m 1 and m 2, which commute with one another. If there are 
no other dynamical variables, then all the dynamical variables com
mute with the magnitudes k1 and k2 of m 1 and m 2, so k1 and k2 are 
numbers. However, the magnitude K of the resultant angular 
momentum M = m 1+m2 is not a number (it does not commute 
with the components of m 1 and m 2) and it is interesting to work out 
the eigenvalues of K. This can be done most simply by a method 
of counting independent kets. There is one independent simultaneous 
eigenket of miz and m2z belonging to any eigenvalue m;_z having one of 
the values kl> k1 -Ti, k1- 2n, ... , -k1 and any eigenvalue m;,, having one 
of the values k2, k2-n, k2 -21i, ... , -k2, and this ket is an eigenket 
of M,, belonging to the eigenvalue M~ = m;_,,+m;,,. The possible 
values of M~ are thus k1+k2,k1 +k2-n,k1+k2-2n, ... ,-k1-k2, and 
the number of times each of them occurs is given by the following 
scheme (if we assume for definiteness that k1 ~ k2), 

k1+k2, k1+k2--:-n, k1+k2-2n, ... , k1-k2, ki-k2-n,... } 

1 2 3 ... 2k2+1 2k2+1 ... (46) 

-k1 +k2,-k1 +k2-n, ... ,-k1-k2 

2k2+1 2k2 ... 1 

Now each eigenvalue K' of K will be associated with the eigenvalues 
K', K'-n, K'-2n, ... , -K' for 111;,, with the same number of indepen
dent simultaneous eigenkets of.Kand 111;, for each of them. The total 
number of independent eigenkets of JY~ belonging to any eigenvalue 
M~ must be the same, whether we take them to be simultaneous 
eigenkets of miz and m2z or simultaneous eigenkets of K and 111;,, i.e. 
it is always given by the scheme (46). It follows that the eigenvalues 
for Kare 

k1+k2 , k1+k2-n, k1+k2-2n, ... , k1-k2, (47) 

and that for each of these eigenvalues for K and an eigenvalue for 
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Mz going with it there is just one independent simultaneous eigt:nket 
of Kand Mz. 

The effect ofrotations on eigenkets of angular momentum variables 
should be noted. Take any eigenket IM~) of the z component of total 
angular momentum for any dynamical system, and apply to it a small 
rotation through an angle 8cfi about the z-axis. It will change into 

(1+8cfir2)IM~) = (1-iocfiMzfli)IM~> 

with the help of (32). This equals 

(I-i8cfiM~/li) IM~) = e-io</>M;JhlM;> 

to the first order in 8cfi. Thus IM~) gets multiplied by the numerical 
factor e-io<f>M;Jh. By applying a succession of these small rotations, we 
find that the application of a finite rotation through an angle cp about 
the z-axis causes IM~) to get multiplied by e-i</>M;Jh. Putting cfi = 27T, 
we find that an application of one revolution about the z-axis leaves 
IM~) unchanged if the eigenvalue M~ is an integral multiple of li and 
causes 1111~) to change sign if M~ is half an odd integral multiple of li. 
Now consider an eigenket IK') of the magnitude K of the total angu
lar momentum. If the eigenvalue K' is an integral multiple of n, the 
possible eigenvalues of Mz are all integral multiples of n and the a pplica
tion of one revolution about the z-axis must leave IK') unchanged. 
Conversely, if K' is half an odd integral multiple of Ji,, the possible eigen
values of Mz are all half odd integral multiples of li and the revolution 
must change the sign of !K'). From symmetry, the application of a 
revolution about any other axis must have the same effect on !K') 
as one about the z-axis. We thus get the general result, the application 
of one revolution about any axis leaves a ket unchanged, or changes its 
sign according to whether it belongs to eigenvalues of the magnitude of 
the total angular momentum which are integral or half odd integral 
multiples of li. A state, of course, is always unaffected by the revolu
tion, since a state is unaffected by a change of sign of the ket corre
sponding to it. 

For a dynamical system involving only orbital angular momenta, 
a ket must be unchanged by a revolution about an axis, since we can 
set up Schrodinger's representation, with the coordinates of all the 
particles diagonal, and the Schrodinger representative of a ket will 
get brought back to its original value by the revolution. It follows 
that the eigenvalues of the magnitude of an orbital angular momentum 
are always integral multiples of n. The eigenvalues of a component 
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of an orbital angular momentum are also always integral multiples 
of n. For a spin angular momentum, Schrodinger's representation 
does not exist and both kinds of eigenvalue are possible. 

37. The spin of the electron 
Electrons, and also some of the other fundamental particles (pro

tons, neutrons) have a spin whose magnitude is !n. This is found 
from experimental evidence, and also there are theoretical reasons 
showing that this spin value is more elementary than any other, even 
spin zero (see Chapter XI). The study of this particular spin is there
fore of special importance. 

For dealing with an angular momentum m whose magnitude is !n, 
it is convenient to put m = tna. 
The components of the vector a then satisfy, from (27), 

ay a,,-a,, ay = 2iax 

az ax-ax az = 2iay, 

ax ay-ayax = 2iaz. 

(48) 

} (49) 

The eigenvalues of mz are !n and -!n, so the eigenvalues of a,, are I 
and -1, and a: has just the one eigenvalue I. It follows that a: must 
equal I, and similarly for a~ and a;, i.e. 

a~= a;= a~ = I. (50) 

We can get equations (49) and (50) into a simpler form by means of 
some straightforward non-commutative algebra.. From (50) 

or 

a;a,,-az~ = 0 

ay(ayaz-azay)+(ayaz-O"zay)ay = 0 

m ~~+~~=0 
with the help of the first of equations (49). This means ax av= -av ax. 

Two dynamical variables or linear operators like these which satisfy 
the commutative law of multiplication except for a minus sign will 
be said to anticommute. Thus ax anticommutes with a.11 • From sym
metry each of the three dynamical variables ax, ay, a,, must anti
commute with any other. Equations (49) may now be written 

and also from ( 50) 
3596.57 

ay az = iax = -az ay, 

a,, ax = iay = -ax a,., 

axay = ia,. = -ayav 

axayaz = i. 
L 

} (51) 

(52) 
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Equations (50), (51), (52) are the fundamental equations satisfied by 
the spin variables a describing a spin whose magnitude is th. 

Let us set up a matrix representation for the a's and let us take az 

to be diagonal. If there are no other independent dynamical variables 
besides the m's or a's in our dynamical system, then az by itself forms 
a complete set of commuting observables, since the form of equations 
(50) and (51) is such that we cannot construct out of av ay, and az 

any new dynamical variable that commutes with az. The diagonal 
elements of the matrix representing az being the eigenvalues 1 and 
-1 of az, the matrix itself will be 

(~ -~)· 
Let ax be represented by (a1 a 2) . • 

aa a4 
This matrix must be Hermitian, so that a1 and a4 must be real and 
a2 and a3 conjugate complex numbers. The equation az ax = -ax az 

gives us ( a1 a2\ = -(a1 -a2\, 
-a3 -a,J a3 -a,J 

so that a1 = a4 = 0. Hence ax is represented by a matrix of the form 

The equation a;, = 1 now shows that a2 a3 = 1. Thus a2 and a3, being 
conjugate complex numbers, must be of the form eio: and e-irx re
spectively, where ex is a real number, so that ax is represented by a 
matrix of the form 

( O eirx) 
e-irx 0 . 

Similarly it may be shown that ay is also represented by a matrix of 
this form. By suitably choosing the phase factors in the representa
tion, which is not completely determined by the condition that az 

shall be diagonal, we can arrange that ax shall be represented by the 
matrix 

(~ ~)· 
The representative of av is then determined by the equation 
ay = iaxaz. We thus obtain finally the three matrices 

(~ ~), (~ -~), (~ -~), (53) 
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to represent rrx> uv, and uz respectively, which matrices satisfy all the 
algebraic relations (49), (50), (51), (52). The component of the vector 
a in an arbitrary direction specified by the direction cosines l, m, n, 
namely lux+mav+naz, is represented hy 

l-im)· 
-n 

(54) 

The representative of a ket vector will consist of just two numbers, 
corresponding to the two values + 1 and -1 for u:. These two num
bers form a function of the variable u: whose domain consists of only 
the two points + 1 and -1. The state for which uz has the value unity 
will be represented by the function, fc,(u~) say, consisting of the pair 
of numbers 1, 0 and that for which az has the value -1 will be 
represented by the function, ffJ(u:) say, consisting of the pair 0, I. 
Any function of the variable a~, i.e. any pair of numbers, can be 
expressed as a linear combination of these two. Thus any state can 
be obtained by superposition of the two states for which uz equals + 1 and 
-1 respectively. For example, the state for which the component of 
a in the direction l, m, n, represented hy (54), has the value + 1 is 
represented by the pair of numbers a, b which satisfy 

or 

Thus 

(z~m l-i;)(n = (~) 
na+(l-irn)b =a, 

(l+im)a-nb = b. 

a l-im l+n 
b - 1-n - l+im· 

This state can be regarded as a superposition of the two states for 
which az equals + 1 and -1, the relative weights in the superposition 
process being as 

JaJ 2 : [bJ 2 = [l-im[ 2 : (1-n)2 = l+n: 1-n. (55) 

For the complete description of an electron (or other elementary 
particle with spin fn) we require the spin dynamical variables u, 

whose connexion with the spin angular momentum is given by (48), 
together with the Cartesian coordinates x, y, z and momenta Px, Pv' 
Pz· The spin dynamical variables commute with these coordinates 
and momenta. Thus a complete set of commuting observables for a 
system consisting of a single electron will be x, y, z, uz. In a repre
sentation in which these are diagonal, the representative of any state 
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·will be a function of four variables x', y', z', a~. Since a~ has a domain 
consisting of only two points, namely I and -1, this function of four 
variables is the same as two functions of three variables, namely the 
two functions 

<x'y'z'I>+ = (x',y',z',+II), (x'y'z'I>- = (x',y',z',-11). (56) 

Thus the presence of the spin may be considered either as introducing a 
new variable into the representative of a state or as giving this representa
tive two components. 

38. Motion in a central field of force 
An atom consists of a massive positively charged nucleus together 

with a number of electrons moving round, under the influence of the 
attractive force of the nucleus and their own mutual repulsions. An 
exact treatment of this dynamical system is a very difficult mathe
matical problem. One can, however, gain some insight into the main 
features of the system by making the rough approximation of regard
ing each electron as moving independently in a certain central field 
of force, namely that of the nucleus, assumed fixed, together with 
some kind of average of the forces due to the other electrons. Thus 
our present problem of the motion of a particle in a central field of 
force forms a corner-stone in the theory of the atom. 

Let the Cartesian coordinates of the particle, referred to a system 
of axes with the centre of force as origin, be x, y, z and the corre
sponding components of momentum Pv Pv' Pz· The Hamiltonian, 
with neglect of relativistic mechanics, will be of the form 

H = l/2m.(p;,+P~+p;)+ V, (57) 

where V, the potential energy, is a function only of (x2+y2+z2). To 
develop the theory it is convenient to introduce polar dynamical 
variables. We introduce first the radius r, defined as the positive 
square root 

Its eigenvalues go from 0 tow. If we evaluate its P.B.s with Px, Pv, 
and Pz, we obtain, with the help of formula (32) of§ 22, · 

or x y z 
[r,px] =-;-- = -, [r,py] = -, [r,pz] = -, 

vX r r r 

the same as in the classical theory. \Ve introduce also the dynam.ical 
variable Pr defined by 

(58 
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Its P.B. with r is given by 

Hence 

r[r,pr] = [r,rpr] = [r,xpx+YPv+ZPz] 

= x[r,px]+y[r,pv]+z[r,pz] 

= x.x/r+y.y/r+z.z/r = r. 

[r,pr] = I 

or rpr-Pr r = in. 
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The commutation relation between r and Pr is just the one for a 
canonical coordinate and momentum, namely equation (10) of§ 22. 
This makes P·r like the momentum conjugate to the r coordinate, but 
it is not exactly equal to this momentum because it is not real, its 
conjugate complex being 

Pr= (pxx+PuY+Pzz)r-1 = (xpx+YPv+zpz-3in)r-1 

= (rp,-3in)r-1 = Pr-2inr-1 • (59) 

Thus p,-inr-1 is real and is the true momentum conjugate tor. 
The angular momentum m of the particle about the origin is given 

by (22) and its magnitude k is given by (39). Since r and p, are 
scalars, they commute with m, and therefore also with k. 

We can express the Hamiltonian in terms of r, Pr, and k. We have, 
if 2 denotes a sum over cyclic permutations of the suffixes x, y, z, 

xyz 

k(k+n) = 2 m; = 2 (xpv-YPx) 2 

xyz xyz 

= .2 (xpyXPv+YPxYPx-XPvYPx-YPxXPy) 
xyz 

= L (x2p~+y2p';;-xPxPvY-YPvPxx+x2p';,-xpxpxx-
xyz 

-2inxpx) 
= (x2+y2+z2)(p';,+pi+p~)

-(xpx+YPv+zpz)(Px x+Pv Y+Pz z+ 2in) 

= r2(p';,+p~+p;)-rpr(Pr r+ 2in) 

= r2(p';,+p~+P~)-rp;r. 

from (59). Hence 
H _ _!__(~ 2 k(k+n)) + V 

- 2m rp,r+ r2 · (60) 

This form for H is such that k commutes not only with H, as is 
necessary since k is a constant of the motion, but also with every 
·dynamical variable occurring in H, namely r, Pr' and V, which is a 
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function of r. In consequence, a simple treatment becomes possible, 
namely, we may consider an eigenstate of k belonging to an eigen
value k' and then we can substitute k' fork in (60) and get a problem 
in one degree of freedom r. 

Let us introduce Schrodinger's representation with x, y, z diagonal. 
Then Px, pY, Pz are equal to the operators -in o/ox, -in o/oy, -in o/oz 
respectively. A state is represented by a wave function if;(xyzt) satis
fying Schrodinger's wave equation (7) of§ 27, which now reads, with 
H given by (57), 

. oif; { n2 ( 82 02 02 ) } 
in8t = -2m ax2+ ay2+ az2 + V if;. (61) 

We may pass from the Cartesian coordinates x,y,z to the polar 
coordinates r, 8, rf> by means of the equations 

x = rsinBcosrf>, 

y = rsinBsinrf>, 

z = rcosB, 
} (62) 

and may express the wave function in terms of the polar coordinates, 
so that it reads if;(r8rf>t). The equations (62) give the operator equation 

o _ ox o + ay a az o _ x a y a + z o 
8r - or ox or oy + or oz - r ox +r oy r 8z' 

which shows, on being compared with (58), thatp, = -ino/or. Thus 
Schr6dinger's wave equation reads, with the form (60) for H, 

inN = {n.'2 (-~ ~r+ k(k+nl)+v}tf· (63) 
at 2m r or2 n2r 2 

Here k is a certain linear operator which, since it commutes with r 

and 8/or, can involve only 8, rf>, 8/88, and 8/8rf>. From the formula 

k(k+n) = mi,+m~+m;, (64) 

which comes from (39), and from (62) one can work out the form of 
k(k+n) and one finds 

k(k+n) = __ l_ !_sin 8!_ __ 1_~ 
n2 sine 88 ae sin 2(J orf>2 • 

(65) 

This operator is well known in mathematical physics. Its eigen
functions are called spherical lzarmonfos and its eigenvalues are 
n(n+ 1) where n is an integer. Thus the theory of spherical har
monics provides an alternative proof that the eigenvalues of k are 
integral multiples of n. 
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For an eigenstate of k belonging to the eigenvalue nn (n a non
negative integer) the wave function will be of the form 

if;= r-1x(rt)Sn(Oef;), 
where S~(Oef;) satisfies 

k(k+n)Sn(Oef;) = n(n+l)n2Sn(Oef;), 

(66) 

(67) 

i.e. from (65) Sn is a spherical harmonic of order n. The factor r-1 
is inserted in (66) for convenience. Substituting (66) into (63), we 
get as the equation for x 

iliax = {!!__(-~ n(n+I))+v} . 
8t 2m 8r2 + r2 X (68) 

If the state is a stationary state belonging to the energy value H', 
x will be of the form x(rt) = Xo(r)e-iH't/n 

and (68) will reduce to 

H' = {!!__(- d2 +n(n+l))+v} Xo 2m dr2 r2 Xo· (69) 

This equation may be used to determine the energy-levels H' of the 
system. For each solution Xo of (69), arising from a given n, there 
will be 2n+ 1 independent states, because there are 2n+ l indepen
dent solutions of (67) corresponding to the 2n+ 1 different values 
that a component of the angular momentum, mz say, can take on. 

The probability of the particle being in an element of volume 
dxdyriz is proportional to li/;l 2 dxdydz. With if; of the form (66) this 
becomes r-2 lxl 2 1Snl 2 dxdydz. The probability of the particle being in 
a spherical shell between rand r+dr is then proportional to lxl 2 dr. 
It now becomes clear that, in solving equation (68) or (69), we must 
impose a boundary condition on the function x at r = 0, namely the 
function must be such that the integral to the origin J lxl 2 dr is 

0 

convergent. If this integral were not convergent, the wave function 
would represent a state for which the chances are infinitely in favour 
of the particle being at the origin and such a state would not be 
physically admissible. 

The boundary condition at r = 0 obtained by the above considera
tion of probabilities is, however, not sufficiently stringent. We get a 
more stringent condition by verifying that the wave function obtained 
by solving the wave equation in polar coordinates (63) really satisfies 
the wave equation in Cartesian coordinates (61). Let us take the case 
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of V = 0, giving us the problem of the free particle. Applied to a 
stationary state with energy H' = 0, equation (61) gives 

(70) 

where \12 is written for the Laplacian operator 82/8x2+82/8y2+82/8z2 , 

and equation (63) gives 

(! !:_r- k(k+n))1' = o. (71) 
r 8r2 n2r2 

A solution of (71) for k = 0 is 1' = r-1 . This does not satisfy 
(70), since, although V2r-1 vanishesfor any finite value of r, its integral 
through a volume containing the origin is -4?T (as may be verified 
by transforming this volume integral to a surface integral by means 
of Gauss's theorem), and hence 

v2r-1 = -4?To(x)o(y)o(z). (72) 

Thus not every solution of (71) gives a solution of (70), and more 
generally, not every solution of (63) is a solution of (61). We must 
impose on the solution of (63) the condition that it shall not tend to 
infinity as rapidly as r-1 when r-+ 0 in order that, when substituted 
into (61 ), it shall not give a 8 function on the right like the right-hand 
side of (72). Only when equation (63) is supplemented with this condi
tion does it become equivalent to equation (61). We thus have the 
boundary condition rt{l-+ 0 or x-+ 0 as r -+ 0. 

There are also boundary conditions for the wave function at r = ro. 
If we are interested only in 'closed' states, i.e. states for which the 
particle does not go off to infinity, we must restrict the integral to 

"' infinity J lx(r) 12 dr to be convergent. These closed states, however, 
are not the only ones that are physically permissible, as we can also 
have states in which the particle arrives from infinity, is scattered 
by the central field of force, and goes off to infinity again. For these 
states the wave function may remain finite as r-+ ro. Such states will 
be dealt with in Chapter VIII under the heading of collision problems. 
In any case the wave function must not tend to infinity as r-+ ro, or 
it will represent a state that has no physical meaning. 

39. Energy-levels of the hydrogen atom 
The above analysis may be applied to the problem of the hydrogen 

atom with neglect of relativistic mechanics and the spin of the 



§ 39 ENERGY-LEVELS OF THE HYDROGEN ATOM 157 

electron. The potential energy Vis nowt -e2/r, so that equation 
(69) becomes 

{!!__ n(n+I)+2me2 ~} = _ 2mH' 
dr2 r2 li,2 r Xo li2 Xo· (73) 

A thorough investigation of this equation has been given by Schro
dinger .:j: We shall here obtain its eigenvalues H' by an elementary 
argument. 

It is convenient to put 
Xo = f(r)e-r/a, (74) 

introducing the new function f(r), where a is one or other of the 
square roots a = ±.../(-li2/2mH'). (75) 

Equation (73) now becomes 

{~-~ !:.__ n(n+I) + 2me2 ~}f(r) = O. 
dr2 a dr r 2 li2 r 

(76) 

We look for a solution of this equation in the form of a power series 

f(r) =I Csr8, (77) 
8 

in which consecutive values for s differ by unity although these 
values themselves need not be integers. On substituting (77) in (76) 
we obtain 

I c8{s(s-1 )rs-2-(2s/a)rs-1-n(n+ i )rs-2+ (2me2;n2)rs-1} = o, 
8 

which gives, on equating to zero the coefficient of rs-2, the following 
relation between successive coefficients c8 , 

c8[s(s-l)-n(n+l)] = c8_ 1[2(s-l)/a-2me2/n2]. (78) 

We saw in the preceding section that only those eigenfunctions x 
are allowed that tend to zero with r and hence, from (74),f(r) must 
tend to zero with r. The series (77) must therefore terminate on the 
side of small sand the minimum value of s must be greater than zero. 
Now the only possible minimum values of s a.re those that make the 
coefficient of c8 in (78) vanish, i.e. n+ 1 and -n, and the second 
of these is negative or zero. Thus the minimum value of s must be 
n+ 1. Since n is always an integer, the values of swill all be integers. 

t The e here, denoting minus the charge on an electron, is, of course, to be dis
tinguished from the e denoting the base of exponentials. 

t SchrOdinger, A.nn. d. Physik, 79 (1926), 361. 
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The series (77) will in general extend to infinity on the side oflarge 8. 

For large values of 8 the ratio of successive terms is 

c8 2r 
-r=
c8_1 8a 

according to (78). Thus the series (77) will always converge, as the 
ratios of the higher terms to one another are the same as for the 
series 

(79) 

which converges to e2rfa. 

We must now examine how our solution Xo behaves for large 
values of r. We must distinguish between the two cases of H' positive 
and H' negative. For H' negative, a given by (7 5) ~ill be real. Sup
pose we take the positive value for a. Then as r -+ ro the sum of the 
series (77) will tend to infinity according to the same law as the sum 
of the series (79), i.e. the law e2rfa. Thus, from (74), Xo will tend to 
infinity according to the law er/a and will not represent a physically 
possible state. There is therefore in general no permissible solution 
of (73) for negative values of H'. An exception arises, however, when
ever the series (77) terminates on the side of large 8, in which case the 
boundary conditions are all satisfied. The condition for this termina
tion of the series is that the coefficient of c8 _ 1 in (78) shall vanish for 
some value of the suffix 8-1 not less than its minimum value n+ 1, 
which is the same as the condition that 

8 me2 
---=0 a n,2 

for some integer 8 not less than n+l. With the help of (75) this 
condition becomes 

' me4 
H = - 282nF (80) 

and is thus a condition for the energy-level H'. Since 8 may be any 
positive integer, the formula (80) gives a discrete set of negative 
energy-levels for the hydrogen atom. These are in agreement with 
experiment. For each of them (except the. lowest one 8 = 1) there 
are several independent states, as there are various possible values 
for n, namely any positive or zero integer less than 8. This multi
plicity of states belonging to an energy-level is in addition to that 
mentioned in the preceding section arising from the various possible 
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values for a component of angular momentum, which latter multi
plicity occurs with any central field of force. Then multiplicity occurs 
only with an inverse square law of force and even then is removed 
when one takes relativistic mechanics into account, as will be found 
in Chapter XI. The solution Xo of (73) when H' satisfies (80) tends to 
zero exponentially as r-+ oo and thus represents a closed state (corre
sponding to an elliptic orbit in Bohr's theory). 

For any positive values ofH', a given by (75)will be pure imaginary. 
The series (77), which is like the series (79) for larger, will now have a 
sum that remains finite asr-+CO. Thus x0 given by (74) willnowremain 
finite as r-+ co and will therefore be a permissible solution of (73), 
giving a wave function if; that tends to zero according to the law r-1 as 
r-+ co. Hence in addition to the discrete set of negative energy-levels 
(80), all positive energy-levels are allowed. The states of positive 

c:o 

energy are not closed, since for them the integral to infinity J lxol 2 dr 
does not converge. (These states correspond to the hyperbolic orbits 
of Bohr's theory.) 

40. Selection rules 
If a dynamical system is set up in a certain stationary state, it will 

remain in that stationary state so long as it is not acted upon by 
outside forces. Any atomic system in practice, however, frequently 
gets acted upon by external electromagnetic fields, under whose 
influence it is liable to cease to be in one stationary state and to make 
a transition to another. The theory of such transitions will be de
veloped in§§ 44 and 45. A result of this theory is that, to a high degree 
of accuracy, transitions between two states cannot occur und.er the 
influence of electromagnetic radiation if, in a Heisenberg representa
tion with these two stationary states as two of the basic states, the 
matrix element, referring to these two states, of the representative 
of the total electric displacement D of the system vanishes. Now it 
happens for many atomic systems that the great majoritiy of the 
matrix elements of D in a Heisenberg representation do va-nish, and 
hence there are severe limitations on the possibilities for transitions. 
The rules that express these limitations are called selection rules. 

The idea of selection rules can be refined by a mor.e detailed 
application of the theory of §§ 44 and 45, according to which 
the matrix elements of the different Cartesian components of the 
vector D are associated with different states of polarization of the 
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electromagnetic radiation. The nature of this association is just what 
one would get if one considered the matrix elements, or rather their 
real parts, as the amplitudes of harmonic oscillators which interact 
with the field of radiation according to classical electrodynamics. 

There is a general method for obtaining all selection rules, as 
follows. Let us call the constants of the motion which are diagonal in 
the Heisenberg representation ();'.'s and let D be one of the Cartesian 
components ofD. We must obtain an algebraic equation connecting 
D and the ();'.'s which does not involve any dynamical variables other 
than D and the O:'.'s and which is linear in D. Such an equation will 
be of the form 

(81) 

where the f/s and g/s are functions of the D:'.'s only. If this equation 
is expressed in terms of representatives, it gives us 

2:f,(D:'.1 )(0:'.1 [D/0:'.11 )gh") = 0, 
r 

or <();'.'JD!();'."> L f,(O:'.')g,(O:'.") = 0, 

which shows that (();'.' [D [O:'.") = 0 unless 

L,J,(();'.')g,(D:'.") = 0. 
r 

(82) 

This last equation, giving the connexion which must exist between 
();'.

1 and ();'.11 in order that (O:'.'JDJ();'.") may not vanish, constitutes the 
selection rule, so far as the component D of D is concerned. 

Our work on the harmonic oscillator in § 34 provides an example 
of a selection rule. Equation (8) is of the form (81) with ij for D and 
H playing the part of the O:'.'s, and it shows that the matrix elements 
(H' I ij [H") of ij all vanish except those for which H" -H' = nw. The 
conjugate complex of this result is that the matrix elements (H' J 77 [H") 
of 77 all vanish except those for which H"-H' = -nw. Since q is a 
numerical multiple of 77-ij, its matrix elements (H' [qJH") all vanish 
except those for which H"-H' = ±nw. If the harmonic oscillator 
carries an electric charge, its electric displacement D "'ill be pro
portional to q. The selection rule is then that only those transitions 
can take place in which the energy H changes by a single quan
tum nw. 

We shall now obtain the selection rules for mz and k for an electron 
moving in a central field of force. The components. of electric dis-
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placement are here proportional to the Cartesian coordinates x, y, z. 
Taking first mz, we have that mz commutes with z, or that 

mzz-zmz = 0. 

This is an equation of the required type (81), giving us the selection 
rule 

for the z-component of the displacement. Again, from equations 
(23) we have 

or 

which is also of the type ( 81) and gives us the selection rule 

or 

for the x-component of the displacement. The selection rule for the 
y-component is the same. Thus our selection rules for mz are that 
in transitions associated with radiation with a polarization corresponding 
to an electric dipole in the z-direction, m~ cannot change, while in transi
tions associated with a polarization corresponding to an electric dipole 
in the x-direction or y-direction, m~ must change by ±h. 

We can determine more accurately the state of polarization of the 
radiation associated with a transition in which m~ changes by ±li, by 
considering the condition for the non-vanishing of matrix elements 
of x+iy and x-iy. We have 

[mz,x+iy] = y-ix = -i(x+iy) 

or mz(x+iy)-(x+iy)(mz+n) = 0, 

which is again of the type (81). It gives 

m~-m;-n = o 
as the condition that (m~Jx+iyJm'~) shall not vanish. Similarly, 

m~-m~+n = o 
is the condition that (m~Jx-iyJm'~) shall not vanish. Hence 

(m~lx-iyJm~-n) = O 

or 

say, a, b, and w being real. The conjugate complex of this is 

(m~-hlxlm~) = -·i(m~-nlyJm~) = (a-ib)e-iwt. 

Thus the vector i{<m~JDlm~-n>+<m~-n/DJm~)}, which determines 
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the state pf polarization of the radiation associated with transitions 
for which m; = m~-h, has the follo,..ring three components 

H<m:txtm:-li)+<m:-nJx[m~)} 
= t{(a+ib)eiwt+(a-ib)e-iwt} = acoswt-bsinwt, 

t{<m:JyJm~-li>+<m~-li[yJm:>} (83) 

= !i{-(a+ib)eiwt+(a-ib)e-iwt} = asinwt+bcoswt, 

t{<m:iz[m~-li>+<m:-h[z[m:)} = 0. 

From the form of these components we see that the associated radia
tion moving in the z-direction \\'111 be circularly polarized, that 
moving in any direction in the xy-plane will be linearly polarized in 
this plane, and that moving in intermediate directions will be 
elliptically polarized. The direction of circular polarization for radia
tion moving in the z-direction will depend on whether w is positive 
or negative, and this will depend on which of the two states m: or 
m~ = m:-n has the greater energy. 

We shall now determine the selection rule fork. We have 

[k(k+h),z] = [mi,z]+[m~,z] 

= -ymx-mxy+xmv+mvx 

= 2(mvx-mxy+iliz) 

Similarly, 

= 2(myx-ymx) = 2(xmv-mxy). 

[k(k+li),x] = 2(ymz-mvz) 

[k(k+li),y] = 2(mxz-xmz)· and 

Hence 

[k(lc+li), [k(k+li), z]] 

= 2[k(k+li), myx-mxy+iliz J "' 
= 2mv[k(lc+li), x ]-2mx[k(lc+li), y]+2ili[k(k+h), z J 
= 4mv(Ymz-mv z)-4mx(mx z-xmz) + 2{lc(k+h)z-zlc(lc+h)} 

= 4(mxx+mvy+mzz)mz-4(mi+m~+m;)z+ 

+ 2{lc(lc+h )z-zlc(lc+li) }. 

From (22) mxx+mvy+mzz = 0 (84) 

and hence 

[lc(k+li), [lc(lc+h), z]] = -2{k(lc+li)z+zk(k+h)}, 

which gives 

lc2(lc+li )2z- 2lc(k+h )zk(lc+li) +zk2(k+h)2 -

- 2li2{k(k+li)z+zlc(k+li)} = 0. (85) 
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Similar equations hold for x and y. These equations are of the re
quired type (81), and give us the selection rule 

k'2(k' +li)2-2k'(k' +li)k11 (k11 +li)+k"2(k" +li)2-

-2li2k'(k' +li)-2li2k''(k" +li) = 0, 
which reduces to 

(k' +k" +2li)(k' +k")(k' -k" +li)(k' -k"-li) = 0. 

A transition can take place between two states k' and k" only if one 
of these four factors vanishes. 

Now the first of the factors, (k' +k" +2li), can never vanish, since 
the eigenvalues of k are all positive or zero. The second, (k' +k"), can 
vanish only if k' = 0 and k" = 0. But transitions between two states 
with these values for k cannot occur on account of other selection 
rules, as may be seen from the following argument. If two states 
(labelled respectively with a single prime and a double prime) are 
such that k' = 0 and k" = 0, then from ( 41) and the corresponding 

lt J.' d I I I 0 d ,; II II 0 resu s iOr mx an my, mx = my = mz = an mx = my = m. = . 
The selection rule for m. now shows that the matrix elements of 
x and y referring to the two states must vanish, as the value of m. 
does not change during the transition, and the similar selection rule 
for mx or my shows that the matrix element of z also vanishes. Thus 
transitions between the two states cannot occur. Our selection rule 
for k now reduces to 

(k' -k" +li)(k' -k" -li) = 0, 

showing that k must change by ±li. This selection rule may be written 

k'2 -2k'k"+k"2-li2 = 0, 

and since this is the condition that a matrix element (k' /z /k") shall 
not vanish, we get the equation 

k2z-2kzk+zk2-li2z = 0 

or [k, [k, z]] = -z, (86) 

a result which could not easily be obtained in a more direct way. 
As a final example we shall obtain the selection rule for the magni

tude K of the total angular momentum M of a general atomic system. 
Let x, y, z be the coordinates of one of the electrons. We must obtain 
the condition that the (K', K") matrix element of x, y, or z shall not 
vanish. This is evidently the same as the condition that the (K', K") 
matrix element of Av >.2, or ,\3 shall not vanish, where >.1 , >.2 , and ,\3 
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are any three independent linear functions of x, y, and z with numeri
cal coefficients, or more generally with any coefficients that commute 
with K and are thus represented by matrices which are diagonal with 

respect to K. Let ,\ = M x+M y+M z 
0 x y z ' 

We have 

,\x = Mvz-M,,y-inx, 

,\v = Mzx-Mxz-iny, 

\ = Mxy-Mvx-inz. 

.llfxll.x+MvAv+MzAz = L (MxMyz-.llfxM,,y-inJJfxx) 
xyz 

= L (.llfxMy-lrfyMx-iliM,,)z = 0 (87) 
xyz 

from (29). Thus Av Ay, and ,\z are not linearly independent functions 
of x, y, and z. Any two of them, however, together with Ao are three 
linearly independent functions of x, y, and z and may be taken as the 
above Av A2, A3, since the coefficients Mv .My, Mz all commute with K. 
Our problem thus reduces to finding the condition that the (K', K") 
matrix elements of A0 , 11.x, Ay, and Az shall not vanish. The physical 
meanings of these 11.'s are that All is proportional to the component of 
the vector (x, y, z) in the direction of the vector M, and Ax, Av, Az are 
proportional to the Cartesian components of the component of (x, y, z) 

perpendicular to M. 
Since Ao is a scalar it must commute with K. It follows that only 

the diagonal elements (K' [Ao [K') of Ao can differ from zero, so the 
selection rule is that K cannot change so far as Ao is concerned. Apply
ing (30) to the vector Av Av, Az, we have 

[ Mz, Ax] = Ay, [ Mz, \] = -Ax, [ M,,, Az] = 0. 

These relations between .llfz and Ax, A11 , \ are of exactly the same form 
as the relations (23), (24) between mz and x, y, z, and also (87) is of 
the same form as (84). The dynamical variables Ax, Ay, ,\z thus have the 
same properties relative to the angular momentum M as x, y, z have 
relative to m. The deduction of the selection rule for k when tb,e 
electric displacement is proportional to (x, y, z) can therefore be taken 
over and applied to the selection rule for K when the electric displace
ment is proportional to (\,, ,\v, \). We find in this way that, so far as 
Av Ay, Az are concerned, the selection rule for K is that it must change 

by ±n. 
Collecting results, we have as the selection rule for K that it must 

change by 0 or ±n. We have considered the electric displacement 
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produced by only one of the electrons, but the same selection rule 
must hold for each elect.ron and thus also for the total electric dis
placement. 

41. The Zeeman effect for the hydrogen atom 
We shall now consider the system of a hydrogen atom in a uniform 

magnetic field. The Hamiltonian ( 57) with V = -e2/r, which describes 
the hydrogen atom in no external field, gets modified by the magnetic 
field, the modification, according to classical mechanics, consisting 
in the replacement of the components of momentum, p.,, py, Pz, by 
Px+e/c.A.,, Pu+e/c.Av, Pz+e/c.A,,, where A.,, Ay, Az are the com
ponents of the vector potential describing the field. For a uniform 
field of magnitude JI. in the direction of the z-axis we may take 
Ax = -f.Jl.y, Ay = !-Jfx, Az = 0. The classical Hamiltonian will 
then be 

· n = 2~{(Px-~ ~JI.yr +(Pv+~ ~v11xr +P:}-~· 
This classical Hamiltonian may be taken over into the quantum 
theory if we add on to it a term giving the effect of the spin of the 
electron. According to experimental evidence and according to the 
theory of Chapter XI, the electron has a magnetic moment -en/2mc. a, 
where a is the spin vector of§ 37. The energy of this piagnetic moment 
in the magnetic field will be en.Jl./2mc.az. Thus the total quantum 
Hamiltonian will be 

n = 2~{(Px-~~v11yr +~v+~ ~v11xr +P:}-~+ ~:: O'z. (88) 

There ought strictly to be other terms in this Hamiltonian giving the 
interaction of the magnetic moment of the electron with the electric 
field of the nucleus of the atom, but this effect is small, of the same 
order of magnitude as the correction one gets by taking relativistic 
mechanics into account, and will be neglected here. It will be taken 
into account in the relativistic theory of the electron given in 
Chapter XI. 

If the magnetic field is not too large, we can neglect terms involving 
Jl2, so that the Hamiltonian (88) reduces to 

H 1 ( 2 2 2 e2 e.JI. ( ) en.JI. 
= 2m Px+Pu+Pz)-;+ 2mc xpu-YPx + 2mc O'z 

1 ( 2+ 2 2) e2 eJI ( +2' ) = -2 Px Pu+Pz --+-2 - m,, nuz. m r me 
(89) 

3595.67 M 
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The extra terms due to the magnetic field are now e.N/2mc. (mz+naz)· 
But these extra terms commute with the total Hamiltonian and are 
thus constants of the motion. This makes the problem very easy. 
The stationary states of the system, Le. the eigenstates of the Hamil
tonian (89), will be those eigenstates of the Hamiltonian for no field 
that are simultaneously eigenstates of the observables mz and az, or 
at least of the one observable mz+naz, and the energy-levels of the 
system will be those for the system with no field, given by (80) if 
one considers only closed states, increased by an eigenvalue of 
elf/2mc. (mz+haz)· Thus stationary states of the system with no 
field for which mz has the numerical value m~, an integral multiple 
of h, and for which also a,, has the numerical value a~ = ± 1, will still 
be stationary states when the field is applied. Their energy will be 
increased by an amount consisting of the sum of two parts, a part 
e.N/2mc.m~ arising from the orbital motion, which part may be con
sidered as due to an orbital magnetic moment -em~/2mc, and a part 
e.N/2mc. ha~ arising from the spin. The ratio of the orbital magnetic 
moment to the orbital angular momentum m: is -e/2mc, which is 
half the ratio of the spin magnetic moment to the spin angular 
momentum. This fact is sometimes referred to as the magnetic 
anomaly of the spin. 

Since the energy-levels now involve mz, the selection rule for m,, 
obtained in the preceding section becomes capable of direct com
parison with experiment. We take a Heisenberg representation in 
which, among other constants of the motion, mz and a,, are diagonal. 
The selection rule for mz now requires mz to change by li, 0, or -Ii, 
while av since it commutes with the electric displacement, will not 
change at all. Thus the energy difference between the two states 
taking part in the transition process will differ by an amount 
eli.N/2mc, 0, or -elilf/2mc from its value for no magnetic field. 
Hence, from Bohr's frequency condition, the frequency of the 
associated electromagnetic radiation will differ by eJl-/47rmC, 0, or 
·-e.N/47rmC from that for no magnetic field. This means that each 
spectral line for no magnetic field gets split up by the field into three 
components. If one considers radiation moving in the z-direction, 
then from (83) the two outer components will be circularly polarized, 
while the central undisplaced one will be of zero intensity. These 
results are in agreement with experiment and also with the classical 
theory of the Zeeman effect. 
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42. General remarks 
IN the preceding chapter exact treatments were given of some simple 
dynamical systems in the quantum theory. Most quantum problems, 
however, cannot be solved exactly with the present resources of 
mathematics, as they lead to equations whose solutions cannot be 
expressed in finite terms with the help of the ordinary functions of 
'analysis. For such problems one can often use a perturbation method. 
This consists in splitting up the Hamiltonian into two parts, one of 
which must be simple and the other small. The first part may then 
be considered as the Hamiltonian of a simplified or unperturbed 
system, which can be dealt with exactly, and the addition of the 
second will then require small corrections, of the nature of a perturba
tion, in the solution for the unperturbed system. The requirement 
that the first part shall be simple requires in practice that it shall not 
involve the time explicitly. If the second part contains a small 
numerical factor €, we can obtain the solution of our equations for 
the perturbed system in the form of a power series in E, which, pro
vided it converges, will give the answer to our problem with any 
desired accuracy. Even when the series does not converge, the first 
approximation obtained by means of it is usually fairly accurate. 

There are two distinct methods in perturbation theory. In one of 
these the perturbation is considered as causing a modification of the 
states of motion of the unperturbed system. In the other we do not 
consider any modification to be made in the states of the unperturbed 
system, but we suppose that the perturbed system, instead of remain
ing permanently in one of these states, is continually changing from 
one to another, or making transitions, under the influence of ·the 
perturb~tion. Which method is to be used in any particular case 
depends on the nature of the problem to be solved. The first method 
is useful usually only when the perturbing energy (the correction in the 
Hamiltonian for the undisturbed system) does not involve the time 
explicitly, and is then applied to the stationary states. It can be used 
for calculating things that do noti refer to any definite time, such as 
the energy-levels of the stationary: states of the perturbed system, or, 
in the case of collision problems, the probability of scattering through 
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a given angle. The second method must, on the other hand, be used 
for solving all problems involving a consideration of time, such as 
those about the transient phenomena that occur when the perturba
tion is suddenly applied, or more generally problems in which the 
perturbation varies with the time in any way (i.e. in which the per
turbing energy involves the time explicitly). Again, this second 
method must be used in collision problems, even though the per
turbing energy does not here involve the time explicitly, if one 
wishes to calculate absorption and emission probabilities, since these 
probabilities, unlike a scattering probability, cannot be defined with
out reference to a state of affairs that varies with the time. 

One can summarize the distinctive features of the two methods by 
saying that, with the first method, one compares the stationary states 
of the perturbed system with those of the unperturbed system; with 
the second method one takes a stationary state of the unperturbed 
system and sees how it varies with time under the influence of the 
perturbation. 

43. The change in the energy-levels caused by a perturbation 
The first of the above-mentioned methods will now be applied to 

the calculation of the changes in the energy-levels of a system caused 
by a perturbation. We assume the perturbing energy, like the Hamil
tonian for the unperturbed system, not to involve the time explicitly. 
Our problem: has a meaning, of course, only provided the energy-levels 
of the unperturbed system are discrete and the differences between 
them are large compared with the changes in them caused by the 
perturbation. This circumstance results in the treatment of perturba
tion problems by the first method having_ some different features 
according to whether the energy-levels of the unperturbed system are 
discrete or continuous. 

Let the Hamiltonian of the perturbed system be 

H = E+V, (1) 

E being the Hamiltonian of the unperturbed system and V the small 
perturbing energy. By hypothesis each eigenvalue H' of H lies very 
close to one and only one eigenvalue E' of E. We shall use the same 
number of primes to specify any eigenvalue of Hand the eigenvalue 
of E to which it lies very close. Thus we shall have H" differing from 
E" by a small quantity of order V and differing from E' by a quantity 
that is not small unless E' = E". We must now take care always to 
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use different numbers of primes to specify eigenvalues of H and E 
which we do not want to lie very close together. 

To obtain the eigenvalues of H, we have to solve the equation 

HIH'> = H'IH'> 
or (H'-E)jH'> = VIH'). (2) 

Let IO) be an eigenket of E belonging to the eigenvalue E' and 
suppose. the IH') and H' that satisfy (2) to differ from IO) and E' 
only by small quantities and to be expressed as 

jH'> = IO>+II>+l2)+ ... , } (3) 
H' = E'+a1+a2+ ... , 

where I l > and a1 are of the first order of smallness (i.e. the same order 
as V), 12) and a 2 are of the second order, and so on. Substituting 
these expressions in (2), we obtain 

{E'-E+a1+a2+ ... }{IO>+II>+l2>+ ... } = V{IO>+II)+ ... }. 

If we now separate the terms of zero order, of the first order, of the 
second order, and so on, we get the following set of equations, 

(E'-E)jO) = 0, 

(E'-E)jI)+a1 IO) = VIO), 

(E'-E)j2)+a1 jl)+a2 j0) = Vjl), 

The first of these equations tells us, what we have already assumed, 
that I 0) is an eigenket of E belonging to the eigenvalue E'. The others 
enable us to calculate the various corrections jl), 12), ... , a1,a2,.... · 

For the further discussion of these equations it is convenient to 
. introduce a representation in which E is diagonal, i.e. a Heisenberg 
representation for the unperturbed system, and to take E itself as 
one of the observables whose eigenvalues label the representatives. 
Let the others, in the event of others being necessary, as is the case 
when there is more than one eigenstate of E belonging to any eigen
value, be called f3's. A basic bra is then (E"f3"1· Since jO) is an 
eigenket of E belonging to the eigenvalue E', we have 

<E"f3"10) = 8E"E-f(f3"), (5) 

where f(f3") is some function of the variables [3". With the help of this 
result the second of equations ( 4), written in terms ofrepresentatives, 
becomes 

(E'-E")(E"f3"II>+a1 8E·E'f(f3") =I (E"f3"1VIE'f3'>f(f3'). (6) 
{3' . 
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Putting E" = E' here, we get 

aif(/3") = L (E'f3"/VIE'f3'>f(f3'). 
{3' 

§43 

(7) 

Equation (7) is of the form of the standard equation in the theory 
of eigenvalues, so far as the variables /3' are concerned. It shows that 
the various possible values for a1 are the eigenvalues of the matrix 
(E'f3"/VIE'f3'>· This matrix is a part of the representative of the 
perturbing energy in the Heisenberg representation for the unper
turbed system, namely, the part consisting of those elements that 
refer to the same unperturbed energy-level E' for their row and 
column. Each of these values for a1 gives, to the first order, an energy
level of the perturbed system lying close to the energy-level E' of the 
unperturbed system.t There may thus be several energy-levels of the 
perturbed system lying close to the one energy-level E' of the unper
turbed system, their number being anything not exceeding the 
number of independent states of the unperturbed system belonging 
to the energy-level E'. In this way the perturbation may cause a 
separation or partial separation of the energy-levels that coincide 
at E' for the unperturbed system. 

Equation (7) also determines, to the zero order, the representatives 
(E"/3"10) of the stationary states of the perturbed system belonging 
to energy-levels lying close to E', any solutionf(/3') of (7) substituted 
in (5) giving one such representative. Each of these stationary states 
of the perturbed system approximates to one of the stationary states 
of the unperturbed system, but the converse, that each stationary 
state of the unperturbed system approximates to one of the stationary 
states of the perturbed system, is not true, since the general 
stationary state of the unperturbed system belonging to the energy
level E' is represented by the right-hand side of (5) with an arbitrary 
function f(/3"). The problem of finding which stationary states of 
the unperturbed system approximate to stationary states of the 
perturbed system, i.e. the problem of finding the solutions f(/3') of 
(7), corresponds to the problem of 'secular perturbations' in classical 
mechanics. It should be noted that the above results are indepen
dent of the values of all those matrix elements of the perturbing 

t To distinguish these energy-levels one from another we should require some 
more elaborate notation, since according to the present notation they must all be 
specified by the same number of primes, namely by the number of primes specifying 
the energy-level of the unperturbed system from which they arise. For our present 
purposes, however, this more elaborate notation is not required. 
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energy which refer to two different energy-levels of the unperturbed 
system. 

Let us see what the above results become in the specially simple case 
when there is only one stationary state of the unperturbed system 
belonging to each energy-level.t In this case E alone fixes the repre
sentation, no f3's being required. The sum in (7) now reduces to a 
single term and we get 

a1 = <E'!VIE'). (8) 

There is only one energy-level of the perturbed system lying close to 
any energy-level of the unperturbed system and the change in energy 
is equal, in the first order, to the corresponding diagonal element of the 
perturbing energy in the Heisenberg representation for the unperturbed 
system, or to the average value of the perturbing energy for the correspond
ing unperturbed state. The latter formulation of the result is the same 
as in classical mechanics when the unperturbed system is multiply 
periodic. 

We shall proceed to calculate the second-order correction a2 in 
the energy-level for the case when the unperturbed system is non
degenerate. Equation (5) for this case reads 

<E"IO) = 8E'E'' 

with neglect of an unimportant numerical factor, and equation (6) 
reads (E' -E")<E"II)+a1 8E'E' = <E"!VIE'). 

This gives us the value of <E"ll) when E" =FE', namely 

<E"il) = <E"!VIE'> (9) 
E'-E" 

The third of equations (4), written in terms of representatives, 
becomes 

(E'-E")<E"12)+a1<E"II>+a2 8E'E' = L <E"!VIE"'><E"'II). 
E"' 

Putting E" = E' here, we get 

a1<E'll)+a2 = L <E'!VIE"'><E"'ll), 
E"' 

which reduces, with the help of (8), to 

a2 = L <E'!VIE"><E"ll). 
E'i'E' 

t A system with only one stationary state belonging to each energy-level is often 
called non-degenerate and one with two or more stationary states belonging to an 
energy-level is called degenerate, although these words are not very appropriate from 
the modern point of view. 
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Substituting for (E"ll) from (9), we obtain finally 

_ "\:' (E'iVIE")(E"iVIE') 
a2- ~ E'-E" ' 

E"*E' 

giving for the total energy change to the second order 

§ 43 

ai+a2 = (E'iVIE'>+ 2 (E'iVl~:~~:iVIE'). (10) 
E'*E' 

The method may be developed for the calculation of the higher 
approximations if required. General recurrence formulas giving the 
nth order corrections in terms of those of lower order have been 
obtained by Born, Heisenberg, and Jordan. t 
44. The perturbation considered as causing transitions 

We shall now consider the second of the two perturbation methods 
mentioned in§ 42. We suppose again that we have an unperturbed 
system governed by a Hamiltonian E which does not involve the 
time explicitly, and a perturbing energy V which can now be an 
arbitrary function of the time. The Hamiltonian for the perturbed 
system is again H = E+ V. For the present method it does not 
make any essential difference whether the energy-levels of the 
unperturbed system, i.e. the eigenvalues of E, form a discrete or 
continuous set. We shall, however, take the discrete case, for 
definiteness. We shall again work ·with a Heisenberg representation 
for the unperturbed system, but as there will now be no advantage in 
taking E itself as one of the observables whose eigenvalues label the 
representatives, we shall suppose we have a general set of ex's to label 
the representatives. 

Let us suppose that at the initial time t0 the system is in a state for 
which the ex's certainly have the values ex'. The ket corresponding to 
this state is the basic ket Jex'). If there were no perturbation, i.e. if the 
Hamiltonian were E, this state would be stationary .. The perturba
tion causes the state to change. At time t the ket corresponding to the 
state in Schrodinger's picture will be T/ex'), according to equation (1) 
of§ 27. The probability of the ex's then having the values ex" is 

P(ex' ex") = I (ex"/ T /ex') /2 • (11) 

For ex"::/=- ex', P(ex'ex") is the probability of a transition taking place 
from state ex' to state ex" during the time interval t0 --+ t, while P(ex'ex') 

t Z.f. Physik, 35 (1925), 565. 
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is the probability of no transition taking place at all. The sum of 
P(01.101.") for all OI." is, of course, unity. 

Let us now suppose that initially the system, instead of being 
certainly in the state 01. 1

, is in one or other of various states 01. 1 with 
the probability Pa' for each. The Gibbs density corresponding to this 
distribution is, according to (68) of§ 33 

P = .L IOl.'>Pa·<Ol' I· (12) 
ex' 

At time t, each ket IOI.') will have changed to TI01.') and each bra. (Oi.'I 
to (0i.'IT, sop will have changed to 

Pt= _.L TI01.')Pcx•(0i.'IT. (13) 
ex' 

The probability of the 01.'s then having the values Ol.11 will be, from 

(73) of§ 33' (o:"IP1IOI.") = 2: (0i."ITI01.')Pcx•(0i.'ITl0i.") 
a' 

= _.L Pcx.P(01. 1cl') (14) 
ex' 

with the help of (11). This result expresses that the probability of 
the system being in the state 01.11 at time tis the sum of the probabilities 
of the system being initially in any state o:' =f=. 01.11

, and making a transi
tion from state 01. 1 to state 01.11 and the probability of its being initially 
in the state 01.11 and making no transition. Thus the various transition 
probabilities act independently of one another, according to the 
ordinary laws of probability. 

The whole problem of calculating transitions thus reduces to the 
determination of the probability amplitudes (0i."ITI01.'). These can be 
worked out from the differential equation for T, equation (6) of§ 27, or 

indT/dt =HT= (E+ V)T. 

The calculation can be simplified by working with 

T* = eiE(l-lo)fhT. 

We have 

where 

indT*/dt = eiE(t-lo)fh(-ET+indT/dt) 

= eiE(t-t.JfnVT = V*T*, 

V* = eiE(t-lo)/h Ve-iE(t-lo)/h' 

(15) 

(16) 

(17) 

(18) 

i.e. V* is the result of applying a certain unitary transformation to V. 
Equation ( 17) is of a more convenient form than (15), because ( l 7) 
makes the change in T* depend entirely on the perturbation V, and 
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for V = 0 it would make T* equal its initial value, namely unity. 
We have from (16) 

(cl' IT* la') = eiE"(t-t,)fli(a" IT la'), 

so that P(a'r:x") = l\rx"IT*la')l 2, (19) 

showing that T* and T are equally good for determining transition 
probabilities. 

Our work up to the present has been exact. \Ve now assume V is 
a small quantity of the first order and express 1'* in the form 

T* = I+Ti+Ti+ ... , (20) 

where Ti is of the first order, Ti is of the second, and so on. Substi
tuting (20) into (17) and equating terms of equal order, we get 

·ihdTi/dt = V*, 

ihdTifdt = r*Tf, 

From the first of these equations we obtain 
t 

Ti = -in-1 J V*(t') dt', 

'· from the second we obtain 
t t' 

Tt = -Ji-2 I V*(t') dt' I V*(t") dt", 
t, t, 

} (21) 

(22) 

(23) 

and so on. For many practical problems it is sufficiently accurate to 
retain only the term Ti, which gives for the transition probability 
P(r:x' r:x") with a" =/= r:x' 

P(r:x'a") = h-2 j<o:"i 1 V*(t') dt'lr:x')l2 
lo 

= !i-21 j <r:x" IV*(t') lrx') dtf. 
t, 

} (24) 

We obtain in this way the transition probability to the second order 
of accuracy. The result depends only on the matrix element 
(rx" IV*(t') lrx') of V*(t') referring to the two states concerned, with t' 
going from t0 tot. Since V* is real, like V, 

an<l hence 

(rx" JV*(t') la') = (rx' IV*(t') Jrx") 

P(a'r:x") = P(a"o:.') 

to the second order of accuracy. 

(25) 
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Sometimes one is interested in a transition ex'--+ rx" such that the 
matrix element (ex" [V* lex') vanishes, or is small compared with other 
matrix elements of V*. It is then necessary to work to a higher 
accuracy. If we retain only the terms 1'i and Ti, we get, for ex" =j=. ex', 

P(ex'ex") = n:-2 j f (ex"IV*(t')lex') dt'-
to 

-ik-1CJ."'i'~',CI.' f (ex" !V*(t') lex"') dt' l (ex"' [V*(t") Jex') dt'f. (26) 
to to 

The terms ex"' = ex' and ex"' = ex" are omitted from the sum since they 
are small compared with other terms of the sum, on account of the 
smallness of (ex" !V* lex'). To interpret the result (26), we may suppose 
that the term t 

J (ex"!V*(t')lex') dt' (27) 
lo 

gives rise to a transition directly from state ex' to state ex", while the 
term t t' 

-ili-1 J (ex"!V*(t')lex"') dt' J (ex'"!V*(t")Jex') dt" (28) 
to to 

gives rise to a transition from state ex' to state ex"', followed by a 
transition from state ex'" to state ex". The state ex"' is called an inter
mediate state in this interpretation. We must add the term (27) to the 
various terms (28) corresponding to different intermediate states 
and then take the square of the modulus of the sum, which means 
that there is interference between the different transition processes
the direct one and those involving intermediate states-and one can
not give a meaning to the probability for one of these processes by 
itself. For each of these processes, however, there is a probability 
amplitude. If one carries out the perturbation method to a higher 
degree of accuracy, one obtains a result which can be interpreted 
similarly, with the help of more complicated transition processes 
involving a succession of intermediate states. 

45. Application to radiation 
In the preceding section a general theory of the perturbation of an 

atomic system was developed, in which the perturbing energy could 
vary >Vith the time in an arbitrary way. A perturbation of this 
kind can be realized in practice by allowing incident electromagnetic 
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radiation to fall on the system. Let us see what our result (24) reduces 
to in this case. 

If we neglect the effects of the magnetic field of the incident radia
tion, and if we further assume that the wave-lengths of the harmonic 
components of this radiation are all large compared with the dimen
sions of the atomic system, then the perturbing energy is simply the 
scalar product V = (D, &'), (29) 

where D is the total electric displacement of the system and § is 
the electric force of the incident radiation. We suppose § to be a 
given function of the time. If we take for simplicity the case when 
the incident radiation is plane polarized with its electric vector in 
a certain direction and let D denote the Cartesian component of D 
in this direction, the expression (29) for V reduces to the ordinary 
product V=De, 

where e is the magnitude of the vector§. The matrix elements of 
V are (a"!V!a') = (a"ID\a')e, 

since e is a number. The matrix element (a"\Dla') is independent 
oft. From (18) 

(a" I V*(t) \a') = (a"\D \a')ei(E"-E')(t-t,)fhe(t), 

and hence the expression (24) for the transition probability becomes 

P(a'r:t.'') = fl,-2!(a"ID!a')l 2 1 J ei<E"-E')(t'-t,)/he(t') dtf. (30) 
to 

If the incident radiation during the time interval t0 to t is resolved 
into its Fourier components, the energy crossing unit area per unit 
frequency range about the frequency v will be, according to classical 
electrodynamics, t 

Ev= 2:1 f e2rriv(t'-t,le(t') dtf. (31) 

lo 

Comparing this with (30), we obtain 

P(a'a") = 27Tc-1h-2!(a"ID\a')j2Ev, 

where v = \E"-E'\/h. 

(32) 

(33) 

From this result we see in the first place that the transition proba
bility depends only on that Fourier component of the incident radia
tion whose frequency vis connected with the change of energy by (33 ). 
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This gives us Bohr's Frequency Condition and shows how the ideas 
of Bohr's atomic theory, which was the forerunner of quantum 
mechanics, can be fitted in with quantum mechanics. 

The present elementary theory does not tell us anything about the 
energy of the field of radiation. It would be reasonable to assume, 
though, that the energy absorbed or liberated by the atomic system 
in the transition process comes from or goes into the component of 
the radiation with frequency v given by (33). This assumption will 
be justified by the more complete theory of radiation given in 
Chapter X. The result (32) is then to be interpreted as the proba
bility of the system, if initially in the state of lower energy, absorb
ing radiation and being carried to the upper state, and if initially in 
the upper state, being stimulated by the incident radiation to emit 
and fall to the lower state. The present theory does not account for 
the experimental fact that the system, if in the upper state with no 
incident radiation, can emit spontaneously and fall to the lower state, 
but this also will be accounted for by the more complete theory of 
Chapter X. 

The existence of the phenomenon of stimulated emission was in
ferred by Einstein, t long before the discovery of quantum mechanics, 
from a consideration of statistical equilibrium between atoms and a 
field of black-body radiation satisfying Planck's law. Einstein showed 
that the transition probability for stimulated emission must equal 
that for absorption between the same pair of states, in agreement 
with the present quantum theory, and deduced also a relation con
necting this transition probability with that for spontaneous emission, 
which relation is in agreement with the theory of Chapter X. 

The matrix element (ex" ID la:') in (32) plays the part of the ampli
tude of one of the Fourier components of D in the classical theory of 
a multiply-periodic system interacting with radiation. In fact it was 
the idea ofreplacing classical Fourier components by matrix elements 
which led Heisenberg to the discovery of quantum mechanics in 1925. 
Heisenberg assumed that the formulas describing the interaction with 
radiation of a system in the quantum theory can be obtained from 
the classical formulas by substituting for the Fourier components of 
the total electric displacement of the system the corresponding matrix 
elements. According to this assumption applied to spontaneous emis
sion, a system having an electric moment D will, when in the state 

t Ein,stein, Phys. Zeits. 18 (1917), 121. 
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a', spontaneously emit radiation of frequency v = ( E' -E")/h, where 
E" is an energy-level, less than E', of some state a", at the rate 

(34) 

The distribution of this radiation over the different directions of 
emission and its state of polarization for each direction will be the 
same as that for a classical electric dipole of moment equal tci the 
real part of (a" ID la'). To interpret this rate of emission of radiant 
energy as a transition probability, we must divide it by the quantum 
of energy of this frequency, namely hv, and call it the probability per 
unit time of this quantum being spontaneously emitted, with the 
atomic system simultaneously dropping to the state a" of lower 
energy. These assumptions of Heisenberg are justified by the present 
radiation theory, supplemented by the spontaneous transition theory 
of Chapter X. 

46. Transitions caused by a perturbation independent of the 
time 

The perturbation method of§ 44 is still valid when the perturbing 
energy V does not involve the time t explicitly. Since the total 
Hamiltonian H in this case does not involve t explicitly, we could 
now, if desired, deal with the system by the perturbation method of 
§ 43 and find its stationary states. Whether this method would be 
convenient or not would depend on what we want to find out about 
the system. If what we have to calculate makes an explicit reference 
to the time, e.g. if we have to calculate the probability of the system 
being in a certain state at one time when we are given that it is in a 
certain state at another time, the method of§ 44 would be the more 
convenient one. 

Let us see what the result (24) for the transition probab; lity becomes 
when V does not involve t explicitly and let us take t0 = 0 to simplify 
the ·writing. The matrix element (ex" IV lex') is now independent oft, 

and from (18) (ex"\V*(t')lex') = (ex"IV\ex')ei(E"-E')t'/h, (35) 

so 
t i(E"-E')t/h l 

J <ex"IV (t')\ex') dt' = < "IVI ')e -ex ex i(E" -E')/li' 
0 

provided E" =j::. E'. Thus the transit~on probability (24) becomes 
P(ex' ex") = I( ex" IV lex') \2[ ei(E"-E')t/h_ l ][e-i(E"-E')l/h_ I ]/(E" -E')2 

= 2\(a" !Viex')\ 2[1-cos{(E" -E')t/n}]/(E" -E1
) 2 . (36) 
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If E" differs appreciably from E' this transition probability is small 
and remains so for all values oft. This result is required by the law 
of the conservation of energy. The total energy His constant and 
hence the proper-energy E (i.e. the energy with neglect of the part 
V due to the perturbation), being approximately equal to H, must 
be approximately constant. This means that if E initially bas the 
numerical value E', at any later time there must be only a small 
probability of its having a numerical value differing considerably 
from E'. 

On the other hand, when the initial state a' is such that there exists 
another state a" having the same or very nearly the same proper
energy E, the probability of a transition to the final state a" may be 
quite large. The case of physical interest now is that in which there 
is a continuous range of final states a" having a continuous range of 
proper-energy levels E" passing through the value E' of the proper
energy of the initial state. The initial state must not be one of the 
continuous range of final states, but may be either a separate discrete 
state or one of another continuous range of states. We shall now have, 
remembering the rules of§ 18 for the interpretation of probability 
amplitudes with continuous ranges of states, that, with P(a'a") 
having the value (36), the probability of a transition to a final state 
within the small range CJ.11 to CJ.11 +dCJ.11 will be P(CJ.1 a") dCJ." if the initial 
state CJ.1 is discrete and will be proportional to this quantity if CJ.1 is 
one of a continuous range. 

We may suppose that the CJ.'s describing the final state consist of 
E together with a number of other dynamical variables fJ, so that we 
have a representation like that of§ 43 for the degenerate case. (The 
{J's, however, need have no meaning for the initial state a'.) We shall 
suppose for definiteness that the {3's have only discrete eigenvalues. 
The total probability of a transition to a final state CJ.11 for which the 
f3's have the values /3" and E has any value (there will be a strong 
probability of its having a value near the initial value E') will now 
be (or be proportional to) 

f P(CJ.'ci') dE" 

"' 
= 2 f l<E"f311 /V/CJ.1 )12[I-cos{(E"-E')t/Ji}]/(E"-E')2 dE" (37) 

-CXl 
co 

= 2t/i.-1 J l<E'+hx/t,{3"/V/CJ.')/ 2[I-cosx]/x2 dx 
-co 
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if one makes the substitution (E" -E')t/li = x. For large values oft 

this reduces to 
00 

2tli-1 1(E',8"JVla'>l2 J [l-cosx]/x2 dx 
-ro 

= 27Ttn-11(E',B"JVla')l2• (38) 

Thus the total probability up to time t of a trarnition to a final state 
for which the f3's have the values /3" is proportional to t. There is 
therefore a definite probability coefficient, or probability per unit time, 
for the transition process under consideration, having the value 

(39) 

It is proportional to the square of the modulus of the matrix element, 
associated with this transition, of the perturbing energy. 

If the matrix element (E',B"JVla') is small compared with other 
matrix elements of V, we must work with the more accurate formula 
(26). We have from (35) 

t t' 

J (a"JV*(t')la"') dt' J (a111 \V*(t")la') dt" 
0 0 

t t• 

= (a"JVla'")(a'"JVja') J ei(E"-E'")t'/h dt' J ei(E"'-E/t"/h dt" 
0 0 

t 

= (a11 \V/a111 )(a"'JVla') f { i(E"-E')l'/h_ i(E'-E"')t'/h} dt' 
i(E"' -E')/h e e · 

0 

For E" close to E', only the first term in the integrand here gives rise 
to a transition probability of physical importance and the second 
term may be discarded. Using this result in (26) we get 

P(a'a") 

= 21< "IVI ')- "" (a"/V/a111 )(a"'[Y/a')l 2 l-cos{(E"-E')t/h} 
a a L_, E"'-E' (E"-E')2 ' 

Ci.'"':f:cx'.cx" 

which replaces (36). Proceeding as before, we obtain for the transi
tion probability per unit time to a final state for which the {:J's have 
the values ,8" and E has a value close to its initial value E' 

2;1(E',B"JVla')- ,,,,,f;.,,,.(E~~1!~_i~;">~;"/Vla212· (40) 

This formula shows how intermediate states, differing from the initial 
state and final state, play a role in the determination of a probability 
coefficient. 
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In order that the approximations used in deri vin'.g ( 3 9) and ( 40) may 
be valid, the time t must be not too small and not too large. It must 
be large compared with the periods of the atomic system in order that 
the approximate evaluation of the integral (37) leading to the result 
(38) may be valid, while it must not be excessively large or else the 
general formula (24) or (26) will break down. In fact one could make 
the probability (38) greater than unity by taking t large enough. The 
upper limit to tis fixed by the condition that the probability (24) or 
(26), or t times (39) or ( 40), must be small compared with unity. There 
is no difficulty in t satisfying both these conditions simultaneously 
provided the perturbing energy Vis sufficiently small. 

47. The anomalous Zeeman effect 
One of the simplest examples of the perturbation method of§ 43 

is the calculation of t1' 0 first-order change in the energy-levels of an 
atom caused by a uniform magnetic field. The problem of a hydrogen 
atom in a uniform magnetic field has already been dealt with in § 41 
and was so simple that _perturbation theory was unnecessary. The 
case of a general atom is not much more complicated when we make 
a few approximations such that we can set up a simple model for the 
atom. 

We first of all consider the atom in the absence of the magnetic 
field and look for constants of the motion or quantities that are 
approximately constants of the motion. The total angular momen
tum of the atom, the vector j say, is certainly a constant of the 
motion. This angular momentum may be regarded as the sum of two 
parts, the total orbital angular momentum of all the electrons, 1 say, 
and the total spin angular momentum, s say. Thus we have j = l+s. 
Now the effect of the spin magnetic moments on the motion of the 
electrons is small compared with the effect of the Coulomb forces and 
may be neglected as a first approximation. With this approximation 
the spin angular momentum of each electron is a constant of the 
motion, there being no forces tending to change its orientation. Thus 
s, and hence also 1, will be constants of the motion. The magnitudes, 
l, s, andj say, of 1, s, and j will be given by 

8595 • .>7 

z+tli = (t;+z~+z:+tn2)+, 

s+tn = (s;+s~+s;+tn2)!, 

j+}li = (j;+j~+j:+i!i2)~, 
N 
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corresponding to equation (39) of § 36. They commute with each 
other, and from (47) of§ 36 we see that with given numerical values 
for l and s the possible numerical values for j are 

l+s, l+s-n, ... , ll-sl. 
Let us consider a stationary state for which l, s, andj have definite 

numerical values in agreement ·with the above scheme. The energy 
of this state will depend on l, but one might think that with neglect 
of the spin magnetic moments it would be independent of s, and 
also of the direction of the vectors relative to 1, and thus ofj. It will 
be found in Chapter IX, however, that the energy depends very much 
on the magnitude s of the vector s, although independent of its 
direction when one neglects the spin magnetic moments, on account 
of certain phenomena arising from the fact that the electrons are 
indistinguishable one from another. There are thus different energy
levels of the system for each different value of l and s. This means 
that l and s are functions of the energy, according to the general 
definition of a function given in§ 11, since the lands of a stationary 
state are fixed when the energy of that state is fixed. 

We can now take into account the effect of the spin magnetic 
moments, treating it as a small perturbation according to the method 
of§ 43. The energy of the unperturbed system will still be approxi
mately a constant of the motion and hence l and s, being functions 
of this energy, will still be approximately constants of the motion. 
The directions of the vectors 1 ands, however, not being functions of 
the unperturbed energy, need not now be approximately constants 
of the motion and may undergo large secular variations. Since the 
vector j is constant, the only possible variation of 1 and s is a pre
cession about the vector j. Vile thus have an approximate model of 
the atom consisting of the two vectors l and s of constant lengths 
precessing about their sum j, which is a fixed vector. The energy is 
determined mainly by the magnitudes of l and s and depends only 
slightly on thei~ relative directions, specified by j. Thus states with 
the same l and s and different j will have only slightly different 
energy-levels, forming what is called a multiplet term. 

Let us now take this atomic model as our unperturbed system and 
suppose it to be subjected to a uniform magnetic field of magnitude .JI
in the direction of the z-axis. The extra energy due to this magnetic 
field will consist of a term 

( 41) 
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like the last term in equation (89) of § 41, contributed by each 
electron, and will thus be altogether 

eJf/2mc. I (mz+naz) = eJf/2mc.(lz+2sz) = eJf/2mc.(jz+sz)· (42) 

This is our perturbing energy V. We shall now use the method of 
§ 43 to determine the changes in the energy-levels caused by this V. 
The method will be legitimate only provided the field is so weak that 
Vis small compared with the energy differences within a multiplet. 

Our unperturbed system is degenerate, on account of the direction 
of the vector j being undetermined. "\Ve must therefore take, from 
the representative of V in a Heisenberg representation for the un
perturbed system, those matrix elements that refer to one particular 
energy-level for their row and column, and obtain the eigenvalues of 
the matrix thus formed. We can do this best by first splitting up V 
into two parts, one of which is a constant of the unperturbed motion, 
so that its representative contains only matrix elements referring to 
the same unperturbed energy-level for their row and column, while 
the representative of the other contains only matrix elements refer
ring to two different unperturbed energy-levels for their row and 
column, so that this second part does not affect the first-order per
turbation. The term involving j,, in (42) is a constant of the un
perturbed motion and thus belongs entirely to the first part. For the 
term involving Bz we have 

s,,U;+j~+j:) = jz(sxjx+svju+szj,,)+(szjx-j,,s.,)jx+(s,,jy-jzsy)jy 
or 

sz = j(j~n) ![j(j+n)-l(l+n)+s(s+li)]-[ruix-rxju]j(j~li), (43) 

where 
} (44) 

Yu= jzsx-Bzjx. = lzsx-szlx = lzsx-lxsz. 

The first term in this expression for Bz is a constant of the unperturbed 
motion /and thus belongs entirely to the first part, while the second 
term, as we shall now see, belongs entirely to the second part. 

Corresponding to (44) we can introduce 

Yz = lxsy-lysx. 
It can now easily-be verified that 

ixYx+jvrv+jzYz = 0 
and from (30) of§ 35 

[jz,Yz] = Q. 
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These relations connecting j,,, jv, jz and y,,, Yv' Yz are of the same form 
as the relations connecting m,,, mv, m,, and x, y, z in the calculation 
in§ 40 of the selection rule for the matrix elements of z in a repre
sentation with k diagonal. From the result there obtained that all 
matrix elements of z vanish except those referring to two k values 
differing by ±n, we can infer that all matrix elements of y,,, and 
similarly of y,, and Yv' in a representation with j diagonal, vanish 
except those referring to two j values differing by ±n. The coeffi
cients of Yx and Yv in the second term on the right-hand side of (43) 
commute with j, so the representative of the whole of this term will 
contain only matrix elements referring to two j values differing by 
±n, and thus referring to two different energy-levels of the unper
turbed system. 

Hence the perturbing energy V becomes, when we neglect that 
part of it whose representative consists of matrix elements referring 
to two different unperturbed energy-levels, 

eJ:I . {1+j(j+n)-l(l+n)+s(s+n)} (45) 
. 2mcJ" 2j(j+n) · 

The eigenvalues of this give the first-order changes in the energy
levels. We can make the representative of this expression diagonal 
by choosing our representation such that Jz is diagonal, and it then 
gives us directly the first-order changes in the energy-levels caused by 
the magnetic field. This expression is known as Lande's formula. 

The result ( 45) holds only provided the perturbing energy Vis small 
com.pared with the energy differences within a multiplet. For larger 
values of V a more complicated theory is required. For very strong 
fields, however, for which Vis large compared with the energy differ
ences within a multiplet, the theory is again very simple. We may 
now negle~t altogether the energy of the spin magnetic moments for 
the atom with no external field, so that for our unperturbed system 
the vectors l and s themselves are constants of the motion, and not 
merely their magnitudes lands. Our perturbing energy V, which is 
still eJ:I /2mc. (Jz+s,,), is now a constant of the motion for the unper
turbed system, so that its eigenvalues give directly the changes in the 
energy-levels. These eigenvalues are integral or half-odd integral 
multiples of eJ:ln/2mc according to whether the number of electrons 
in the atom is even or odd. 



VIII 

COLLISION PROBLEMS 

48. General remarks 
IN this chapter we shall investigate problems connected with a par
ticle which, coming from infinity, encounters or 'collides with' some 
atomic system and, after being scattered through a certain angle, goes 
off to infinity again. The atomic system which does the scattering 
we shall call, for brevity, the scatterer. We thus have a dynamical 
system composed of an incident particle and a scatterer interacting 
with each other, which we must deal with according to the laws of 
quantum mechanics, and for which we must, in particular, calculate 
the probability of scattering through any given angle. The scatterer 
is usually assumed to be of infinite mass and to be at rest throughout 
th~ scattering process. The problem was first solved by Born by a 
method substantially equivalent to that of the next section. We must 
take into account the possibility that the scatterer, considered as a 
system by itself, may have a number of different stationary states 
and that if it is initially in one of these states when the particle arrives 
from i~finity, it may be left in a different one when the particle goes 
off to inflnity again. The colliding particle may thus induce transi-
tions in the scatterer. · 

The Hamiltonian for the whole system of scatterer plus particle 
will not involve the time explicitly, so that this whole system will 
have stationary states represented by periodic solutions of Schro
dinger's wave equation. The meaning of these stationary states 
requires a little care to be properly understood. It is evident that 
for any state of motion of the system the particle will spend nearly all 
its time at infinity, so that the time average of the probability of the 
particle being in any finite volume will be zero. Now for a stationary 
state the probability of the particle being in a given finite volume, 
like any other result of observation, must be fodependent of the time, 
and hence this probability will equal its time average, which we have 
seen is zero. Thus only the relative probabilities of the particle being 
in different finite volumes will be physically significant, their absolute 
values being all zero. The total energy of the system has a continuous 
range of eigenvalues, since the initial energy of the particle can be 
anything. Thus a ket, js) say, corresponding to a stationary state, 
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being an eigenket of the total energy, must be of infinite length. We 
can see a physical reason for this, since if Is) were normalized and if 
Q denotes that observable-a certain function of the position of 
the particle-that is equal to unity if the particle is in a given finite 
volume and zero otherwise, then <slQls) would be zero, meaning that 
the average value of CJ, i.e. the probability of the particle being in the 
given volume, is zero. Such a ket Is) would not be a convenient one 
to work with. However, with Is) of infinite length, (slQls> can be 
finite and would then give the relative probability of the particle 
being in the given volume. 

In picturing a state of a system corresponding to a ket Ix) which 
is not normalized, but for which (xix) = n say, it may be convenient 
to suppose that we have n similar systems all occupying the same 
space but with no interaction between them, so that each one follows 
out its own motion independently of the others, as we had in the 
theory of the Gibbs ensemble in§ 33. We can then interpret (xlcxlx), 
where cx is any observable, directly as the total ex for all then systems. 
In applying these ideas to the above-mentioned Is) of infinite length, 
corresponding to a stationary state of the system of scatterer plus 
colliding particle, we should picture an infinite number of such sys
tems with the scatterers all located at the same point and the particles 
distributed continuously throughout space. The number of particles 
in a given finite volume would be pictured as (slQls), Q being the 
observable defined above, which has the value unity when the particle 
is in the given volume and zero otherwise. If the ket is represented 
by a Schrodinger wave function involving the Cartesian coordinates 
of the particle, then the square of the modulus of the wave function 
could be interpreted directly as the density of particles in the picture. 
One must remember, however, that each of these particles has its own 
individual scatterer. Different particles may belong to scatterers in 
different states. There will thus be one particle density for each state 
of the scatterer, namely the density of those particles belonging to 
scatterers in that state. This is taken account of by the wave function 
involving variables describing the state of the scatterer in addition 
to those describing the position of the particle. 

For determining scattering coefficients we have to investigate 
stationary states of the whole system of scatterer plus particle. For 
instance, if we want to determine the probability of scattering in 
various directions when the scatterer is initially in a given stationary 
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state and the incident particle has initially a given velocity in a given 
direction, we must investigate that stationary state of the whole 
system whose picture, according to the above method, contains at 
great distances from the point of location of the scatterers only 
particles moving with the given initial velocity and direction and 
belonging each to a scatterer in the given initial stationary state, 
together with particles moving outward from the point of location 
of the scatterers and belonging possibly to scatterers in various 
stationary states. This picture corresponds closely to the actual state 
of affairs in an experimental determination of scattering coefficients, 
with the difference that the picture really describes only one actual 
system of scatterer plus particle. The distribution of outward moving 
particles at infinity in the picture gives us immediately all the infor
mation about scattering coefficients that could be obtained by experi
ment. For practical calculations about the stationary state described 
by this picture one may use a perturbation method somewhat like 
that of § 43, taking as unperturbed system, for example, that for 
which there is no interaction between the scatterer and particle. 

In dealing with collision problems, a further possibility to be taken 
into consideration is that the scatterer may perhaps be capable of 
absorbing and re-emitting the particle. This possibility arises when 
there exists one or more states of abwrption of the whole system, a 
state of absorption being an approximately stationary state which 
is closed in the sense mentioned at the end of § 38 (i.e. for which 
the probability of the particle being at a greater distance than r from 
the scatterer tends to zero as r-+ oo ). Since a state of absorption is 
only approximately stationary, its property of being closed will be 
only a transient one, and after a sufficient lapse of time there will be 
a finite probability of the particle being on its way to infinity. 
Physically this means there is a finite probability of spontaneous 
emission of the particle. The fact that we had to use the word 
'approximately' in stating the conditions required for the phenomena 
of emission and absorption to be able to occur shows that these condi
tions are not expressible in exact mathematical language. One can give 
a meaning to these·phenomena only with reference to a perturbation 
method. They occur when the unperturbed system (of scatterer plus 
particle) has stationary states that are closed. The introduction of the 
perturbation spoils the stationary property of these states and gives 
rise to spontaneous emission and its converse absorption. 
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For calculating absorption and emission probabilities it is necessary 
to deal with non-stationary states of the system, in contradistinction 
to the case for scattering coefficients, so that the perturbation method 
of§ 44 must be used. Thus for calculating an emission coefficient 
we must consider the non-stationary states of absorption described 
above. Again, since an absorption is always followed by a re-emission, 
it cannot be distinguished from a scattering in any experiment in
volving a steady state of affairs, corresponding to a stationary state 
of the system. The distinction can be made only by reference to a 
non-steady state of affairs, e.g. by use of a stream of incident particles 
that has a sharp beginning, so that the scattered particles will appear 
immediately after the incident particles meet the scatterers, while 
those that have been absorbed and re-emitted will begin to appear 
only some time later. This stream of particles would be the picture 
of a certain ket of infinite length, which could be used for calculating 
the absorption coefficient. 

49. The scattering coefficient 
We shall now consider the calculation of scattering coefficients, 

taking first the case when there is no absorption and emission, which 
means that our unperturbed system has no closed stationary states. 
We may conveniently take this unperturbed system to be that for 
which there is no interaction between the scatterer and particle. Its 
Hamiltonian will thus be of the form 

(1) 

where H8 is that for the scatterer alone and W that for the particle 
alone, namely, with neglect of relativistic mechanics, 

W = l/2m. (pi+P~+p~). (2) 

The perturbing energy V, assumed small, will now be a function of 
the Cartesian coordinates of the particle x, y, z, and also, perhaps, 
of its momenta p.,, p 11 , Pz• together with dynamical variables describ
ing the scatterer. 

Since we are now interested only in stationary states of the whole 
system, we use a perturbation method like that of§ 43. Our unper
turbed system now" necessarily has a continuous range of energy
levels, since it contains a free particle, and this gives rise to certain 
modifications in the perturbation method. The question of the change 
in the energy-levels caused by the perturbation, which was the main 
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question of§ 43, no longer has a meaning, and the convention in§ 43 
of using the same number of primes to denote nearly equal eigen
values of E and H now drops out. Again, the splitting of energy
levels which we had in§ 43 when the unperturbed system is degenerate 
cannot now arise, since if the unperturbed system is degenerate the 
perturbed one, which must also have a continuous range of energy
levels, will also be degenerate to exactly the same extent. 

We again use the general scheme of equations developed at the 
beginning of§ 43, equations (1) to (4) there, but we now take our 
unperturbed stationary state forming the zero-order approximation 
to belong to an energy-level E' just equal to the energy-level H' of 
our perturbed stationary state. Thus the a's introduced in the second 
of equations (3) § 43 are now all zero and the second of equations 
(4) there now reads (E'-E)il) = VIO). 

Similarly, the third of equations (4) § 43 now reads 

(E'-E)i2) =Vil). 

(3) 

(4) 

We shall proceed to solve equation (3) and to obtain the scattering 
coefficient to the first order. We shall need equation (4) in§ 51. 

Let a denote a complete set of commuting observables describing 
the scatterer, which are constants of the motion when the scatterer is 
alone and may thus be used for labelling the stationary states of the 
scatterer. This requires that H8 shall commute with the a's and be 
a function of them. \Ve can now take a representation of the whole 
system in which the a's and x, y, z, the coordinates of the particle, 
are diagonal. This will make Hs diagonal. Let IO) be represented by 
<xa'IO) and 11) by (xa'll), the single variable x being written to 
denote x, y, z and the prime being omitted from x for brevity. Also 
the single differential d3x will be written to denote theproductdxdydz. 
Equation (3), written in terms of representatives, becomes, with the 
help of ( l) and (2), 

{E'-H8(a')+n 2/2m. \7 2}<xa'll) = ~ J <xa'!Vlx"a")d3x"<x"u:"IO). 

(5) 

Suppose that the incident particle has the momentum p 0 and that 
the initial stationary state of the scatterer is 0::0• The stationary state 
of our unperturbed system is now the one for which p = p 0 and 
a = a0, and hence its representative is 

(6) 
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This makes equation (5) reduce to 

{E'-Hs(o:')+n2/2m. \72}(xcx'll) = J (xcx'IVlx0a 0)d3x0 ei<P',x"J/h 

or (k2+V2)(xcx'll) = F, (7) 

where 

and 

k2 = 2mh-2{E' -H8 (a')} 

F = 2mh-2 J (xcx'IV!x0ex0)d3x0 ei(p',x"J/ri, 

(8) 

(9) 

a definite function of x, y, z, and ex'. We must also have 

E' = H8(cx0)+p02/2m. (10) 

Our problem now is to obtain a solution (xex' I l) of (7) which, for 
values of x, y, z denoting points far from the scatterer, represents 
only outward moving particles. The square of its modulus, l(xcx' I 1)1 2 , 

will then give the density of scattered particles belonging to scatterers 
in the state ex' when the density of the incident particles is j(xcx0 !0)j2, 

which is unity. If we transform to polar coordinates r, e, cf, equation 
(7) becomes 

{k2 a2 2 a 1 a . e a i a2 } e, , , 1) F ( ) +-+--+-.-- -sm -+--. - -- (r cvex I = . 11 or2 r or r2 Slll 8 08 08 r2 Sill 28 ocp2 ' 

Now F must tend to zero as r--+ oo, on account of the physical re
quirement that the interaction energy between the scatterer and 
particle must tend to zero as the distance between them tends to 
infinity. Ifwe neglect Fin (11) altogether, an approximate solution 

for large r is (rBcpcx' I l) = u(Bcpex')r-leikr, (12) 

where u is an arbitrary function of e, cp, and ex', since this expression 
substituted in the left-hand side of (11) gives a result of order r-3 • 

When we do not neglect F, the solution of (11) will still be of the 
form (12) for larger, provided F tends to zero sufficiently rapidly as 
r--+ oo, but the function u will now be definite and determined by the 
solution for smaller values of r. 

For values ex' of the cx's such that k2, defined by (8), is positive, the 
kin (12) must be chosen to be the positive square root of k2, in order 
that (12) may represent only outward moving particles, i.e. particles 
for which the radial component of momentum, which from § 38 
equals Pr-ihr-1 or -in(o/or+r-1), has a positive value. We now 
have that the density of scattered particles belonging to scatterers in 
state ex', equal to the square of the modulus of (12), falls off with 
increasing r according to the inverse square law, as is physically 
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necessary, and their angular distribution is given by l'u(Befm:')l2. 
:Further, the magnitude, P' say, of the momentum of these scattered 
particles must equal kli, the momentum 'peing radial for large r, 
so that their energy is equal to 

p 12 k2n2 02 
_ - _i - E'-H( ') = H( 0)-H( ')+£__ 2m-2m- sex sex sex 2m' 

with the help of (8) and (10). This is just the energy of an incident 
particle, namely p 02/2m, reduced by the increase in energy of the 
scatterer, namely Hs(ex')-Hs(ex0 ): in agreement with the law of con
servation of energy. For values ex' of the ex's such that lc2 is negative 
there are no scattered particles, the total initial energy being insuffi
cient for the scatterer to be left in the state ex'. 

We must now evaluate u(B¢ex') for a set of values ex' for the ex's such 
that lc2 is positive, and obtain the angular distribution of the scattered 
particles belonging to scatterers in state ex'. It is sufficient to evaluate 
u for the direction e = 0 of the pole of the polar coordinates, since 
this direction is arbitrary. We make use of Green's theorem, which 
sbtes that for anv two functions of position A and B the volume 
integral J (A \7 2 B :_____ B\72 A) d3x taken over any volume equals the 

wrfacc iutegral J (AolJ/on-BoA/on) dH taken over the boundary 
of the volume, 8/on denoting differentiation along the normal to 
the surface. We take 

A = e-ikrcos 1, B = <rB¢ex'f 1) 

and apply the theorem to a large sphere with the origin as centre. 
The volume integrand is thus 

e-ikrcos e v2<rB¢ex' [ 1 )-<r8¢ex' I l) v2e-ikrcos e 
= e-ikrcos B(V2+k2)<rB¢a' 11 > = e-ikrcosO F 

from (7) or (11), while the surface integrand is, with the help of (12), 

e-ikrcoslJ !_ <rB<fex' f 1)-<rB¢ex' fl)!_ e-ikrcosO 
or or 

= e-i rcos u --+- e' '+i-e' r cos e-i rcos "k e ( 1 ,ik) 'k • u 'k k e "k IJ 
r 2 r r 

= ilcnr-1( 1 :+-cos B)eikr(I-cos &J 

with neglect of r-2 , Hence we get 
~'lT '1T J e-ikrco"8Fd3x= J d<f J r 2 sin8d8.ilcur-1 (1+cos8)eikt(l-cosO). 
0 0 
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the volume integral on the left being taken over the whole of space. 
The right-hand side becomes, on being integrated by parts with 

respect to B, 
b ~ J dcp {[u(l+cosB)eikrC1-cos8lJ~:~ _ J eikr{1-cos8) :e[u(l+cosB}] de}. 

0 0 

The second term in the {} brackets is of the order of magnitude of 
r-1, as would be revealed by further partial integrations, and may 
therefore be neglected. We are thus left with 

2'1T 

J e-ikrcosBF d3x = -2Jdcp11(0cpc/) = -4nit(Ocpcx'), 
u 

giving the value of u(Bcpcx') for the direction e = 0. 
Thi,; result. may be written 

u(Ocpcx') = -(417 )-1 J e-iP'rcosBfllF d3x, ( 13) 

since P' = kli. If the vector p' denotes the momentum of the scattered 
electrons coming off in a certain direction (and is thus of magnitude 
P'}, the value of u for this direction will be 

n(B'cp'cx') = -(477)-1 J e-i(p',x)/liF d3x, 

as follows from (13} if one takes this direction to be the pole of the 
polar coordinates. This becomes, with the help of (9), 

u((J'cp'cx') = -(217)-lmJi-2 JJ e-i(p',x)/Ti d3.-i; (xcx'jVjxocxo) d3:r;Oei(p0 ,x0)/h 

= -2nmh\p'cx'jVjp0cx0), (14) 

when one makes a transformation from the coordinates x to the 
momenta p of tho particle, using the transformation function (54) 
of § 23. The single letter p is here used as a label for the three 
components of momentum. 

The density of scattered particles belonging to scatterers in state 
a' is now given by iu(B'cp'cx')l 2/r 2 • Since their velocity is P'/m, the 
rate at which these particles appear per unit solid angle about the 
direction of the vector p' will be P'/m. ju(B'cp'cx')l 2• The density of 
the incident particles is, as we have seen, unity, so that the number 
of incident particles crossing unit area per unit time is equal to their 
velocity P 0/m, where po is the magnitude of p 0• Hence the effective 
area that must be hit by an incident particle in order to be scattered 
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in a unit solid angle about the direction p' and then belong to a 
scatterer in state et.' will be 

This is the scattering coefficient for transitions et.0 ~et.' of the scatterer. 
It depends on that matrix element (p'et.'jV[p0et.0) of the perturbing 
energy V whose column p 0et.0 and ·whose row p' et.' refer respectively to 
the initial and final states of the unperturbed system, between which 
the rscattering transition process takes place. The result (15) is thus 
in some ways analogous to the result (24) of § 44, although the 
numerical coefficients are different in the two cases, corresponding 
to the different natures of the two transition processes. 

50. Solution with the momentum representation 
The result (15) for the scattering coefficient makes a reference only 

to that representation in which the momentum p is diagonal. One 
would thus expect to be able to get a more direct proof of the result 
by working all the time in the p-representation, instead of working 
in the x-representati0n and transforming at the end to the p-repre
sentation, as was done in § 49. This would not at first sight appear 
to be a great improvement, as the lack of directness of the x-repre
sentation method is offset by more direct applicability, it being 
possible to picture the square of the modulus of the x-representative 
of a state as the density of a stream of particles in process of being 
scattered. The x-representation method has, however, other more 
serious disadvantages. One of the main applications of the theory 
of collisions is to the case of photons as incident particles. Now a 
photon is not a simple particle but has a polarization. It is evident 
from classical electromagnetic theory that a photon with a definite 
momentum, i.e. one moving in a definite direction with a definite 
frequency, may have a definite state of polarization (linear, circular, 
etc.), while a photon with a definite position, which is to be pictured 
as an electromagnetic disturbance confined to a very small volume, 
cannot have any definite polarization. These facts mean that the 
polarization observable of a photon commutes with its momentum 
but not with its position. This results in the p-representation method 
being immediately applicable to the case of photons, it being only 
necessary to introduce the polarizing variable into the representatives 
and treat it along with the et.'s describing the scatterer, while the 
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x-representation method is not applicable. Further, in dealing with 
photons, it is necessary to take relativistic mechanics into account. 
This can easily be done in the p-representation method, but not so 
easily in the x-representation method. 

Equation (3) still holds with relativistic mechanics, but W is now 

given by lV2/c2 = mzc2+p2 = m2c2+p;,+pfi+p; (JG) 

instead of by (2). Written in terms of p-representatives, equation (3) 

gives {E'-H8 (cx')-TV}(pcx.'il) = (pcx.'jVIO), 

p being written instead of p' for brevity and W being understood as 
a definite function of Px, py, Pz given by (16). This may be \Yritten 

where 

(TV'- W)(pcx.'il) = (pcx.'jVIO), 

W' = E'-H8(a') 

(17) 

( 18) 

and is the energy required by the law of conservation of energy for 
a scattered particle belonging to a scatterer in state ex'. The ket IO) 
is represented by (6) in the x-representation and the basic ket ip0cx.0) 

is represented by 

(Xcx.'lpOaO) = Otx•o:o(XlpO) = Otx'tx'h-iei(P',x)fli, 

from the transformation function (54) of§ 23. Hence 

IO)= hiflpOcx.O), (19) 

and equation (17) may be written 

(W'-W)(pcx.'il) = h2(pa'jVlpocx.o). (20) 

We now make a transformation from the Cartesian coordinates 
Px, py, Pz of p to its polar coordinates P, w, x, given by 

Px= Pcosw, Py= Psinwcosx, Pz = Psinwsinx. 

If in the new representation we take the weight function P 2 sin w, 

then the weight attached to any volume of p-space will be the same 
as in the previous p-representation, so that the transformation will 
mean simply a relabelling of the rows and columns of the matrices 
without any alteration of the matrix elements. Thus (20) will become 
in the new representation 

(W'-W)(Pwxcx'il) = h~(PuJxa'JVIP0wox0a0), (21) 

W being now a function of the single variable P. 
; -
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Tbe coefficient of (Pwxo:'ll), namely TV'- W, is now simply a 
multiplying factor and not a differential operator as it was with the 
x-representation method. We can therefore divide out by this factor 
and obtain an explicit expression for (Pwxo:'ll). When, however, o:' 
is such that W', defined by (18), is greater than mc2, this factor will 
have the value zero for a certain point in the domain of the variable 
P, namely the point P = P', given in terms of W' by (16). The 
function (Pwxo:'ll) will then have a singularity at this point. This 
singularity shows that (Pwxo:'ll) represents an infinite number of 
particles moving about at great distances from the scatterers with 
energies indefinitely close to W' and it is therefore this singularity 
that we have to study to get the angular distribution of the particles 
at infinity. 

The result of dividing out (21) by the factor W' - W is, according 
to (13) of§ 15, 

(Pwxo:'ll) = h1(Pwxo:'!VIP0w0x 0o:0 )j(W' - W)+,\(wxo:') 8(W' - W), 
(22) 

where,\ is an arbitrary function of w, x, and o:'. To give a meaning 
to the first term on the right-hand side of (22), we make the conven
tion that its integral with respect to P over a range that includes the 
value P' is the limit when e -+ 0 of the integral when the small 
domain P' -e to P' +e is excluded from the range of integration. 
This is sufficient to make the meaning of (22) precise, since we are 
interested effectively only in the integrals of the representatives of 
states when the representation has continuous ranges of rows and 
columns. We see that equation (21) is inadequate to determine the 
representative (Pwxo:' I l) completely, on account of the arbitrary 
function ,\ occurring in (22). We must choose this ,\ such that 
(Pwxo:' 11) represents only outward moving pa,rticles, since we want, 
the only inward moving particles to be those corresponding to 10). 

Let us take first the general case when the representative (Pwxl> 
of a state of the particle satisfies an equation of the type 

(W'- W)(Pwxl> = f(Pwx), (23) 

where f(Pwx) is any function of P, w, and x, and W' is a number 
greater than mc2 , so that (Pwxl> is of the form 

(Pwxl> =f(Pwx)/(W'-W)+,\(wx)8(W'-W), (24) 

and let us determine now what,\ must be in order that (Pwxl> may 
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represent only outward moving particles. We can do this by trans
forming (Pwxl> to the x-representation, or rather the (rB<f>)-repre
sentation, and comparing it with (12) for large values of r. The 
transformation function is 

(rB<f>JPwx) = h-!e'i(p,x)/li = h-~eiPr[coswcosll+sinwsinllcos(x-</>lJ/h_. 

For the direction B = 0 we find 
cc 211' 'Tf 

(rO<f>I> = h-i J P 2 dP J dx J sinw dw eiPrcoswfli(Pwxl> 
0 0 0 

Joo I2" { [eiPrCORw/li ]W=?T 
= h-i p2 dP dx - iPrjli (Pwxl> w=o + 

0 0 
Tr I eiPrcosw/li i) } + dw-. -·- -<Pwxl> . 

iPr/li ow 
0 

The second term in the {}brackets is of order r- 2 , as may be verified 
by further partial integrations with respect to w, and can therefore 
be neglected. We are left with 

co 2Tr 

(rO<f>I) = ih-!(27Tr)-1 JP dP J dx{e-il;'rfr'(P7Txl>-eiPrfli(POxl>} 
0 0 

00 

= ih-tr-1 J p dP{e-iPrfli(P7Txl)-eiPrfli(POxl)}. (25) 
0 

When we substitute for (Pwxl> its value given by (24), the first 
term in the integrand in (25) gives 

00 

ih-tr-1 J PdPe-iPrfli{f(P7Tx)/(W'-W)+,\(7Tx)o(W'-W)}. (26) 
0 

The Mrm involving o(W' - W) here may be integrated immediately 
and gives, when one uses the relation P dP = W dW/c2, which 
follows from (16), 

00 

ih-tc-2r-1 J W dW e-iPrfn,\(7Tx)o(W' - W) 
me• 

= ih-tc-2r-l W',\(7Tx)e-iP'rfri. (27) 
To integrate the other term in (26) we use the formula 

00 00 I e-iPr/h 1 I e-iPr/n 
g(P) P'-PdP = g(P) P'-PdP, 

0 0 

(28) 
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with neglect of terms involving r-1, for any continuous function g(P), 
a:J 

which formula holds since f K(P)e-iPr/h dP is of order r-1 for any 
0 

continuous function K ( P) and since the difference 

g(P)/(P' -P)-g(P')/(P' -P) 

is continuous. The right-hand side of (28), when evaluated with 
neglect of terms involving r-1, and also with neglect of the small 
domain P' -€to P' +c in the domain of integration, gives 

00 a:J 

J e-iPr/h J ei(P'-P)r//i. 
g(P') P'-PdP = g(P')e-iP'r/h P'-P dP 

-00 -ao 

a:J 

= ig(P')e-iP'r/h J sin~~: =~)r/li dP = iTTg(P')e-iP'r/h. (29) 

-oo 

In our present example g(P) is 

g(P) = ih-!r-1P f(PTTx)(P'-P)/(W'-W), 

which has the limiting value when P = P', 

g(P') = ih-Jr-1P'j(P'17x)W'/P'c2 = ih-±c-2r-1 W'f(P 11Tx). 

Substituting this in (29) and adding on the expression (27), we obtain 
the following value for the integral (26) 

h-•c-2r-1 W'{-TTj(P' TTX)+i!..(TTx)}e-iP'r/n. (30) 

Similarly the second term in the integrand in (25) gives 

h-l:c-2r-1 W'{-TT f(P'Ox)-i/..(Ox)}eiP'r/n.. (31) 

The sum of these two expressions is the value of <rOef>!) when r is 
large. 

We require that (rOef>I> shall represent only outward moving 
particles, and hence it must be of the form of a multiple of eiP'r/n. 
Thus (30) must vanish, so that 

!..(TTx) = -iTTj(P'TTx). (32) 

We see in this way that the condition that (rBef>I> shall represent 
only outward moving particles in the direction e = 0 fixes the value 
of,\ for the opposite direction 8 =TT. Since the direction e = 0 or 
w = O of the pole of our polar coordinates is not in any way singular, 
we can generalize (32) to 

/..(wx) = -iTTj(P'wx), (33) 
:3595.57 0 
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which gives the value of ,\ for an arbitrary direction. This value 
substituted in (24) gives a result that may be written 

(Pwxl> = j(Pwx){I/(W'- H')-iTTo(W'- W)}, (34) 

since one can substitute P' for Pin the coefficient of a term involving 
o(W' - W) as a factor without changing the value of the term. The 
condition that ( P w x I) shall represent only outward moving particles is 
thus that it shall conta·in the factor 

{Ij(W'-W)-iTTo(W'-W)}. (35) 

It is interesting to note that this factor is of the form of the right
hand side of equation (15) of§ 15. 

With ,\ given by (33), expression (30) vanishes and the value of 
(rOcf>I> for larger is given by expression (31) alone, thus 

(rOcf> I) = - 2TTh-tc-2r-1 W'f ( P' Ox)eiP'r/h. 

This may be generalized to 

(r8cf>I> = -2TTh-tc-2r-1W'f(P'wx)eiP'rfh, 

giving the value of (r8cf>I> for any direction 8, cf> in terms ofj(P'wx) 
for the same direction labelled by w, X· This is of the form (12) with 

u(8cf>) = -2TTh-tc-2W'f(P'wx) 

and thus represents a distribution of outward moving particles of 
momentum P' whose number is 

c2P' I 12 = 4TT2W'P' lf(P' )12 
W' u hc2 wx (36) 

per unit solid angle per unit time. This distribution is the one 
represented by the (Pwxl> of (34). 

From this general result we can infer that, whenever we have a 
representative (Pwxl> representing only outward moving particles 
and satisfying an equation of the type (23), the number per unit solid 
angle per unit time of these particles is given by (36). If this (Pwxl> 
occurs in a problem in which the number of incident particles is one 
per unit volume, it will correspond to a scattering coefficient of 
amount 

(37) 

It is only the value of the functionf(Pwx) for the point P = P' that 
is of importance. 
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If we now apply this general theory to our equations (21) and 
(22), we have 

f(Pwx) = h!(Pwxa'jV!Powoxoao). 

Hence from (37) the scattering coefficient is 

4?T2h2 W0 W' P' /c4P 0 • j(P'wxa' !V!Powoxoa:o)l2· (38) 

If one neglects relativity and puts W 0 W'/c4 = m2, this result reduces 
to the result (15) obtained in the preceding section by means of 
Green's theorem. 

51. Dispersive scattering 
We shall now determine the scattering when the incident particle 

is capable of being absorbed, that is, when our unperturbed system 
of scatterer plus particle has closed stationary states with the particle 
absorbed. The. existence of these closed states for the unperturbed 
system will be found to have a considerable effect on the scattering 
for the perturbed system, and indeed an effect that depends very 
much on the energy of the incident particle, giving rise to the pheno
menon of dispersion in optics when the incident particle is taken to 
be a photon. 

We use a representation for which the basic kets correspond to 
the stationary states of the unperturbed system, as was the case with 
the p-representation of the preceding section. We take these station
ary states to be the states (p' a:') for which the particle has a definite 
momentum p' and the scatterer is in a definite state a:', together with 
the closed states, k say, which form a separate discrete set, and 
assume that these states are all independent and orthogonal. This 
assumption is not accurate when the particle is an electron or atomic 
nucleus, since in this case for an absorbed state k the particle will 
still certainly be somewhere, so that one would expect to be able to 
expand !k) in terms of the eigenkets !x'a:') of x, y, z, and the a:'s, 
and hence al8o in terms of the Ip' a:') 's. On the other hand, when the 
particle is a photon it will no longer exist for the absorbed states, 
which are then certainly independent of and orthogonal to the states 
( p' a:') for which the particle does exist. Thus the assumption is valid 
in this case, which is an important practical one. 

Since we n,re concerned with scattering, we must still deal with· 
stationary states of the whole system. \Ve shall now, however, have 
to work to the 8econd order of accuracy, so that we cannot use merely 
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the first-order equation (3), but must use also (4). Equation (3) 
becomes, when written in terms of representatives in our present 
representation, 

(W'-W)(pcx'Jl) = (pcx'JVJO), 

(E'-Ek)(kJl) = (kJVJO), 
} (39) 

where W' is the function of E' and the cx"s given by (18) and Ek is the 
energy of the stationary state k of the unperturbed system. Similarly, 
equation (4) becomes 

(W'-W)(pcx'l2) = (pcx'JVJI), 

(E'-E1J<kl2) = (klVll). 
} (40) 

Expanding the right-hand sides by matrix multiplication, we get 

(W'-W)(pcx'J2) 

= ~ J (pct'IVIP"cx") d3p 11 <P"cx"[I)+ fr <Pa'[V[k")<k"[l), 

(E' -E7J(k[2) 

= ~ J <kfV[p"cx") d3p" (p"cx"[I)+ f; <kfVfk")<k"[l). 

The ket [O) is still given by (19), so (39) may be written 

(W'-W)(pa'il) = hi(pa'[VJpon:o), 

(E'-Ek)(kfl) = ht(kJVJpoao). 

(41) 

( 42) 

(43) 

We may assume that the matrix elements (k'JV[k") of V vanish, 
since these matrix elements are not essential to the phenomena under 
investigation, and if they did not vanish it would mean simply that 
the absorbed states k had not been suitably chosen. We shall further 
assume that the matrix elements (p' a' [V[p"a") are of the second order 
of smallness when the matrix elements (k'[Vlp"a"), (p'n:'[V/k") are 
taken to be of the first order of smallness. This assumption will be 
justified for the case of photons in§ 64. We now have from ( 43) and 
( 42) that (k I I) is of the first order of smallness, provided E' does not 
lie near one of the discrete set of energy-levels E", and ( pn:' f 1) is of 
the second order. The value of (pn:'l2) to the second order will thus 
be given, from the first of equations (41), by 

(W' - lV)(pn:'f2) = h! 2: (pa:' JV[k")(k"/V/p0n:0)/(E'-Ek.)· 
". 
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The total correction in the wave function to the second order, namely 
(po:'jl) plus (po:'j2), therefore satisfies 

(W'-W){(po:'jl)+(po:'j2)} 

= hi{(po:'jVjpOo:o)+ 1: (po:'jVjk)(kjVjpOo:O)/(E'-Ek)}. 
k 

This equation is of the type (23), provided o:' is such that W' > mc2, 

which means that o:' as a final state for the scatterer is not incon
sistent with the law of conservation of energy. vVe can therefore infer 
from the general result (37) that the scattering coefficient is 

4n2h2WOW'P'I< ' 'IVI o o>+""'"' (p'o:'jVjk)(kjVjpoo:o),2 (44) 
c4po po: p o: .L, E' -Ek . 

k 

The scattering may now be considered as composed of two parts, 
a part that arises from the matrix element (p'o:'jVjp0o:0) of the per
turbing energy and a part that arises from the matrix elements 
(p'o:'jVjk) and (kjVjp0o:0). The first part, which is the same as our 
previously obtained result (38), may be called the direct scattering. 
The second part may be considered as arising from an absorption of 
the incident particle into some state k, followed immediately by a 
re-emission in a different direction, and is like the transitions through 
an intermediate state considered in § 44. The fact that we have to 
add the two terms before taking the square of the modulus denotes 
interference between the two kinds of scattering. There is no experi
mE>ntal way of separating the two kinds, the distinction between 
them being only mathematical. 

52. Resonance scattering 
Suppose the energy of the incident particle to he varied con

tinuously while the initial state c.:0 of the scatterer is kept fixed, so 
that the total energy E' or H' varies continuously. The formula (44) 
now shows that as E' approaches one of the discret.e set of energy
levels Ek, the· scattering becomes very large. In fact, according to 
formula (44) the scattering should be infinite when E' is exactly equal 
to an Ek. An infinite scattering coefficient is, of course, physically 
impossible, so that we can infer that the appJ"OXimations used in 
deriving (44) are no longer legitimate when E' is close to an Ek. To 
investigate the scattering in this case we must therefore go back to 
the exact equation (E'-E)jH') = VjH'), 

equation (2) of§ 43 with E' written for H', and use a different method 
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of approximating to its solution. This exact equation, written in 
terms of representatives like (41), becomes 

(W' - W)(pex' !H') 

=~I (pex'!VIP"ex") d3p" (p"ex"!H')+ f (pex'!Vlk")(k"IH'), 

(E' -Ek)<klH'> (45) 

= ~ f (k!V!p"ex") d3p" (p"ex"!H')+ fo (k!V!le")(k"IH'). 

Let us take one particular Ek and consider the case when R' is close 
to it. The large term in the scattering coefficient ( 44) now arises from 
those elements of the matrix representing V that lie in row k or in 
column le, i.e. those of the type (le IV I pex') or (pex' JV Ile). The scatter
ing arising from the other matrix elements of V is of a smaller order 
of magnitude. This suggests that in our exact equations ( 45) we should 
make the approximation of neglecting all the matrix elements of V 
except the important ones, which are those of the type (pex'JVlk) or 
(kJVlpex'), where ex' is a state of the scatterer that has not too much 
energy to be disallowed as a final state by the law of conservation of 
energy. These equations then reduce to 

(W'-W)(pex'IH') = (pex'!Vlk><klH'), 

(E'-Ek)(lelli') = ~ J (klT'lpex') d3p (pcx'IH'), 
) (46) 

the ex' summation being over those values of ex' for which W' given 
by (18) is > mc2• These equations are now sufficiently simple for us 
to be able to solve exactly without further approximation. 

From the first of equations (46) we obtain by division 

(pex'IH') = (pex'IVlle)(leiH')/(W'-W)+A.o(W'-W). (47) 

We must choose A., which may be any function of the momentum 
p and ex', such that ( 4 7) represents the incident particles corresponding 
to IO) or h~\p0cx0) together with only outward moving particles. [The 
representative of hi\'P0cx0 ) is actually of the form A.o(W'-W), since 
the conditions ex' = cx0 and p = p 0 for it not to vanish lead to 
W' = E'-H8(cx') = E'-Ifs(ex0 ) = W 0 = W.] Thus (47) must be 

(pex' IH') = hi (pex' I pOcxO) + 

+(pex'JVlk)(k\H'){l/(W' - W)-i7To(W'- W)}, (48) 

and from the general formula (37) the scattering coefficient will be 

4772woW'P'/hc4P 0 • \(p'ex'JV\k)\ 2 \(k!H')\ 2• (49) 
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It remains for us to determine the value of (klH'). We can <lo this 
by 8Ubstituting for (pc/IH') in the second of equations (46) its value 
given by (48). This gives 

(E'-Ek)(klH') = ht(kiVJpoo:o)+ 

where 

and 

+<klH') ~ f J(kJVlpa')J 2{1/(W'-W)-i7T o(W'-W)1 d 3p 

= M(kJVlpoa0)+(klH')(a-ib), 

a=~ J J(kJVlpa')J 2 d3p/(W'- W) 

b=7T~j J(kJVlpcx')j28(W'-W)d3p 

= 1T ~ J J J l<klV!Pwxa')l 2 8(W'-W)P2 dPsinw dwdx 

(50) 

= 1T ~ P'W'c-2 J J l<kJVJP'wxa')j2sinw dwdx. (51) 

Thus (klH') = ht(kjVlp0a0)/(E'-Ek-a+ib). (52) 

Note that a and b are real and that bis positive. 
This value for (kJH') substituted in (49) gives for the scattering 

coefficient 
47T2h2wo W' P' J(p'cx' !Vlk)!2!(kJV!poa:o) 12 

c4P 0 (E'-Ek-a) 2+b2 
(53) 

One can obtain the total effective area that the incident particle 
must hit in order to be scattered anywhere by integrating (53) over 
all directions of scattering, i.e. by integrating over all directions of 
the vector p' with its magnitude kept fixed at P', and then summing 
over all a' that are to be taken into consideration, i.e. for which 
W' > mc2 • This gives, with the help of (51), the result 

47Th2WO bj(kjVlpOaO)j2 
c2P0 (E'-Ek-a) 2+b2 • 

(54) 

If we suppose E' to vary continuously through the value Ek, the 
main variation of (53) or (54) will be due to the small denominator 
(E'-Ek-a) 2+b2• If we neglect the dependence of the other factors 
in (53) and (54) on E', then the maximum scattering will occur when 
E' has the value Ek+a and the scattering will be half its maximum 
when E differs from this value by an amount b. The large amount of 
scattering that occurs for values of the energy of the incident particle 
that make E' nearly equal to Ek give rise to the phenomenon of an 
absorption line. The centre of the line is displaced by an amount 
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a from the resonance energy of the incident particle, i.e. the energy 
whic_h would make the total energy just Ek, while the quantity b is 
what is sometimes called the half-width of the line. 

53. Emission and absorption 
For studying emission and absorption we must consider non

stationary states ofthe system and must use the perturbation method 
of§ 44. To determine the coefficient of spontaneous emission we must 
take an initial state for which the particle is absorbed, corresponding 
to a ket lk), and determine the probability that at some later time 
the particle shall be on its way to infinity with a definite momentum. 
The method of§ 46 can now be applied. From the result (39) of that 
section we see that the probability per unit time per unit range of w 

and x, of the particle being emitted in any direction w', x' with the 
scatterer being left in state rx' is 

2rrli-1 l<W'w'x' cl I Vik)l 2, (55) 

provided, of course, that 01. 1 is such that the energy W', given by (18), 
of the particle is greater than mc2• For values of Ol. 1 that do not satisfy 
this condition there is no emission possible. The matrix element 
<W'w'x101. 1 /Vlk> here must refer to a representation in which W, w, x, 
and 01. are diagonal with the weight function unity. The matrix 
elements of V appearing in the three preceding sections refer to a repre
sentation in which Px, Pv' Pz are diagonal with the weight function 
unity, or P, w, x are diagonal with the weight function P 2 sin w. 

They would thus refer to a representation in which W, w, x are 
diagonal with the weight function dP /d W. P 2 sin w = WP /c2 • sin w. 

Thus the matrix element <W'w'x1 01. 1 /V/k) in (55) is equal to 
(W'P'/c2 .sinw')! times our previous matrix element <W'w'x'Ol.'/V/k) 
or <P'01.1 /V/k), so that (55) is equal to 

2rr W'P' . 'I< , '/V/k>l2 r: 2 smw po: . 
1i c 

The probability of emission per unit solid angle per unit time, with 
the scatterer simultaneously dropping to state o:', is thus 

(56) 

To obtain the total probability per unit time of the particle being 
emitted in any direction, with any final state for the scatterer, we 
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must integrate (56) over all angles w', x' and sum over all states a' 

whose energy H8 (a') is such that H,(a')+mc2 <Ek. The result is 
just 2b/n, where bis defined by (51). There is thus this simple rela
tion between the total emission coefficient and the half-width b of the 
absorption line. 

Let us now consider absorption. This requires that we shall take 
an initial state for which the particle is certainly not absorbed but is 
incident with a definite momentum. Thus the ket corresponding to 
the initial state must be of the form (19). We must now determine 
the probability of the particle being absorbed after time t. Since our 
final state k is not one of a continuous range, we cannot use directly 
the result (39) of§ 46. If, however, we take 

IO) = IP0a 0), (57) 

as the ket conesponding to the initial state, the analysis of§§ 44 and 46 
is still applicable as far as equation (36) and shows us that the proba
bility of the particle being absorbed into state k after time t is 

21 (k / V/ p 0a 0 ) / 2[l-cos{(Ek-E')t/n}]/(Ek-E') 2• 

This corresponds to a distribution of incident particles of density 
h-3 , owing to the omission of the factor hl from (57), as compared 
with (19). The probability of there being an absorption after time 
t when there is one incident particle crossing unit area per unit time 
is therefore 

2h3WO/c2 po .1 (k/V !p0a0)/2[l-cos{(Ek-E')tjh}]j(Ek-E')2 • (58) 

To obtain the absorption coefficient we must consider the incident 
particles not all to have exactly the same energy W0 = E'-H8 (a0), 

but to have a distribution of energy values about the correct value 
Ek-H8(a0) required for absorption. If we take a beam of incident 
particles consisting of one crossing unit area per unit time per unit 
energy range, the probability of there being an absorption after time 
twill be given by the integral of (58) with respect to E'. This integral 
may be evaluated in the same way as (37) of§ 46 and is equal to 

4Tr2h2 W0tjc 2P 0 • /(kJV!p0a0)12. 

The probability per unit time of an absorption taking place with an 
incident beam of one particle per unit area per unit time per unit 
energy range is therefore 

4Tr2h2 W0/c2P 0 • J(kJVlpoao)l2, (59) 

which is the absorption coefficient. 
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The connexion between the absorption and emission coefficients 
(59) and (56) and the resonance scattering coefficients calculated in 
the preceding section should be noted. When the incident beam does 
not consist of particles all with the same energy, but consists of a unit 
distribution of particles per unit energy range crossing unit area per 
unit time, the total number of incident particles with energies near 
an absorption line that get scattered will be given by the integral 
of (54) with respect to E'. If one neglects the dependence of the 
numerator of (54) on E', this integral will, since 

ro 

J (E'-Ek~a)2+b2dE' =TT, 

have just the value (59). Thus the total number of scattered particles 
in the neighbourhood of an absorption line is equal to the total number 
absorbed. We can therefore regard all these scattered particles as 
absorbed particles that are subsequently re-emitted in a different 
direction. Further, the number of particles in the neighbourhood of 
the absorption line that get scattered per unit solid angle about a 
given direction specified by p' and then belong to scatterers in state 
rx' will be given by the integral with respect to E' of (53), which 
integral has in the same way the value 

4TT2h::oW' P' ~ l<P' rx' !VJk)l21<k jVJpOrx0)12. 

This is just equal to the absorption coefficient ( 59) multiplied by the 
emission coefficient (56) divided by 2b/li, the total emission coefficient. 
This is in agreement with the point of view ofregarding the resonance 
scattered particles as those that are absorbed and then re-emitted, 
with the absorption and emission processes governed independently 
each by its own probability la>v, since this point of view would 
make the fraction of the total number of absorbed particles that are 
re-emitted in a unit solid angle about a given direction just the 
emission coefficient for this direction divided by the total emission 
coefficient. 



IX 

SYSTEMS CONTAINING SEVERAL SIMILAR PARTICLES 

54. Symmetrical ,and antisymmetrical states 
IF a system in atomic physics contains a number of particles of the 
same kind, e.g. a number of electrons, the particles are absolutely 
indistinguishable one from another. No observable change is made 
when two of them are interchanged. This circumstance gives rise to 
some curious phenomena in quantum mechanics having no analogue 
in the classical theory, which arise from the fact that in quantum 
mechanics a transition may occur resulting in merely the interchange 
of two similar particles, which transition then could not be detected 
by any observational means. A satisfactory theory ought, of course, 
to count two observationally indistinguishable states as the same 
state and to deny that any transition does occur when two similar 
particles exchange places. We shall find that it is possible to reformu
late the theory so that this is so. 

Suppose we have a system containing n similar particles. We may 
take as our dynamical variables a set of variables g1 describing the 
first particle, the corresponding set g2 describing the second particle, 
and so on up to the set gn describing the nth particle. We shall then 
have the g,.'s commuting with the g/s for r =I= s. (We may require 
certain extra variables, describing what the system consists of in 
addition to the n similar particles, but it is not necessary to mention 
these explicitly in the present chapter.) The Hamiltonian describing 
the motion of the system will now be expressible as a function of the 
gl> g2, ••• , gn- The fact that the particles are similar requires that the 
Hamiltonian shall be a symmetrical function of the gv g2, ••• , gn, i.e. it 
shall remain unchanged when the sets of variables g,. are interchanged 
or permuted in any way. This condition must hold, no matter what 
perturbations are applied to the system. In fact, any quantity of 
physical significance must be a symmetrical function of the f s. 

Let la1), lb1),. .. be kets for the first particle considered as a dynami
cal system by itself. There will be corresponding kets la2), lb2),. •• for 
the second particle by itself, and so on. We can get a ket for the 
assembly by taking the product of kets for each particle by itself, 
for example 

(lj 
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say, according to the notation of (65) of§ 20. The ket (I) corresponds 
to a special kind of state for the assembly, which may be described 
by saying that each particle is in its own state, corresponding to its 
own factor on the left-hand side of (1). The general ket for the 
assembly is of the form of a sum or integral of kets like (1), and 
corresponds to a state for the assembly for which one cannot say that 
each particle is in its own state, but only that each particle is partly 
in several states, in a way which is correlated with the other particles 
being partly in several states. If the kets la1), lb1), ... are a set of 
basic kets for the first particle by itself, the kets la2), lb2), ••• will be 
a set of basic kets for the second particle by itself, and so on, and the 
kets (1) will be a set of basic kets for the assembly. We call the repre
sentation provided by such basic kets for the assembly a symmetrical 
representation, as it treats all the particles on the same footing. 

In (1) we may interchange the kets for the first two particles and 
get another ket for the assembly, namely 

lb1)la2)lc3) ... lgn) = lb1 a2C3 ... gn>· 

More generally, we may interchange the role of the first two particles 
in any ket for the assembly and get another ket for the assembly. 
The process of interchanging the first two particles is an operator 
which can be applied to kets for the assembly, and is evidently a 
linear operator, of the type dealt with in§ 7. Similarly, the process 
of interchanging any pair of particles is a linear operator, and by 
repeated applications of such interchanges we get any permutation 
of the particles appearing as a linear operator which can be applied 
to kets for the assembly. A permutation is called an even permutation 
or an odd permutation according to whether. it can be built up from 
an even or an odd number of interchanges. 

A ket for the assembly IX> is called symmetrical if it is unchanged 
by any permutation, i.e. if 

PIX>= IX> (2) 

for any permutation P. It is called antisymmetrical if it is unchanged 
by any even permutation and has its sign changed by any odd 
permutation, i.e. if 

PIX>= ±IX), (3) 

the + or - sign being taken according to whether P is even or odd. 
The state corresponding to a symmetrical ket is called a symmetrical 
state, and the state corresponding to an antisymmetrical ket is called 
an antisymmetrical state. In a symmetrical representation, the repre-
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sentative of a symmetrical ket is a symmetrical function of the 
variables referring to the various particles and the representative of 
an antisymmetrical ket is an antisymmetrical function. 

In the Schrodinger picture, the ket corresponding to a state of the 
assembly will vary with time according to Schrodinger's equation of 
motion. If it is initially symmetrical it must always remain sym
metrical, since, owing to the Hamiltonian being symmetrical, there 
is nothing to disturb the symmetry. Similarly if the ket is initially 
antisymmetrical it must always remain antisymmetrical. Thus a 

state which is initially symmetrical always remains symmetrical and 
a state which is initially antisymmetrical always remains antisym
metrical. In consequence, it may be that for a particular kind of 
pq,rticle only symmetrical states occur in nature, or only anti
symmetrical states occur in nature. If either of these possibilities 
held, it would lead to certain special phenomena for the particles in 
question. 

Let us suppose first that only antisymmetrical states occur in 
nature. The ket ( 1) is not antisymmetrical and so does not corre
spond to a state occurring in nature. From (1) we can in general form 
an antisymmetrical ket by applying all possible permutations to it 
and adding the results, with the coefficient -1 inserted before those 
terms arising from an odd permutation, so as to get 

L ±Pfa1 b2C3 .•. gn), (4) 
p 

the+ or - sign being taken according to whether Pis even or odd. 
The ket (4) may be written as a determinant 

fa1) f a2) f a3) fan) 
f b1) f b2) Iba) /bn) 
fc1) /c2) lea) fen> 

(5) 

and its representative in a symmetrical representation is a determi
nant. The ket (4) or (5) is not the general antisymmetrical ket, but 
is a specially simple one. It corresponds to a state for the assembly 
for which one can say that certain particle-states, namely the states 
a, b, c, ... , g, are occupied, but one cannot say which particle is in 
which state, each pa_rticle ~eing equally likely to be in any state. If 
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two of the particle-states a, b, c, ... , g are the same, the ket ( 4) or (5) 
vanishes and does not correspond to any state for the assembly. 
Thus two particles cannot occupy the same state. More generally, the 
occupied states must be all independent, otherwise (4) or (5) vanishes. 
This is an important characteristic of particles for which only anti
symmetrical states occur in nature. It leads to a special statistics, 
which was first studied by Fermi, so we shall call particles for which 
only antisymmetrical states occur in nature fermions. 

Let us suppose now that only symmetrical states occur in nature. 
The ket (1) is not symmetrical, except in the special case when all the 
particle-states a, b, c, ... , g are the same, but we can always obtain a 
symmetrical ket from it by applying all possible permutations to it 
and adding the results, so as to get 

I P fa1 b2 C3 ••. gn)· (6) 
p 

The ket (6) is not the general symmetrical ket, but is a specially 
simple one. It corresponds to a state for the assembly for which one 
can say that certain particle-states are occupied, namely the states 
a, b, c, ... , g, without being able to say which particle is in which state. 
It is now possible for two or more of the states a, b, c, ... , g to be the 
same, so that two or more particles can be in the same state. In spite 
of this, the statistics of the particles is not the same as the usual 
statistics of the classical theory. The new statistics was first studied 
by Bose, so we shall call particles for which only symmetrical states 
occur in nature bosons. 

We can see the difference of Bose statistics from the usual statistics 
by considering a special case-that of only two particles and only two 
independent states a and b for a particle. According to classical 
mechanics, if the assembly of two particles is in thermodynamic 
equilibrium at a high temperature, each particle will be equally likely 
to be in either state. There is thus a probability i- of both particles 
being in state a, a probability i- of both particles being in state b, 
and. a probability t of one particle being in each state. In the quan
tum theory there are three independent symmetrical states for the 
pair of particles, corresponding to the symmetrical kets /a1 ) /a2), 

fb1) /b 2), and /a1) /b2)+ /a2) /b1), and describable as both particles in 
state a, both particles in state b, and one particle in each state 
respectively. For thermodynamic equilibrium at a high temperature 
these three states are equally probable, as was shown in§ 33, so that 
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there is a probability i of both particles being in state a, a probability 
! of both particles being in state b, and a probability i of one particle 
being in each state. Thus with Bose statistics the probability of two 
particles being in the same state is greater than with classical statistics. 
Bose statistics differ from classical statistics in the opposite direction 
to Fermi statistics, for which the probability of two particles being 
in the same state is zero. 

In building up a theory of atoms on the lines mentioned at the 
beginning of§ 38, to get agreement with experiment one must assume 
that two electrons are never in the same state. This rule is known as 
Pauli's exclusion principle. It shows us that electrons are fermions. 
Planck's law of radiation shows us that photons are bosons, as only the 
Bose statistics for photons will lead to Planck's law. Similarly, for 
each of the other kinds of particle known in physics, there is experi
mental evidence to show either that they are fermions, or that they 
are bosons. Protons, neutrons, positrons are fermions, ex-particles are 
bosons. It appears that all particles occurring in nature are either 
fermions or bosons, and thus only antisymmetrical or symmetrical 
states for an assembly of similar particles are met with in practice. 
Other more complicated kinds of symmetry are possible mathemati
cally, but do not apply to any known particles. With a theory which 
allows only antisymmetrical or only symmetrical states for a particu
lar kind of particle, one cannot make a distinction between two states 
which differ only through a permutation of the particles, so that the 
transitions mentioned at the beginning of this section disappear. 

55. Permutations as dynamical variables 
We shall now build up a general theory for a system containing n 

similar particles when states with any kind of symmetry properties 
are allowed, i.e. when there is no restriction to only symmetrical or 
only antisymmetrical states. The general state now will not be sym
metrical or antisymmetrical, nor will it be expressible linearly in 
terms of symmetrical and antisymmetrical states when n > 2. This 
theory will not apply directly to any particles occurring in nature, 
but all the same it is useful for setting up an approximate treatment 
for an assembly of electrons, as will be shown in § 58. 

We have seen that each permutation P of the n particles is a linear 
operator which can be applied to any ket for the assembly. Hence 
we can regard Pas a dynamical variable in our system of n particles. 
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There are n! permutations, each of which can be regarded as Ch 

dynamical variable. One of them, P1 say, is the identical permutation, 
which is equal to unity. The product of any two permutations is a 
third permutation and hence any function of the permutations is 
reducible to a linear function of them. Any permutation P has a 
reciprocal P-1 satisfying 

pp-I= p-1p =Ii= 1. 

A permutation P can be applied to a bra <XI for the assembly, 
to give another bra, which we shall denote for the present by P(Xj. 
If P is applied to both factors of the product <XI Y), the product 
must be unchanged, since it is just a ~umber, independent of any 
order of the particles. Thus 

(P<Xl)PI Y) = (Xi Y) 

showing that P<XI = (XjP-1 (7) 

Now P(Xj is the conjugate imaginary of PIX> and is thus equal to 
<XIP, and hence from (7) 

p = p-1. (8) 

Thus a permutation is not in general a real dynamical variable, its 
conjugate complex being equal to its reciprocal. 

Any permutation of the numbers I, 2, 3, ... , n may be expressed iJ?-
the cyclic notation, e.g. with n = 8 · 

Pa= (143)(27)(58)(6), (9) 

in which each number is to be replaced by the succeeding number in 
a bracket, unless it is the last in a bracket, when it is to be replaced 
by the first in that bracket. Thus Pa changes the numbers 12345678 
into 47138625. The type of any permutation is specified by the 
partition of the number n which is provided by the number of num
bers in each of the brackets. Thus the type of Pa is specified by the 
partition 8 = 3+2+2+1. Permutations of the same type, i.e. corre
sponding to the same partition, we shall call similar. Thus, for 
example, Pa in (9) is similar to 

P,, = (871)(35)(46)(2). (10) 

The whole of then! possible permutations may be divided into sets 
of similar permutations, each such set being called a class. The per
mutation Pi = l forms a class by itself. Any permutation is similar 
to its reciprocal. 
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\Vhen two permutations Pa an<l ~' are similar, either of them P,, 
may be obtained by making a certain permutation Px in the other 
Pa. Thus, in our example (9), (10) we can take Px to be the permuta
tion that changes 14327586 into 87135462, i.e. the permutation 

PX= (18623)(475). 

Different ways of writing Pa and Pb in the cyclic notation would lead 
to different Px's. Any of these Px's applied to the product PalX> 
would change it into Pb.PxlX), i.e. 

PxPafX> = P,,PxlX>. 

Hence P,, = PxPaP;1, (11) 

which expresses the condition for Pa and Pb to be similar as an 
algebraic equation. The existence of any Px satisfying (11) is suffi
cient to show that Pa and P,, are similar. 

56. Permutations as constants of the motion 
Any symmetrical function V of the dynamical variables of all the 

particles is unchanged by the application of any permutation P, so 
P applied to the product VIX> affects only the factor IX), thus 

PVIX> = V PIX). 
Hence PV = VP, (12) 

showing that a symmetrical Junction of the dynamical variables com
mutes with every permutation. The Hamiltonian is a symmetrical 
function of the dynamical variables and thus commutes with every 
permutation. It follows that each permutation is a constant of the 
motion. This holds even if the Hamiltonian is not constant. If IXt) 
is any solution of Schrodinger's equation of motion, P IXt) is another. 

In \lealing with any system in quantum mechanics, when we have 
found a constant of the motion ex, we know that if for any state of 
motion, ex initially has the numerical value ex', then it always has this 
value, so that we can assign different numbers cx' to the different 
states and so obtain a classification of the states. The procedure is 
not so straightforward, however, when we have several constants of 
the motion cx which do not commute (as is the case with our permuta
tions P), since we cannot in general assign numerical values for all 
the cx's simultaneously to any state. Let us first take the case of a 
system whose Hamiltonian does not involve the time explicitly. The 
existence of constants of the motion cx which do not commute is 
then a sign that the system is degenerate. This is because, for a 
3595.57 p 
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non-degenerate system, the Hamiltonian H by itself forms a complete 
set of commuting observables and hence, from Theorem 2 of§ 19, each 
of the cx's is a function of Hand therefore commutes with any other ex. 

We must now look for a function f3 of the cx's which has one and 
the same numerical value [3' for all those states belonging to one 
energy-level H', so that we can use f3 for classifying the energy-levels 
of the system. We can express the condition for f3 by saying that it 
must be a function of H and must therefore commute with every 
dynamical variable that commutes with H, i.e. with every constant 
of the motion. If the cx's are the only constants of the motion, or if 
they are a set that commute with all other independent constants of 
the motion, our problem reduces to finding a function f3 of the cx's 
which commutes with all the cx's. We can then assign a numerical 
value (3' for f3 to each energy-level of the system. If we can find 
several such functions (3, they must all commute with each other, so 
that we can give them all numerical values simultaneously. We ob
tain thus a classification of the energy-levels. When the Hamiltonian 
involves the time explicitly one cannot talk about energy-levels, but 
the f3's will still give a useful classification of the states. 

We follow this method in dealing with our permutations P. We 
must find a function x of the P's such that PxP-1 = x for every P. 
It is evident that a possible xis I£>,,, the sum of all the permutations 
in a certain class c, i.e. the sum of a set of similar permutations, since 
I PP,, P-1 must consist of the same permutations summed in a differ
ent order. There will be one such x for each class. Further, there can 
be no other independent x, since an arbitrary function of the P's can 
be expressed as a linear function of them with numerical coefficients, 
and it will not then commute with every P unless the coefficients of 
similar P's are always the same. "'We thus obtain all the x's that can 
be used for classifying the states. It is convenient to define each x as 
an average instead of a sum, thus 

- -I'P Xe - ne ..;.. e> 

where nc is the number of P's in the class c. An alternative expression 

for Xe is Xe= n!-1 L PP,,P-I, (13) 
p 

the sum being extended over all then! permutations P, it being easy 
to verify that this sum contains each member of the class c the same 
number of times. For each permutation P there is one x, x(P) say, 
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equal to the average of all permutations similar to P. One of the 
x's is x(-~J = I. 

The constlj.nts of the motion Xv x2, ••• , Xm obtained in this way will 
each have a definite numerical value for every stationary state of the 
system, in the case when the Hamiltonian does not involve the time 
explicitly, and also in the general case can be used for classifying 
the states, there being one set of states for every permissible set of 
numerical values x~, x;, ... , x~ for the x's. Since the x's are always 
constants of the motion, these sets of states will be exclusive, i.e. 
transitions will never take place from a state in one set to a state in 
another. 

The permissible sets of values x' that one can give to the x's are 
limited by the fact that there exist algebraic relations between the 
x's. The product of any two x's, Xp Xq• is of course expressible as 
a linear function of the P's, and since it commutes with every P it 
must be expressible as a linear function of the x's, thus 

(14) 

where the a's are numbers. Any numerical values x' that one gives 
to the x's must be eigenvalues of the x's and must satisfy these same 
algebraic equations. For every solution x' of these equations there 
is one exclusive set of states. One solution is evidently x~ = 1 for 
every Xp• giving the set of symmetrical states. A second obvious 
solution, giving the set of antisymmetrical states, is x~ = ±1, the 
+ or - sign being taken according to whether the permutations in 
the class p are even or odd. The other solutions may be worked out 
in any special case by ordinary algebraic methods, as the coefficients 
a in (14) may be obtained directly by a consideration of the types 
of permutation to which the x's concerned refer. Any solution is, 
apart from a certain factor, what is called in group theory a character 
oftl:e group of permutations. The x's are all real dynamical variables, 
since each P and its conjugate complex P-1 are similar and will occur 
added together in the definition of any x, so that the x"s must be all 
real numbers. 

The number of possible solutions of the equations (14) may easily 
be determined, since it must equal the number of different eigen
values of an arbitrary function B of the x's. We can express B as 
a linear function of the x's with the help of equations (14); thus 

B = b1x1+b2x2+ ... +bmXm· (15) 
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Similarly, we can express each of the quantities B 2, B 3 , ••• , Bm as a 
linear function of the x's. From 'the m equations thus obtained, 

·together with the equation x(P1) _= 1, we can eliminate the m un
knowns Xv x2 , •• ., Xw obtaining as result an algebraic equation of 
degree m for B, 

Bm+c1Bm-l+c2Bm-2+ ... +cm = 0. 

The m solutions of this equation give the m possible eigenvalues 
for B, each of which will, according to (15), be a linear function of bv 
b2,. •• , bm whose coefficients are a permissible set of values x~, x~, ... , x:n. 
The sets of values x' thus obtained must be all different, since if 
there were fewer than m different permissible sets of values x' for the 
x's, there would exist a linear function of the x's every one of whose 
eigenvalues vanishes, which would mean that the linear function itself 
vanishes and the x's are not linearly independent. Thus the number of 
permissible sets of numerical values for the x's is just equal tom, which 
is the number of classes of permutations or the number of partitions 
of n. This number is therefore the number of exclusive sets of states. 

All dynamical variables of physical importance and all observable 
quantities are symmetrical between the particles and thus commute 
with all the P's. Thus the only functions of the P's of physical 
importance are the x's. The states corresponding to Ix') and to 
f(P) Ix'), where Ix') is any eigenket of the x's belonging to the eigen
values x' andf(P) is any function of the P's such thatf(P)lx') =I= 0, 
are observationally indistinguishable and are thus physically equiva
lent. There is a definite number, n(x') say, of independent kets which 
can be formed by multiplying Ix') by functions of the P's, which 
number depends only on the x''s. It is the number of rows and 
columns in a matrix representation of the P's in which each x is 
equal to x'- If Ix') corresponds to a stationary state, n(x') will be 
its degree· of degeneracy (so far as concerns degeneracy caused by the 
symmetry between the particles). This degeneracy cannot be removed 
by any perturbation that is symmetrical between the particles. 

57. Determination of the energy-levels 
Let us apply the perturbation method of§ 43 and make a first-order 

calculation of the energy-levels in the case when the Hamiltonian 
does not involve the time explicitly. We suppose that for our unper
turbed stationary states of the assembly each of the similar particles 
has its own individual state. \Vith n particles, we shall have n of 
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these states, corresponding to kets [a:1), [a:2), ..• , [a:n) say, which 1ve 
assume for the present to be all orthogonal. The ket for the assembly 
is then (16) 

like (1) with a:1, a:2, ••• instead of a, b, .... Ifwe apply any permut~tion 
P to it we get another ket 

P[X) = [~)/a:~) ... [a:~) (17) 

say, r, s, ... , z being some permutation of the numbers I, 2, ... , n, 
corresponding to another stationary state of the assembly with the 
same energy. There are thus altogether n! unperturbed states with 
this energy, if we assume there are no ot4er causes of degeneracy. 
According to the method of § 43 when the unperturbed system is 
degenerate, we must consider those elements of the matrix represent
ing the perturbing energy V that refer to two states with the same 
energy, i.e. those of the type (X/Pa V-Pi,[X). These will form a matrix 
with n! rows and columns, whose eigenvalues are the first-order 
corrections in the energy-levels. 

We must now introduce another kind of permutation operator 
which can be applied to kets of the form (17), namely a permutation 
which acts on the indices of the a:'s. vVe denote such a permutation 
operator by pa_ The essential difference between the P's and the 
pa's may be seen in the following way. Let us consider a permutation 
in the general sense, say that consisting of the interchange of 2 and 3. 
This may be interpreted either as the interchange of the obje-cts 2 and 
3 or as the interchange of the objects in the places 2 and 3, these two 
operations producing in general quite different results. The first of 
these interpretations is the one that gives the operators P, the objects 
concerned being the similar particles. A permutation P can be 
applied to an arbitrary ket for the assembly. A permutation with the 
second interpretation has a meaning, however, only when applied 
to a ket of the form (17), for which each of the particles is in a 'place' 
specified by an ex, or to a sum of kets of the form (17). A permutation 
P may be considered as an ordinary dynamical variable. A permuta
tion pa may be considered as a dynamical variable in a restricted 
sense, valid when one is dealing only with states obtainable by super
position of the various states (17). This is the case for our present 
perturbation problem. 

We can form algebraic functions of the pa which will be other 
operators applicable to kets of the form (17). In particular we can 
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form x(P~), the average of all prx's in a certain class c. This must 
equal x(P,,), the average of the permutation operators P in the same 
class, since the total set of all permutations in a given class must 
evidently be the same whether the permutations are applied to the 
particles or to the places the particles are in. Any P commutes with 
any prx, i.e. p p p p ( 8) 

a g = g a· l 

By labelling the a:'s by the same numbers l, 2, 3, ... , n which label 
the particles, we set up a one-one correspondence between the a:'s and 
the particles, so that given any permutation Pa applying to the par
ticles, we can give a meaning to the same permutation P~ applying 
to the a:'s. This meaning is such that, for the ket IX) given by (16), 

(19) 

Since the various kets la:1), la2), •.• are orthogonal, IX) and PIX> are 
orthogonal unless P = l. It follows that, for any coefficients Cp, 

,2 Cp(X!P"'PalX) = Cp., (20) 
p 

provided IX) is normalized, the summation being over all the n! 
permutations P or prx, with Pa fixed. Now define Vp by, 

Vp = <X!VPIX). 

We then have, for any two permutations Px and PY, 

(X!Px VPvlX) = <X!VPxPvlX) = VP,Pv 

= 2: VP <XIPrxPxPvlX> 
p 

with the help of (20). From (18) this gives 

<X!Px VPvlX) = 2: Vp (X!PxP"PvlX). 
p 

We may write this result as 

(21) 

(22) 

V;::;:;;2:VpPrx, (23) 
p 

where the sign ;:::::; means an equation in a restricted sense, the 
operators on the two sides being equal so long as they are used only 
with kets of the form PIX> and their conjugate imaginary bras. 

The formula (23) shows that the perturbing energy Vis equal, in 
the restricted sense, to a linear function of the permutation operators 
prx with coefficients Vp given by (21). The restricted sense is adequate 
for the calculation of the first-order correction in the energy-levels, 
as this calculation involves only those matrix elements of V given by 
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(22). The formula (23) is a very convenient one because the expression 
on its right-hand side is easily handled. 

As an example of an application of (23) we shall determine the 
average energy of all those states, arising from the unperturbed state 
(16), that belong to one exclusive set. This requires us to calculate 
the average eigenvalue of V for those states (17) for which the x's 
have specified numerical values x'· Now the average eigenvalue of 
P~ for any of these states equals that of pr:t.p~(P'~)-1 for arbitrary 
pr:t. and thus equals that of n!-1 .2 Pr:t.P~(Pr:t.)-1 , which is x'(P~) or 

P" 
x'(Pa)· Hence the average eigenvalue of Vis .2 Vpx'(P). A similar 

p 

method could be used for caiculating the average eigenvalue of any 
function of V, it being necessary only to replace each pix by x'(P) to 
perform the averaging. 

The number of energy-levels in an exclusive set x = x' that arise 
from a given state of the unperturbed system is equal to the number 
of eigenvalues of the right-hand side of (23) that are consistent with 
the equations x = x'· This number is the number n(x') introduced 
at the end of the preceding section, and is thus just the degree of 
degeneracy of the states in this set. 

We have assumed that the individual kets lix1), lix2), ••• which deter
mine the unperturbed state according to (16) are all orthogonal. The 
theory can easily be extended to the case when some of these kets are 
equal, any two that are not equal being still restricted to be orthogonal. 
We now have some permutations pr:t. such that P"'jX) = jX), 
namely those permutations which involve only interchanges of 
equal o:'s. Equation (20) will now hold if the summation is extended 
only over those P's which make . .Pr:t.jX) different. With this change 
in the meaning of .2, all the previous equations still hold, including 

p 

the result (23). Fo~ the present JX) there will be restrictions on the 
possible numerical values of the x's, e.g. they cannot have those 
values corresponding to jX) being antisymmetrical. 

58. Application to electrons 
Let us consider the case when the similar particles are electrons. 

This requires, according to Pauli's exclusion principle discussed in 
§ 54, that we take into account only the antisymmetrical states. It 
is now necessary to make explicit reference to the fact that electrons 
have spins, which show themselves through an angular momentum 
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and a magnetic mornPnt. The effect of the spin 011 the motion of 
an electron in an electromagnetic field is not very great. There 
are additional forces on the electron due to its magnetic moment, 
requiring additional terms in the Hamiltonian. The spin angular 
momentum does not have any direct action on the motion, but it comes 
into play when there are forces tending to rotate the magnetic moment, 
since the magnetic moment and angular momentum are constrained 
to be always in the same direction. In the absence of a strong 
magnetic field these effects are all small, of the same order of magni
tude as the corrections required by relativistic mechanics, and there 
would be no point in taking them into account in a non-relativistic 
theory. The importance of the spin lies not in these small effects on the 
motion of the electron, but in the fact that it gives two internal states 
to the electron, corresponding to the two possible values of the spin 
component in any assigned direction, which causes a doubling in the· 
number of independent states of an electron. This fact has far-reaching 
consequences when combined with Pauli's exclusion principle. 

In dealing with an assembly of electrons we have two kinds of 
dynamical variables. The first kind, ·which we may call the orbital 
variables, consists of the coordinates x, y, z of all the electrons and 
their conjugate momenta pX' Pv' Pz· The second kind consists of the 
spin variables, the variables ax, av, az, as introduced in§ 37, for all 
the electrons. These two kinds of variables belong to different degrees 
of freedom. According to §§ 20 and 21, a ket fixing the state of the 
whole system may be of the form IA> I B>, where IA> is a ket referring 
to the orbital variables alone and IB> is a ket referring to the spin 
variables alone, and the general ket fixing a state of the whole system 
is a sum or integral ofkets of this form. This way oflooking at things 
enables us to introduce two kinds of permutation operators, the first 
kind, px say, applying to the orbital variables only and operating 
only on the factor IA) and the second kind, pa say, applying only 
to the spin variables and operating only on the factor IB). The px's 
and pa's can each be applied to any ket for the whole system, not 
merely to certain special ketR, like the prx's of the preceding section. 
The permutations P that we have had up to the present apply to all 
the dynamical variables of the particles concerned, so for electrons 
they will apply to both the orbital and the spin variables. This means 
that each Pa equals the product 

(24) 
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We can now see the need for taking the spin variables into account 
when applying Pauli's exclusion principle, even if we neglect the spin 
forces in the Ha;miltonian. For any state occurring in nature each 
Pa must have the value ±1, according to whether it is an even or 
an odd permutation, so from (24) 

P~Pg = ±1. (25) 
The theory of the three preceding sections would become trivial if 

applied directly to electrons, for which each Pa= ±1. We may, 
however, apply it to the px permutations of electrons. The pu's are 
constants of the motion if we neglect the terms in the Hamiltonian 
that arise from the spin forces, since this neglect results in the 
Hamiltonian not involving the spin dynamical variables a at all. The 
px's must then also be constants of the motion. "\Ve can now intro
duce new x's, equal to the average of all of the px's in each class, and 
assert that for any permissible set of numerical values x' for these x's 
there will be one exclusive set of states. Thus there exist exclusive sets 
of states for systems containing many electrons even when we restrict 
ourselves to a consideration of only those states that satisfy Pauli's 
principle. The exclusiveness of the sets of states is now, of course, 
only approximate, since the x's are constants only so long as we 
neglect the spin forces. There will actually be a small probability for 
a transition from a state in one set to a state in another. 

Equation (25) gives us a simple connexion between the px's and 
pu's, which means that instead of studying the dynamical variables 
px we can get all the results we want, e.g. the characters x', by 
studying the dynamical variables pa_ The pa's are much easier to 
study on account of there being only two independent states of spin 
for each electron. This fact results in there being fewer characters x' 
for the group of permutations of the a-variables than for the group 
of general permutations, since it prevents a ket in the spin variables 
from being antisymmetrical in more than two of them. 

The study of the pa's is made specially easy by the fact that we 
can express them as algebraic functions of the dynamical variables a. 
Consider the quantity 

012 = t{I+axl O'x2+ay1 a.u2+az1 O'z2} = f{l +(av a2)}· 
With the help of equations (50) and (51) of§ 37 we find readily that 

(av a2)2 = (axI ax2+ay1 av2+az1 az2)2 = 3-2(av az), (26) 
and hence that 

(27) 
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Again, we find 

and hence 

012ax1 = t{ax1+ax2-iaz1Uv2+iay1Uz2}, 

Ux2 012 = t{ax2+ax1 +iayl Uz2-iaz1 Uy2} 

012 Ux1 = ax2 012· 

Similar relations hold for a111 and az1 so that we have 

012 0'1 = 0'2 012 

or 

From this we can obtain with the help of (27) 

012 cr2 O;,} = cr1. 

§ 58 

These commutation relations for 0 12 with a 1 and a 2 are precisely the 
same as those for Pf2 , the permutation consisting of the interchange 
of the spin variables of electrons I and 2. Thus we can put 

012 = cPf2, 

where c is a number. Equation (27) shows that c = ± 1. To deter
mine which of these values for c is the correct one, we observe that 
the eigenvalues of Pf2 are 1, 1, I, -1, corresponding to the fact that 
there exist three independent symmetrical and one antisymmetrical 
state in the spin variables of two electrons, namely, with the notation 
of § 37, the states represented by the three symmetrical functions 
frx(a~1)frx(a~2), ff3(a~1)ff3(a~z), fcx(a~1)ff3(a~2)+ff3(a~1)frx(a~2), and the one 
antisymmetrical function f rx(a~1)/f3(a~2)-ff3(a~1)f rx(a~2 ). Thus the mean 
of the eigenvalues of Pf2 is f. Now the mean of the eigenvalues of 
(av a 2) is evidently zero and hence the mean of the eigenvalues of 0 12 

isl Thus we must have c = +1, and so we can put 

Pf2 = t{I + ( crv a2)}. (28) 

In this way any permutation pa consisting simply of an interchange 
can be expressed as an algebraic function of the a's. Any other per
mutation pa can be ~xpressed as a product of interchanges and can 
therefore also be expressed as a function of the a's. With the help of 
(25) we can now express the px's as algebraic functions of the a's and 
eliminate the pa's from the discussion. We have, since the - sign 
must be taken in (25) when the permutations are interchanges and 
since the square of an interchange is unity, 

(29) 

The formula (29) may conveniently be used for the evaluation of 
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the characters x' which define the exclusive sets of states. We have, 
for example, for the permutations consisting of interchanges, 

X12 = x(Pf2) = --91{1 + ( 2 1) L (Gr, G1)). 
~ n n- r<t 

Ifwe introduce the dynamical variables to describe the magnitude of 
the total spin angular momentum, -k L Gr in units of n, through the 

r 
formula 

in a.greement with (39) of§ 36, we have 

Hence 

2 L (crr, cr1) = (I cr,, L cr1)- L (Gr, crr) 
r<t r t r 

= 4s(s+l)-3n. 

_ -~-{l 4s(s+l)-3n}-
X12 - 2 + n(n-l) -

n(n-4)+4s(s+l) 
2n(n-I) 

(30) 

Thus x12 is expressible as a function of the dynamical variable sand 
of n the number of electrons. Any of the other x's could be evaluated 
on similar lines and would have to be a function of sand n only, since 
there are no other symmetrical functions of all the cr dynamical 
variables which could be involved. There is therefore one set of 
numerical values x' for the x's, and thus one exclusive set of states, 
for each eigenvalue s' of s. The eigenvalues of s are 

-!zn, !n-1, tn-2, ... , 
the series terminating with 0 or t. 

We see in this way that each of the stationary states of a system 
with several electrons is an eigenstate of s, the magnitude in units of 
n of the total spin angular momentum ! L a,, belonging to a definite 

r 

eigenvalue s'. For any given s' there will be 2s' + 1 possible values 
for a component of the total spin vector in any direction and these 
will correspond to 2s'·+ 1 independent stationary states with the same 
energy. When we do not neglect the forces due to the spin magnetic 
moments these 2s' + 1 states will in general be split up into 2s' + 1 
states with slightly different energies, and will thus form a multiplet 
of multiplicity 2s' + 1. Transitions in which s' changes, i.e. transitions 
from one multiplicity to another, cannot occur when the spin forces 
are neglected and will have only a small probability of occurrence 
when the spin forces are not neglected. 
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We can determine the energy-levels of a system ·with several 
electrons to the first approximation by applying the theory of the 
preceding section with the kets lot) referring only to the orbital 
variables and using formula (23). If we consider only the Coulomb 
forces between the electrons, then the interaction energy V will 
consist of a sum of parts each referring to only two electrons, which 
will result in all the matrix elements Vp vanishing except those for 
which px is the identical permutation or is simply an interchange of 
two electrons. Thus (23) will reduce to 

(31) 

V,:8 being the matrix element referring to the interchange of electrons 
r and s. Since the po:.'s have the same properties as the px's, any 
function of the po:.'s will have the same eigenvalues as the corre
sponding function of the px's, so that the right-hand side of (31) 
will have the same eigenvalues as 

Vi+ L V.sP;'.°s, 
r<B 

or (32) 

from (29). The eigenvalues of (32) will give the first-order corrections 
in the energy-levels. The form of (32) shows that a model which 
assumes a coupling energy between the spins of the various electrons, 
of magnitude -!V,:s (ar, a8 ) for the electrons in the r and s orbital 
states, would meet with a fair amount of success. This coupling 
energy is much greater than that of the spin magnetic moments. Such 
models of the atom were in use before the justification by quantum 
mechanics was obtained. 

We may have two of the orbital states of the unperturbed system 
the same, i.e. the kets 10'.r) in the orbital variables for two electrons 
may be the same. Suppose 10'.1 ) and [1X2) are the same. Then we must 
take only those eigenvalues of (31) that are consistent with P~2 = 1, 
or those eigenvalues of (32) that are consistent with Pf2 = 1 or 
Pf2 = -1. From (28) this condition gives (av a 2) = -3, so that 
(a1 +a2) 2 = 0. Thus the resultant of the two spins a1 and a 2 is zero, 
which may be interpreted as the spins a1 and a 2 being antiparallel. 
Thus we may say that two electrons in the same orbital state have 
their spins antiparallel. More than two electrons cannot be in the 
same orbital state. 
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THEORY OF RADIATION 

59. An assembly of bosons 
WE consider a dynamical system composed of u' similar particles. 
We set up a representation for one of the particles with discrete basic 
kets ioPl), lci2l), ia:<3l), .... Then, as explained in§ 54, we get a sym
metrical representation of the assembly of n' particles by taking as 
basic kets the products 

(1) 

in which there is one factor for each particle, the suffixes 1, 2, 3,. . ., u' 
of the a:'s being the labels of the particles and the indices a, b, c, ... , g 
denoting indices <1J, <2>, <3>, ••. in the basic kets for one particle. If the 
particles are bosons, so that only symmetrical states occur in nature, 
then we need to work with only the symmetrical kets that can be 
constructed from the kets (1). The states corresponding to these 
symmetrical kets will form a complete set of states for the assembly 
of bosons. We can build up a theory of them as follows. 

We introduce the linear operator S defined by 
S = u'!-t ,2 P, (2) 

the sum being taken over all the u' ! permutations of the u' particles. 
Then S applied to any ket for the assembly gives a symmetrical ket. 
We may therefore call S the symmetrizing operator. From (8) of§ 55 
it is real. Applied to the ket (1) it gives 

u'!-t ~ Pfa:~a:~ a:g ... a:~:) = Sfa:aa:ba:c ... a:ll), (3) 

the labels of the particles being omitted on the right-hand side as 
they are no longer relevant. The ket (3) corresponds to a state for 
the assembly of u' bosons with a definite distribution of the bosons 
among the various boson states, without any particular boson being 
assigned to any particular state. The distribution of bosons is speci
fied if we specify how many bosons are in each boson state. Let 
n~, n;, n;,. .. be the numbers of bosons in the states a:(ll, 0:<2>, a.<3>, ... 
respectively with this distribution. The n"s are defined algebraically 

by the equation 
aa+ab+ac+ ... +o:ll = n~a<I>+n;a<2>+n;a<s>+.... (4) 

The sum of the n"s is of course u'. The number of n"s is equal to 
the number of basic kets Ja:<'l), which in most applications of the 
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theory is very much greater than u', so most of the n"s will he zero. 
If o:P, rxb, rxc, .•. , rxu are all different, i.e. if the n"s are all 0 or 1, the 
ket (3) is normalized, since in this case the terms on the left-hand 
side of (3) are all orthogonal to one another and each contributes 
u'!-1 to the squared length of the ket. However, if rxa, rxb, rxc, ... , rxu 

are not all different, those terms on the left-hand side of (3) will 
he equal which arise from permutations P which merely interchange 
bosons iq the same state. The number of equal terms will be 
n~! n;! n~!. .. , so the squared length of the ket (3) will be 

< a b e ujS2j a b c ll) - n' 1 n' In' 1 rx rx rx ... a rx rx rx ... a - 1· 2· s····· (5) 

For dealing with a general state of the assembly we can introduce 
the numbers nv n 2, n3 , ••• of bosons in the states rx<1J, a<2J, a<3>, •.• 
respectively and treat the n's as dynamical variables or as observ
ables. They have the eigenvalues 0, 1, 2,. .. , u'. The ket (3) is a 
simultaneous eigenket of all the n's, belonging to the eigenvalues 
n~, n;, n~,.... The various kets (3) form a complete set for the 
dynamical system consisting of u' bosons, so the n's all commute 
(see the converse to the theorem of§ 13). Further, there is only one 
independent ket (3) belonging to any set of eigenvalues n~, n;, n~, .... 
Hence the n's form a complete set of commuting observables. If we 
normalize the kets (3) and then label the resulting kets by the 
eigenvalues of the n's to which they belong, i.e. if we put 

(6) 

we get a set ofkets In~ n;n; ... ), with the n"s taking on all non-negative 
integral values adding up to u', which kets will form the basic kets 
of a representation with the n's diagonal. 

The n's can be expressed as functions of the observables rx1 , rx2, 

0:3, ••• , rxu' which define the basic kets of the individual bosons by 
means of the equations 

or the equations 

holding for any function f. 

(7) 

(8) 

Let us now suppose that the number of bosons in the assembly is 
not given, but is variable. This number is then a dynamical variable 
or observable u, with eigenvalues 0, 1, 2, ... , and the ket (3) is an 
eigenket of u belonging to the eigenvalue u'. To groit a complete 
set of kets for our dynamical system we must now take all the 
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symmetrical kets (3) for all values of u'. We may arrange them in 
order thus J), Jcx<i), SJcxacxb), SJcxacxbcxc), ... , (9) 

where first is written the ket, with no label, corresponding to the 
state with no bosons present, then come the kets corresponding to 
states with one boson present, then those corresponding to states 
with two bosons, and so on. A general state corresponds to a ket 
which is a sum of the various kets (9). 'rhe kets (9) are all orthogonal 
to one another, two kets referring to the same number of bosons being 
orthogonal as before, and two referring to different numbers of bosons 
being orthogonal since they are eigenkets of u belonging to different 
eigenvalues. By normalizing all the kets (9), we get a set ofkets like 
(6) with no restriction on the n"s (i.e. each n' taking on all non
negative integral values) and these kets form the basic kets of a 
representation with the n's diagonal for the dynamical system con
sisting of a variable number of bosons. 

If there is no interaction between the bosons and if the basic kets 
Jcx<l>), Jcx<2>), ... correspond to stationary states of a boson, the kets (9) 
will correspond to stationary states for the assembly of bosons. The 
number u of bosons is now constant in time, but it need not be a 
specified number, i.e. the general state is a superposition of states 
with various values for u. If the energy of one boson is H(a), the 
energy of the assembly will be 

I H(cx,.) = I naHa (10) 
T a 

from (8), Ha being short for the number H(cxa). This gives the 
Hamiltonian for the assembly as a function of the dynamical 
variables n. 

60. The connexion between bosons and oscillators 
In § 34 we studied the harmonic oscillator, a dynamical system of 

one degree of freedom describable in terms of a canonical q and p, 
such that the Hamiltonian is a sum of squares of q and p, with 
numerical coefficients. We define a general oscillator mathematically 
as a system of one degree of freedom describable in terms of a 
canonical q and p, such that the Hamiltonian is a power series in q 
and p, and remains so if the system is perturbed in any way. We 
shall now study a dynamical system composed of several of these 
oscillators. We can describe each oscillator in terms of, instead of 
q and p, a complex dynamical variable 17, like the 17 of§ 34, and its 
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conjugate complex Yj, satisfying the commutation relation (7) of 
§ 34. We attach labels l, 2, 3, ... to the different oscillators, so that 
the whole set of oscillators is describable in terms of the dynamical 
variables 7]1 , · 7Jz, 7] 3, ... , Tj1 , Tj2, ij3 ,. .. satisfying the commutation 
relations 

Put 

so that 

Y/aY/b-7/bT/a = 0, 

Tia Yjb-Yjb -iJa = 0, 

iia Y/b-1/b -iJa = Oab· 

} (11) 

(12) 

( 13) 

The n's are observables which commute with one another and the 
work of § 34 shows that each of them has as eigenvalues all non
negative integers. For the ath oscillator there is a standard ket for 
the Fock representation, IOa) say, which is a normalized eigenket ofna 

belonging to the eigenvalue zero. By multiplying all these standard 
kets together we get a standard ket for the Fock representation for 
the set of oscillators, (14) 

which is a simultaneous eigenket of all the n's belonging to the 
eigenvalues zero. We shall denote it simply by IO). From (13) of§ 34 

TialO) = 0 (15) 

for any a. The work of§ 34 also shows that, if n~, n;, n;, ... are any 
non-negative integers, n' n' ~ [O) (16) 7/1 1 7/2'7/3 ... 

is a simultaneous eigenket of all the n's belonging to the eigenvalues 
n~, n;, n;, ... respectively. The rnrious kets (16) obtained by taking 
different n"s form a complete set ofkets all orthogonal to one another 
and the square of the length of one of them is, from (16) of§ 34, 
n~ ! n; ! n;!• .... From this we see, bearing in mind the result (5), that 
the kets (16) have just the same properties as the kets (9), so that 
we can equate each ket (16) to the ket (9) referring to the same n' 
values without getting any inconsistency. This involves putting 

Sicxaohxc ... cxO) = Y/a Y/b 7Jc .. 7Jol0). (17) 

The standard ket IO) becomes equal to the first of the kets (n), corre
sponding to no bosons present. 

The effflct of equation (17) is to identify the states of an assembly 
of bosons with the states of a sef of oscillators. This means that the 
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dynamical system consisting of an assembly of similar bosons is equiva
lent to the dynamical system consisting of a set of oscillators-the two 
systems are just the same 81Jstem looked at Jrom two different points of 
view. There is one oscillator associated with each independent boson 
state. We have here one of the most fundamental results of quantum 
mechanics, which enables a unification of the wave and corpuscular 
theories of light to be effected. 

Our work in the preceding_ section was built up on a discrete set 
of basic kets io:a) for a boson. We could pass to a different discrete 
set of basic kets, 1,8.d) say, and build up a similar theory on them. 
The basic kets for the assembly would then be, instead of (9), 

I), 1,8.d), Sl,8.d,BB), Sl,8Aj3B,8°), (18) 

The first of the kets (18), referring to no bosons present, is the same 
as the :first of the kets (9). Those kets (18) referring to one boson 
present are linear functions of those kets (9) referring to one boson 
present, namely 1,8.d) = L laa)(o:al,BA), (19) 

a 

and generally those kets (18) referring to u' bosons present are linear 
functions of those kets (9) referring to ii' bosons present. Associated 
with the new basic states lf3A) for a boson there will be a new set 
of oscillator variables 7/A• and corresponding to (17) we shall have 

Sl,8A,BHf3u ... ) = 7/A 7/B 7Ja ... IO). (20) 

Thus a ket 7JA 7JB ... IO) with u' factors 7/A• 7JB,. .. must be a linear func
tion of kets 7/a7/b···IO) with u' factors 71,,, 7Jb,. ... It follows that each 
linear operator 7/A must be a linear function of the 71"'s. Equation 

(19) gives 7/AIO) = L 7/alO)(o:al,BA) 
a 

and hence (21) 

Thus the r/s transform according to the same law as the basic kets for 
a boson. The transformed 71's satisfy, with their conjugate complexes, 
the same commutation relations (11) as the original ones. The trans
formed 71's are on just the same footing as the original ones and hence, 
when we look upon our dynamical system as a set of oscillators, the 
different degrees of freedom have no invariant significance. 

The fi's transform according to the same law as the basic bras for 
a boson, and thus the same law as the numbers (aalx> forming the 
representative of a state x. This similarity people often describe by 

3595.57 Q 
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saying that the Yia's are given by a process of second quantization 
applied to <o:alx), meaning thereby that, after one has set up a 
quantum theory for a single particle and so introduced the numbers 
«xalx) representing a state of the particle, one can make these num
bers into linear operators satisfying with their conjugate complexes 
the correct commutation relations, like (11), and one then has the 
appropriate mathematical basis for dealing with an assembly of the 
particles, provided they are bosons. There is a corresponding proce
dure for fermions, which will be given in § 65. 

Since an assembly of bosons is the same as a set of oscillators, it 
must be possible to express any symmetrical function of the boson 
variables in terms of the oscillator variables TJ and Yj. An example 
of this is provided by equation (10) with Tfa Yia substituted for na. 
Let us see how it goes in general. Take first the case ~f a function 
of the boson variables of the form 

UT = 2: u,., (22) 
r 

where each U,. is a function only of the dynamical variables of the 
rth boson, so that it has a representative <o:~I U,./~) referring to the 
basic kets I~) of the rth boson. In order that UT may be symmetrical, 
t.lus representative must be the same for all r, so that it can depend 
only on the two eigenvalues labelled by a and b. We may therefore 
WTite it (23) 

for brevity. We have 

U,.io:f' o:~• ... ) = I io:f' o:~• .. o:~ .. )(a !Ulxr>· (24) 
a 

Summing this equation for all values of r and applying the sym
metrizing operator S to both sides, we get 

SUTlo:f1 0:~• ••• ) = 2: 2: Sio:f1 0:~• •• n:~ •. )(a/U/x,). (25) 
r a 

Since UT is symmetrical we can replace SUT by UT S and can then 
substitute for the symmetrical kGts in (25) their values given by (17). 
We get in this way 

[~ YJ.r1 YJx 2 ••• IO) = LI YJa Y);; 1 YJx, YJ.r,". !O)< a I U lxr) 
a r 

=I YJa I YJ;; 1 YJx, Y),,, ... IO)o0x,(a!Ulb), (26) 
ah r 

YJ.~} meaning that the factor YJ.r, must be cancelled out. Now from 
(15) and the commutation relations (11) 

(27) 
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(note that Tib is like the operator of partial differentiation o/aYJb), so 
(:26) becomes 

UT 7lx1 7lx, ... IO) --= I YJa 7jb 7li:1 7lx2 .. 10>< a iU lb). (28) 
ab 

The kets YJx, YJx,··· I 0) form a complete set, and hence we can infer from 
(28) the operator equation 

U'.t = 2: YJa(,al Uib)iib· (2fl) 
ab 

This gives us Up in terms of the 7J and 7j variables and the matrix 

elements <a!Uib). 
Now let us take a symmetrical function of the boson variables 

consisting of a sum of terms each referring to two bosons, 

~ = 2 v,:s. (30) 
r,s-:::;!:.r 

We do not need to assume V,:8 = Vsr. Corresponding to (23), V,:8 has 

matrix elements <a~cx~IV,:sic4'.cx~) = <ab/Vied) (31) 

for brevity. Proceeding as before we get, corresponding to (25), 

S~icx'f1 cx~2 ••• ) = 2 2 Sia'f1 a~' .. a~ .. a~ .. )<ab/Vlxrxs) (32) 
r,s=ftr ab 

and corresponding to (26) 

~7Ji:, 77x2 • .. IO) = 2: YJa17b 2: 77_;;; 1 77;; 1 77x17lx2 • .. I0)8cx,8dx,(ab!Vlcd). (33) 
abed r,s,c r 

vVe can deduce as an extension of (27) 

Tic 7j,l 77x1 'l/x,· ··I 0) = 2: 77;/77;:/77x1 77.r,· ··I 0)8cx, 8d,.,, (34) 
r,s-Fr 

so that (33) becomes 

v.1'17£. Y/.c,· IO)= 2: YJa17b7ic7id17.r, 17x,···iO)(ab!Vlcd), 
alJcd 

giving r:.s thL operator equation 

VT= 2: 77a17b<abJVlcd)7jc7id· 
abed 

(35) 

The method can readily be extended to give any symmetrical func
tion of the boson variables in terms of the 7l's and ij's. 

The foregoing theory can easily be generalized to apply to an 
assembly of bosons in interaction with some other dynamical system, 
which we shall call for definiteness the atom. We must introduce a 
set of basic kets, IS'> say, for the atom alone. We can then get a set 
of basic kets for the whole system of atom and bosons together by 
multiplying each of the kets (t) into each of the kets (9). We may 

write these kets 
(36) 
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We may look upon the system as composed of the atom in interaction 
with a set of oscillators, so that it can be described in terms of the 
atom variables and the oscillator variables YJa• Tia· Using again the 
standard ket IO) for the set of oscillators, we have 

SWaaabac ... ) = YJaYJbYJc···!O)!r), (37) 

corresponding to (17), as the equation expressing the basic kets 
(36) in terms of the oscillator variables. 

Any fun.ction of the atom variables and boson variables which is 
symmetrical between all the bosons is expressible as a function of the 
atom variables and the i]'s and ?j's. Consider first a function U~I.' of 
the form (22) with [~ a function only of the atom variables and the 
variables of the rth boson, so that it has a representative <S' a~ JU,. i '"a~). 
This representative must be independent of r in order that UT may 
be symmetrical between all the bosons, so we may write it 
(''aal Ul'"ab). Now let us define (al Ulb) to be that function of the 
atom variables whose representative is <r aal Ulr'ab), so that we have 

G'a~IV.W'a~) = G'aalUWab) = G'l<alUlb>W» (38) 

corresponding to (23 ). The equations (24)-(28) can now be taken over 
and applied to the present work if both sides of all these equations 
are multiplied by IS'> on .the right, with the result that formula (29) 
still holds. We can deal similarly with a symmetrical function 'J'1, of 
the form (30) with V,:8 a function only of the atom variables and the 
variables of the rth and sth bosons. Defining (ab Wied) to be that 
function of the atom v~riables whose representative is 

( S' a~ ex~ JV,:s I"'~ a~), 
we find that formula (35) still holds. 

61. Emission and absorption of bosons 
Let us suppose that the oscillators of the preceding section are 

harmonic oscillators and there is no interaction between them. The 
energy of the ath oscillator is then, from (5) of§ 34, 

Ha= liwa YJa Tia+~hwa. 
We shall neglect the constant term ~-nwa, which is the energy of the 
oscillator in its lowest state-the so-called 'zero-point energy'. This 
neglect does not have any dynamical consequences, as explained at 
the beginning of§ 30, and merely involves a redefinition of Ha. The 
total energy of all the oscillators is now 

HT = L Ha = L liw" YJa Tia = L liwa na (39) 
a a a 
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with the help of (12). This is of the same form as (10), with nwa for 
Ha. 'l'hus a set of h,armonic oscillators i8 equivalent to an assembly cf 
bosons in stationary states with no interaction between them. If an 
oscill,ator of the set is in its n'th quantum state, there are n' bosons in 
the associated boson state. 

In general the Hamiltonian for the set of oscillators will be a power 
series in the variables 7Ja, iia, say 

HT= Hp+ L (Ua77a+Ua7ia)+ L (Uab7Ja7ib+Yab77a77b+Yab7ia"ib)+ ... , a ab 
(40) 

where Hp, Ua, Uab' Ya/J are numbers, Hp being real and Uab = D;,a. If 
the set of oscillators are in interaction with an atom, as we had at 
the end of the preceding section, the total Hamiltonian will still be 
of the form (40), with Hp, Ua, Uab' Vab functions of the atom variables, 
Hp in particular being the Hamiltonian for the atom by itself. A 
general treatment of this dynamical system would be rather compli
cated and for practical applications one assumes that the terms 

Hp+ L ~a 77a "ia (41) 
a 

are large compared with the others and form by themselves an 
unperturbed system, the remaining terms being taken into account 
as a perturbation producing transitions in the unperturbed system, 
according to the theory of§ 44. If, further, uaa is independent of the 
atom variables, tha unperturbed system with Hamiltonian (41) con
sists merely of an atom with Hamiltonian Hp and an assembly of 
bosons in stationary states with Hamiltonian of the form (39), with 
no interaction. 

Let us consider what kinds 0£ tnnsitions are produced by the 
various perturbation terms in (40). Take a stationary state of the 
unperturbed system for which the atom i3 in a stationary state, ,, say, 
and bosons are present in the stationary boson states,~, b, c, .... This 
stationary state for the unperturbed system corresponds to the ket 

T/a T/b T/c·· ·I 0) !"), (42) 

like (37). If the term Ux 7Jx of ( 40) is multiplied into this ket, the 
result is a linear combination of kets like 

(43) 

,,, denoting any stationa.ry state of the atom. The ket (43) refers to 
one more boson than the ket (42), the extra boson being in the state x. 



234 THEORY OF RADIATION § 61 

Thus the perturbation term . Ux T/x gives rise to transitions in whjch 
one boson is emitted into state x and the atom makes an arbitrary 
jump. If the term Ux iix of ( 40) is multiplied into (42), the result is 
zero unless (42) contains a factor Y/r and is then a linear combination 
of kets like 

referring to one boson less in state x. Thus the perturbation term 
Ux iix gives rise to transitions in which one boson is absorbed from 
state x, the atom again making an arbitrary jump. Similarly, we find 
that a perturbation term Uxy T/x ijy (x =I= y) gives rise to processes in 
which a boson is absorbed from state y and one is emitted into state 
x, or, what is the same thing physically, one boson makes a transition 
from state y to state x. This kind of process would be produced by 
a term like the UT of (22) and (29) in the perturbation energy, pro
vided the diagonal elements <a/U/a) vanish. Again, the perturbation 
terms ~Y T/x T/y• ~Y iix ijy give rise to processes in which two bosons are 
emitted or absorbed, and so on for more complicated terms. With 
any of these emission and absorption processes the atom can make. 
an arbitrary jump. 

Let us determine how the probability of occurrence of each of these 
. transition processes depends on the numbers of bosons originally 

present in the various boson states. From §§ 44, 46 the transition 
probability is always proportional to the square of the modulus of 
the matrix element of the perturbation energy referring to the two 
states concerned. Thus the probability of a boson being emitted into 
state x with the atom making a jump from state ~' to state ~" is 
proportional to 

l<C J<n~ n; .. (n~+ l) .. / Ux TJx/n~ n; .. n~ .. ) /r)/ 2 , ( 44) 

the n"s being the numbers of bosons init~ally present in the variouR 
boson states. Now from (6) and (17), with reference to (4), 

ln~n;n~ ... ) = (n~1n;1n;1 ... )-}11r;TJ~'11~'···IO), (45) 

so that ( 46) 

Hence (44) is equal to 
( 47) 

showing that the probability of a transition in which a boson is emitted 
into smte x is proportional to the number of bosons originally in state x 
plus one. 
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The probability of a boson being absorbed from state x with the 
atom making a jump from state r to state"' is proportional to 

l<~"i<n~ n; .. (n~-1) .. 1~17xln~ n; .. n~ .. ) /?;') /2, (48) 

the n"s again being the numbers of bosons initially present in the 
various boson states. Now from (45) 

11xln~ n; .. n~ .. ) = n}ln~ n; .. (n;-1) .. ), 

so (48) is equal to n;J(t'ID'xlt)l2. 
(49) 

(50) 

Thus the probability of a transition in which a boson is absorbed from 
state x is proportional to the number of bosons originally in state x. 

Similar methods may be applied to more complicated processes, 
and show that the probability of a process in which a boson makes 
a transition from state y to state x (x =I= y) is proport1onal to n~(n~+ 1 ). 
lVIore generally, the probability of a process in which bosons are 
absorbed from states x, y, ... and emitted into states a, b, ... is propor
tional to 

n~ n~ ... (n~+ 1)(n~+1) ... , (51) 

the n"s being in each case the numbers of bosons originally present. 
These results hold both for direct transition processes and transition 
processes that take place through one or more intermediate states, 
in accordance with the interpretation given at the end of§ 44. 

62. Application to photons 
Since photons are bosons, the foregoing theory can be applied to 

them. A photon is in a stationary state when it is in an eigenstate 
of momentum. It then has two independent states of polarization, 
which may be taken to be two perpendicular states of linear polariza
tion. The dynamical variables needed to describe the stationary 
states are then the momentum p, a vector, and a polarization variable 
1, consisting of a unit vector perpendicular top. The variables p and 
1 take the place of our previous a:'s. The eigenvalues of p consist of 
all numbers from -ro to ro for each of the three Cartesian com
ponents of p, while for each eigenvalue p' of p, 1 has just two 
eigenvalues, namely two arbitrarily chosen vectors perpendicular· 
to p' and to one another. Owing to the eigenvalues of p forming 
a continuous range, there are a continuous range of stationary 
states, giving us the continuous basic kets IP'l'). However, the fore
going theory was built up in terms of discrete basic kets /a:') for a 
boson. There are two formalisms which one may use for getting over 
this discre1iancy. 
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The first consists in replacing the continuous three-dimensional 
distribution of eigenvalues for p by a large number of discrete points 
lying very close together, forming a dust spread over the whole three
dimensional p-space. Let Sp' be the density of the dust (the number 
of points per unit volume) in the neighbourhood of any point p'. 
Then Sp' must be large and positive, but is otherwise an arbitrary 
function of p'. An integral over the p-space may be replaced by a 
sum over the dust of points, in accordance with the formula 

J J J f(p') dp~dp~dp~ = I,J(p')s·i;,I, (52) 

which formula provides the basis of the passage from continuous p' 
values to discrete ones and vice versa. Any problem can be worked 
out in terms of the discrete p' values, for which the theory of§§ 59-61 
can be used, and the results can be transformed back to refer to con
tinuous p' values. The arbitrary density Sp' should then disappear 
from the results. 

The second formalism consists in modifying the equations of the 
theory of§§ 59-61 so as to make them apply to the case of a con-

. tinuous range of basic kets /ex'), by replacing sums by integrals and 
replacing the 8 symbol in the commutation relations {11) by 8 func
tions, so far as concerns the variables with continuous eigenvalues. 
Each of these formalisms has some advantages and some disadvan
tages. The first is usually more convenient for physical discussion, 
the second for mathematical development. Both will be developed 
here and one or other will be used according to which is more suitable 
at the moment. 

The Hamiltonian describing an assembly of photons interacting 
with an atom will be of the general form (40), with the coefficients 
Hp, Ua, Uab' ~b involving the atom variables. This Hamiltonian may 
be written 

(53) 

where Hp is the energy of the atom alone, HR is the energy of the 
assembly of photons alone, 

HR= I np'l'hvp'' (54) 
p'l' 

vP' being the frequency of a photon of momentum p', and HQ is the 
interaction energy, which can be evaluated from analogy with the 
classical theory, as will be shown in the next section. The whole 
system can be treated by a perturbation method as discussed in the 
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preceding section, Hp and HR pcoviding the energy (41) of the 
unperturbed system and HQ being the perturbation energy, which 
gives rise to transition processes in which photons are emitted and 
absorbed and the atom jumps from one stationary state to another. 

We saw in the preceding section that the probability of an absorp
tion process is proportional to the number of bosons originally in the 
state from which a boson is absorbed. From this we can infer that 
the probability of a photon being absorbed from a beam of radiation 
incident on an atom is proportional to the intensity of the beam. 
We also saw that the probability of an emission process is propor
tional to the number of bosons originally in the state concerned plus 
one. To interpret this result we must make a careful study of the 
relations involved in replacing the continuous range of photon states 
by a discrete set .. 

Let us negle'Ct for the present the polarization variable 1. Let 
IP'D) be the normalized ket corresponding to the discrete photon 
state p'. Then from (22) of§ 16 

I IP'D)(p'DI = 1, 
p' 

which gives from (52) 

J IP'D)(p'nlsP, d3p' = 1, (55) 

d3p' being written for dp~dp~dp:, for brevity. Now if IP') is the basic 
ket corresponding to the continuous state p', we have according to 
(24) of§ 16 - J IP')(P'I d3p' = 1, 

which shows, on comparison with (55); that 

IP') = l'p'n)st·· (56) 

The connexion between IP') and IP'D) is like the connexion betwe~n 
the basic kets when one changes the weight function of the representa
tion, as shown hy (38) of§ 16. 

With n~. photons in each discrete photon state p', the Gibbs 
density p for the assembly of photons is, according to (68) of§ 33, 

p =I lp'n)n~.(p'nl = J IP'D)n~.(p'nls. d3p' 
p' p 

= J !p')n~.(p'I d3p' (57) 

\1'ith the help of (5tl). The number of photons per unit volume in the 
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neighbourhood of any point x' is then <x'lplx'), according to (73) 
of§ 33. From (57) this equals 

<x'lplx') = J <x'lp')n~.(p'lx') d3p' 

(58) 

if one puts in the value of the transformation function <x' Ip') given 
by (54) of§ 23. Equation (58) expresses the number of photons per 
unit volume as an integral over the momentum space, so the inte
grand in ( 58) can be interpreted as the number of photons per unit 
of phase space. We obtain in this way the result that the number of 
photons per unit of phase space is eq_ual to h-3 times the number of 
photons per discrete state, in other words, a cell of volume h3 in phase 
space is equivalent to a discrete state. This result is a general one, 
holding for any kind of particle. If the polarization variable of the 
photons is not neglected, the result holds for each of the two indepen
dent states of polarization. 

The momentum of a photon of frequency vis of magnitude hv/c, 
so the element of momentum space 

dpxdpydpz = h3c-3v2 dvdw, 

dw being an element of solid angle for the direction of the vector p. 
Thus a distribution of photons with n~ per discrete state, which is 
equivalent to a distribution of h-3n~ d3pd3x. photons in an element 
of volume d3x and an element of momentum space d3p, equals a 
distribution of n~ c-3v2 dvdwd3x photons in an element of volume d3x 
and a frequency range dv ana direction of motion dw. This corre
sponds to an energy density n~ hc-3v3 per unit solid angle per unit 
frequency range, or an intensity per unit frequency range (i.e. an 
energy crossing unit area per unit time per unit frequency range) of 
amount Iv= n~hv3/c2 • (59) 

The result that the probability of a photon being emitted is pro
portional to n~1 +I, n~1 being the number of photons initially present 
in the discrete state concerned, can now be interpreted as the proba
bility being proportional to Iv1+hv3/c2, where Iv1 is the intensity of 
the incident radiation per unit frequency range in the neighbourhood 
of the frequency of the emitted photon and having the same polariza
tion l as the emitted photon. Thus with no incident radiation there 
is still a certain amount of emission, but the emission is increased or 
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stimulated by incident radiation in the same direction and having the 
same frequency and polarization as the emitted radiation. The 
present theory of radiation thus completes the imperfect one of§ 45 
by giving both stimulated and spontaneous emission. The ratio it 
gives for the two kinds of emission, namely lvi: hv3/c2, is in agreement 
with that provided by Einstein's theory of statistical equilibrium 
mentioned in § 45. 

The probability of a photon being scattered from the state p'l' to 
the state p"l" is proportional to np'l'(np·i·+l), the n's being the 
numbers of photons initially in the discrete states concerned. We can 
interpret this result as the probability being proportional to 

lv'1'(lv·1·+hv"3/c2). (60) 

Similarly for a more general radiative process in which several 
photons are 'emitted and absorbed, the probability is proportional 
to a factor lv1 for each absorbed photon and a factor Iv1+hv3/c2 for 
each emitted photon. Thus the process is stimulated by incident 
radiation in the same direction and with the same frequency and 
polarization as any of the emitted photons. 

63. The interaction energy between photons and an atom 
We shall now determine the interaction energy between an atom 

and an assembly of photons, i.e. the HQ of equation (53), from 
analogy with the classical expression for the interaction energy 
between an atom and a field of radiation. For simplicity we shall 
suppose the atom to consist of a single electron moving in an electro
static field of force. The field of radiation may be described by a 
scalar and a vector potential. These potentials are to a certain extent 
arbitrary and may be chosen so that the scalar potential vanishes. 
The field is then completely described by the vector potential Av Ay, 
Az, or A. The change that the field. causes in the Hamiltonian 
describing the atom is now, as explained at the beginning of§ 41, 

HQ= 2~{(P+~Ar-p2} = ~c(p,A)+2~:2A2. (61) 

This is the classical interaction energy. The A that occur~ here should 
be the value of the vector potential at the point where the electron is 
momentarily situated. It is, however, a good enough approximation 
if we take this A to be the vector potential at some fixed point in the 
atom, such as the nucleus, provided we are dealing with radiation 
whose wavelength is large compared with the dimensions of the atom. 
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Let us first consider the field of radiation classically and ignore its 
interaction with the atom. The vector potential A satisfies, according 
to Maxwell's theory, the equations 

DA= 0, div A= o, (62) 

O being short for o2/c2 8t2-82/8x2-82/8y2-82/8z2• The first of these 
equations shows that A can be resolved into Fourier components in 
the form 

A = J {Ak e-i(kx)+21TiVkl+Ak ei(kx)-27TiVkl} d3k, (63) 

each Fourier component representing a train of waves moving with 
the velocity of light, described by a vector k whose direction gives 
the direction of motion of the waves and whose magnitude Jkl is 
connected with their frequency vk by 

27Tvk = cJk/. (64) 

The vector k is just the momentum of a photon which the quantum 
theory would associate with these waves, divided by n. For each 
value of k we have an amplitude Ak, which is in general a complex 
vector, and the integral in (63) extends over the whole of the three
dimensional k-space. The second of equations (62) gives -

(k, Ak) = 0, (65) 

showing that, for each value of k, Ak is perpendicular to k. This 
expresses that the waves are transverse waves. Ak is determined by 
its two components in two directions perpendicular to each other and 
to k, these two components corresponding to two independent states 
of linear polarization. 

The total energy of the radiation is given by the volume integral 

H11 = (R7T)-1 J (€2+JP) d3x (66) 

taken over the whole of space, where the electric field § and the 
magnetic field .JI of the radiation are given by 

l 8A 
§ = -- - .JI= curl A. (67) 

c 8t ' 

Using standard formulas of vector analysis, we have 

div[Ax.JI] = (.Jl,curlA)-(A,curlJI) = JP-(A,curlcurlA) 

= .Ji2+(A, v2A) 

with the help of the second of equations (62). Thus (66) becomes, 
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with neglect of a term which can be transformed to a surface integral 
at infinity, 

HR= (87T)-1 J {~(88~, 88~)-(A, V2A)} d3x. (68) 

By substituting for A here its value given by (63), we can get the 
energy of the radiation in terms of the Fourier amplitudes Ak. The 
energy of the radiation is constant (since we are now ignoring the 
interaction of the radiation and the atom), so in this calculation we 
may take t = 0. This means taking 

A= J (Ak+A-k)e-i<kxJ d3k, (69) 

V2A = - J k 2(Ak+A-k)e-i(kx) d3k, 

8A/8t = ic J lkl(Ak-A-k)e-i(kx) (l3k. (70) 

Inserting these expressions in (68), we ge~ 

H11 = (87T)-1 Jf J {k'2(Ak+A-k, Ak+A_k·)-

-lkl lk' l(Ak-A-k, Ak,-A_k•)}e-i(kx)e-i(k'x) d3kd3k'd3x 

= 1T2 J J {k'2(Ak+A-k, Ak+A-k.)-

-lkl lk'l(Ak-A-k, Ak.-A_k·)}8(k+k') d3kd3k', 

with the help of formula (49) of§ 23, 8(k+k') being the product of 
three factors, one for each component of k. Hence 

HR= 7T2 J k 2{(Ak+A-k, A_k+Ak)-(Ak-A-k, A_k-Ak)} d3k 

= 27T2 J k 2{(Ak, Ak)+(A_k, A_k)} d3k 

(71) 

We can replace the continuous distribution of k-value;:; by a dust of 
discrete k-values,. like we did with the p-values in the precedjng 
section. The integral (71) then goes over, according to formula (52), 

into the sum HR = 47T2 2: k 2(Ak, Ak)sk"1, 
k 

sk being the density of the discrete k-values. We may also write 

this as (72) 

Ak1 being a component of Akin a direction 1 perpendicular to k and 
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·the summation with respect to I referring to two directions I perpen
dicular to each other. Thus there is one term in (72) for each inde
.pendent stationary state for a photon. 

The field quantities e and Ji at any point x can be looked upon 
as dynamical variables. The quantities 

.A _ .A e-2,,ivtt 
kll - kl 

are then dynamical variables at time t, since they are connected with 
e and Ji at various points x at t!me t by equations which do not 
involve t, as follows froni (63) and (67). Ak1 is constant, so Aklt varies 
with t according to the simple harmonic law. Thus Aklt is like the 711 

of a harmonic oscillator, _defined by (3) of§ 34, the w of the oscillator 
being 27Tvk. We may take each Aku to be proportional to the 711 of 
some harmonic oscillator and then the field of radiation becomes a 
set of harmonic oscillators. 

Let us now pass over to the quantum theory and take the Akll• .Akll 

to be dynamical variables in the Heisenberg picture. The expression 
(72) for the energy may be retained unchanged, the order in which 
the factors Akl• .Ak1 there occur being the correct one to give rio zero
point energy. The Ak11 then still vary with time according to the eiwt 

law and may still be taken to be proportional to the 71/s of harmonic 
oscillators. The factor of proportionality may be obtained by equat
ing (72) to the expression (39) for the energy, with the label a replaced 
by the two labels k and I and with hvk for liwa. This gives 

4112 ) k2Akl1Aku8k"1 = L hvk 7JkU 7ikU• fir kl 

the suffix t being inserted to show that we are dealing with Heisenberg 
dynamical variables (as we should when transferring equations of the 
classical theory to the quantum theory). Hence, using (64), 

(73) 

with neglect of an unimportant arbitrary phase factor. In this way 
the Heisenberg dynamical variables 7JkU• which describe the field of 
radiation as a set of oscillators, are introduced. The commutation 
relations between the 7lklt and 7iku are known, being given by (11), so 
equation (73) fixes the commutation relations between ~he Ak11 and 
Akit· It thus fixes the commutation relations between the potentials 
A and the field quantities e and Ji at various points x at the time t. 
(Incidentally, the commutation relations of the Ak1, .Aki are fixed, 
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so t.l1e commutation relation of two potential or field quantities at 
two different times is also fixed.) 

We can still use (73) when the interaction between the field of 
radiation and the atom is taken into account. This involves assuming 
that the interaction does not affect the commutation relations . 
between the potentials and field quantities at a given time. The 
interaction causes the 7Jk1/s to cease to vary according to the simple 
harmonic law and the oscillators to cease to be harmonic. Thus it 
may affect the commutation relation between two potential or field 
quantities at two different times. 

w·e can now take over the interaction energy (61) into the quantum 
theory, putting Pt for p to show it is a Heisenberg dynamical variable. 
Taking the atomic nucleus to be at the origin we get, by substituting 
(63) with x = 0 into (61), 

HQt = ~ J (P1,Ak1+Ak1) d3k+ 
me 

+ 2~c2 J J (Akt+Akt> Ak't+Ak't) d3kd3k' 

2 

= ~ L (Pt, Ak1+Akl)sk' 1 + 9 " 2 L (Ak1+Akl, Ak't+Ak't)Bk' 1s~1 
me k ... me kk' 

if we pass from continuous to discrete k-values. Thus 

Pu being the component of p1 in the direction 1. With the help of (73) 
we may express HQ1 in terms of the 7Jk1t and iik1t• and we can then drop 
the suffix t (which means going over . to Schrodinger dynamical 
variables), so that we obtain finally 

eh! """ ' HQ = 4772m ~Pi vk't( 7Jk1+7ik1)sk'! + 
kl 

e2h L +-- vk''vk'J( 7Jk1+ 7ik1)( 7Jk·r+ iikT )(11')sk'1Bk',t· 
327T4m kk'll' 

(74) 

With the model of the atom we are using, the interaction energy 
appears as a linear plus a quadratic function in the 77's and ij'.s. The 
linear terms give rise to emission and absorption processes, the 
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quadratic ones to scattering processes and processes in which two 
photons are absorbed or emitted simultaneously. The order of the 
factors 'YJ and Yj in the quadratic terms is not determined by the 
procedure of working from the classical theory, but this order is 
unimportant, since a change in it merely changes HQ by a constant. 

The matrix element of HQ referring to the emission of a photon 
into the discrete state kl, or into the discrete state p'l, as it may also 
be labelled, with the atom jumping from sfate cx0 to state ex', is 

< ' I 'JE'J I 0) eh! < 'I I 0> -! e < 'I I 0> -! p D a 1Q ex = 4 2 '·l ex p1 ex sk - = -h('>'-)t ex p1 ex Sp 
11 mv rn ... 11v · 

since sk = spn3. The p 1 occurring here, referring to the momentum 
of the electron, is, of course, quite distinct from the other letters p, 
referring to the momentum of the emitted. photon. To avoid con- · 
fusion we shall replace the electron momentum p by mx, these two 
dynamical variables being the same for the ·unperturbed atom. Pass
ing over to continuous photon states by means of the conjugate 
imaginary of equation (56), we get 

(p'lcx'JH0 Jex0) = h(2:v')! (ex'J.i1 Jex0). (75) 

Similarly, the matrix element of HQ referring to the absorption of a 
photon from the continuous state p 01 with the atom jumping from 
state cx0 to state ex' is 

(76) 

and the matrix element referring to the scattering of a photon from 
the continuous state p 0I0 to the continuous state p'l' with the atom 
jumping from state oc0 to state ex' is 

2 

(p'l' ex' JHQ I poloexo) = 9 h2 e O! " (l'IO) 8°''°'"' (77) 
u1T mv v, 

there being two terms in (74) which contribute to it. These matrix 
elements will be used in the next section. The matrix elements 
referring to the simultaneous absorption or emission of two photons 
may be written down in the same way, but they lead to physical 
effects too small to be of practical importance. 

64. Emission, absorption, and scattering of radiation 
We can now determine directly the coefficients of emission, absorp

tion, and scattering of radiation by substituting in the formulas of 
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Chapter VIII the values for the matrix elements given by (75), (76), 
and (77). 

For determining the emission probability we can use formula 
(56) of§ 53. This shows that for an atom in a state rx.0 the proba
bility per unit time per unit solid angle of it~ spontaneously emitting 
a photon and dropping to a state rx' of lower energy is 

47T2 WP'e 1 < ,1 . I 0>1 2 

h C2 h (21Tv)k rx Xi rx • 

Now the energy and momentum of a photon of frequency v are 

W = hv, P = hv/c. 

Again, from the Heisenberg law (20) of§ 29, 

(rx'[i1 [rx0 ) = -27Tiv(rx0rx')(rx'lxi/rx0), 

(78) 

v(rx0rx') being the frequency connected with transitions from state rxo 
to state rx', which in ~iie present case is just the frequency v of the 
emitted radiation. These results substituted in (78) make the emis
sion coefficient reduce to 

(') )3 
..,1Tv I< 'I I 0> 12 hc3 rx ex1 rx . (79) 

To obtain the rate of emission of energy per unit solid angle for a 
specified polarization, we must multiply this by hv. This gives for 
the total rate of emission of energy in all directions 

~ (2;;)4 J(rx'lexirx0)J 2, (80) 

which is in agreement with expression (34) of§ 45 and justifies Heisen
berg's assumption for the interpretation of his matrix elements. 

In the same way the absorption coefficient, given by formula 
( 59) of§ 53, becomes for photons 

%2h2W1~-l-< 'I" I 0>12= 87T3VI< 'I I 0)12 2p h 2 )~ rx X1 rx rx ex1 rx . 
C. (1Tv- C 

This absorption coefficient refers to an incident beam of one photon 
crossing unit area per unit time per unit energy range. If we take 
one per unit frequency range instead of energy range, as is usual 
when dealing with radiation, the absorption coefficient becomes 

87T3V I< 'I I 0>12 kc rx ex1 rx . 

This result is the same as (32) of § 45, if we substitute for the Ev 
there the energy hv of a single photon. Thus. the elementary theory 

3695.57 R 

_I 
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of§ 45, in which the radiation field is treated as an external perturba
tion, gives the correct value for the absorption coefficient. 

This agreement between the elementary theory and the present 
theory could be inferred from general arguments. The two theories 
-differ only in that the field quantities all commute with one another 
in the elementary theory and satisfy definite commutation relations 
in the present theory, and this difference becomes unimportant for 
strong fields. Thus the two theories must give the same absorption 
and emission when strong fields are concerned. Since both theories 
give the rate of absorption proportional to the intensity of the inci
dent beam, the agreement must hold also for weak fields in the case of 
absorption. In the same way the stimulated part of the emission in the 
present theory must agree with the emission in the elementary theory. 

Let us now consider scattering. The direct scattering coefficient is 
given by formula (38) of§ 50. Such scattering of photons will not be 
accompanied by any change of state of the atom on account of the 
factor 8"''"'" in the expression for the matrix element (77). Thus the 
final energy W' of the photon will equal its initial energy W0• The 
scattering coefficient now reduces to 

e4Jm2c4. (1'10)2. 

This is the same as that given by classical mechanics for the scattering 
of radiation by a free electron. We thus see that the direct scatter
ing of radiation by an electron in an aton;i is independent of the atom 
and is correctly given by the classical theory. This result, it should 
be remembered, holds only provided the wavelength of the radiation 
is large compared with the dimensions of the atom. 

The direct scattering is a mathematical concept and cannot be 
separated out experimentally from the total scattering, given by 
formula ( 44) of§ 51. Let us see what this total scattering is in the 
case of photons. We must be careful in our application of formula 
(44) of§ 51. The.summation I in this formula may be considered as 

k 

representing the contribution to the scattering of double transitions 
consisting of transitions firstly from the initial state to state k and 
secondly from state k to the final state. The first transition may be 
an absorption of the incident photon and the second an emission of 
the required scattered photon, but it is also possible for the first 
transition to be the emission and the second the absorption. It is 
clear from the general nature of the method used for deriving formula 
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(44) of§ 51 that both these kinds of double transitions must be in
cluded in the summation I when this formula is applied to photons, 

k 

although only the first of them appears in the actual derivation given 
in§ 51, as the possibility of the particle being created or annihilated 
was not taken into account there. 

We use zero, single prime, and double prime to refer to the initial, 
final, and intermediate states of the atom respectively, and zero and 
single prime to refer to the absorbed and emitted photons respec- · 
tively. Then, for the double transition of absorption followed by 
emission, we must take for the matrix elements 

(p' a:' [Vlk> 
of the formula ( 44) of§ 51 

(k[V[pOo:O) = (o:"iHQ[pO}Oa:O), (p'a:'[V[k) = (p'l'o:'[HQ[a:"). 

Also E'-Ek = hv0 +Hp(a:0)-Hp(a:") = h[vO-v(a:"a:O)J, 

where 

Similarly, for the double transition of emission followed by absorption 
we must take 

and 
E'-Ek = hv0 +Hp(a:0)-Hp(a:")-hv0-hv' = -h[v' +v(a:"ex0)], 

there being now two photons, of frequencies v0 and v', in existence 
for the intermediate state. Substituting in ( 44) of§ 51 the values of 
the matrix elements given by (75), (76), and (77), we get for the 
scattering coefficient 

h~44 ;1!!_ (l'lo) o°''a•+ 
c v m 

+ """{(ex'lxrlex")(ex"Jx1ola:0) _ (ex'lx1olex")(o:"lxriex0)}1 2 ( 8l) 
4 v0 -v(a"a0 ) v'+v(ex"a0 ) • 

°' 
If we write (81) in terms of x instead of x, we get 

(27Te)4 ~1_!!_(1'10) <:> , - """ ( ' ") ( " O){(cx'lxrlex")(a:"lx1ola:o) -
h2 4 o 2 o°' a• ~ v a: ex v ex ex o ( " O) C v 7Tm. a• v -v a a: 

(ex' lx1o iex")(o:" Jx1, Jcx0)}1 2 ( 82) 
v' + v( ex" ex0) • 

We can simplify (82) with the help of the quantum conditions. 
We have 
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which gives 

2: {(ex'/X1·/ex")(ex"/x1,/a:0)-(ex'/x1./ex")(ex"/xr/ex0)} = 0, (83) 
~ . 

and also 
x1.x1.-x1.x1• = l/m. (xrp1.-p1.xr) = ih/m. (1'1°), 

which gives 

! {(ex' /xr /ex"). v( ex" ex0) (ex" /x1• /ex0)-v(ex' ex")( a:' /x1, Jex"). (ex" /x1• /ex0)} 
a!' 

= _21 . in (1'10) Sa' a• = _!!_ (1'10) Sa<' a•· (84) 
7Ti m 27Tm 

Multiplying (83) by v' and adding to (84), we obtain 

2: { (ex' /x,, I ex")(ex" /x1o /ex0)[v' +v(ex" ex0) ]-(ex' /x1• /ex")(ex" /x1, /ex0)[v' +v( ex' ex")]} 
a:· 

= li/27Tm.(l'l0)S"',"'"· 

If we substitute this expression for h/27Tm. (1'1°) so:'<x' in (82), we 
obtain, after a straightforward reduction making use of identical 
relations between the v's, 

(27Te)4 vOv'31 ""=' {(ex'/xl'/ex")(ex"/x1o/ex0) _ (ex'/x1o/a:")(cx"/xr/ex0)}1 2 ( 85) 
h2c4 7 v0-v(a" a:0 ) v' +v(ex" a:0 ) • 

This gives the scattering coefficient in the form ·of the effective 
area that a photon has to hit per unit solid angle of scattering. It is 
known as the Kramer s-H eisenberg dispersion formula, having been first 
obtained by these authors from analogies with the classical theory 
of dispersion. 

The fact that the various terms in (82) can be combined to give 
the result (85) justifies the assumption made in deriving formula ( 44) 
of§ 51, that the matrix elements (p'ex'/V/p"a:") of the interaction 
energy are of the second order of smallness compared with the 
(p' ex' /V/k) ones, at any rate when the scattered particles are photons. 

65. An assembly of fermions 
An assembly of fermions can be treated by a method similar to 

that used in§§ 59 and 60 for bosons. With the kets (1) we may use 
the antisymmetrizi'.ng operator A defined by 

A = u'!-t 2: ±P, (2') 

summed over all permutations P, the + or - sign being taken 
according to whether Pis even or odd. Applied to the ket (1) it gives 

u'H 2 ±Pia:rexgex~ ... a:\D = A/exaexbex0 ••• ex"), (3') 

a ket corresponding to a state for an assembly of u' fermions. The 
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ket (3') is normalized provided the individual fermionkets Jaa), Jab), ... 
are all different, otherwise it is zero. In this respect the ket (3') is 
simpler than the ket (3). However, (3') is more complicated than (3) 
in that (3') depends on the order in which aa, ab, a", ... occur in it, 
being subject to a change of sign if an odd permutation is applied 
to this order. 

We can, as before, introduce the numbers n1 , n 2 , n3, ... of fermions 
in the states cx(l), a(2l, cx(~l, ... and treat them as dynamical variables or 
observables. They each have as eigenvalues only 0 and l. They form 
a complete set of commuting observables for the assemblyoffermions. 
The basic kets of a representation with the n's diagonal may be taken 
to be connected with the kets (3') by the equation 

A Jaaaba0 ••• aY) = ±Jn~ n; n; ... ) (6') 

corresponding to (6), the n"s being connected with the variables 
aa, ab, ac ... by equation (4). The ± sign is needed in (6') since, for 
given n"s, the occupied states aa, ab, a0 , ••• are fixed but not their 
order, so that the sign of the left-hand side of (6') is not fixed. To 
set up a rule which determmes the sign in (6 1), we must arrange all 
the states a for a fermion arbitrarily in some standard order. The 
a's occurring· in the left-hand side of (6') form a certain selection from 
all the a's and the standard order for all the cx's will give a standard 
order for this selection. We now make the rule that the + sign should 
occur in (6 1) if the a's on the left-hand side can be brought into their 
standard order by an even permutation and the - sign if an odd 
permutation is required. Owing to the complexity of this rule, 
the representation with the basic kets Jn~ n; n; ... ) is not a very 
useful one. 

If the number of fermions in the assembly is variable, we can set 
up the complete set of kets 

J), jaa), A Jaaa:b), A Jaaabac), ... , (9') 

corresponding to (9). A general ket is now expressible as a sum of 
the various kets (9'). 

To continue with the development we introduce a set of linear 
operators YJ, ij, one pair 7Ja, iia corresponding to each fermion state a:a, 
satisfying the commutation relations 

YJa YJb+YJb YJa = 0, 

iia iib+iib iia = 0, 

iia YJb +77b iia = Oab· 

} (11 ') 
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These relations are like (11) with a+ sign instead of a - on the left
hand side. They show that, for a ;:/= b, YJa and Yia anticommute with 
YJb and ijb, while, putting b = a, they give 

7]~ = 0, ij~ = 0, Yia YJa+YJa Yia = 1. (11") . 

To verify that the relations (11') are consistent, we note tha,t linear 
operators 17, ij satisfying the conditions (11') can be constructed in 
the following way. For each state ct.a we take a set of linear operators 
axa> aya> aza like the av ay, az introduced in§ 37 to describe the spin 
of an electron and such that axa' aYa' aza commute with axb' ayb> azb 
for b ;:/=a. We also take an independent set of linear operators 'a' 
one for each state aa, which all anticommute with one another and 
have their squares unity, and commute with all the a variables. 
Then, putting 

YJa = i'a(axa-iaya), Yia = i'a(axa+iaya), 

we have all the conditions (11') satisfied. 
From (11'') 

( YJa Yia) 2 = YJa Yia YJa iia = 7Ja(l-17a iia)iia = 7Ja iia· 

This is an algebraic equation for YJa iia, showing that YJa Yia is an 
observable with the eigenvalues 0 and 1. Also TJa iia commutes with 
YJb ijb for b # a. These results allow us to put 

YJa iia = na, 
the same as (12). From (11") we get now 

(12') 

iia YJa = l-na, (13') 

the equation corresponding to (13). 
Let us write the normalized ket which is an eigenket of all the n's 

belonging to the eigenvalum; zero as IO). Then 

nalO) = 0, 

so from (12') (0117aiial0) _:___ 0. 

Hence YialO) = 0, (15') 
like (15). Again 

(Oliia17ul0)-= (Ol(l-na)IO) = (OIO) = 1, 

showing that 17al0) is normalized, and 

na'IJalO) = 17aiia17al0) = 17a(l-nu)IO) = 17al0), 
showing that 'IJa IO) is an eigenket of na belonging to the eigenvalue 
unity. It is an eigenket of the other n's belonging to the eigenvalues 
zero, since the other n's commute with Y/a· By generalizing- the 
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argument we see that YJa YJb YJc··'i)ulO) is normalized and is a simul
taneous eigenket of all the n's, belonging to the eigenvalues unity 
for nai nb, nc, ... , ny and zero for the other n's. This enables us to put 

A/cta(l(li(l(c ... a.7) = YJa YJb YJc··YJalO), (17') 

both sides being antisymmetrical in the labels a, b, c, ... , g. We have 
here the analogue of (17). 

If we pass over to a different set of basic kets /f3A) for a fermion, 
we can introduce a new set of linear operators YJA correspor.ding to 
them. We then find, by the same argument as in the case of bosons, 
that the new r/s are connected with the original ones by (21). This 
shows that there is a procedure of second quantization for fermions, 
similar to that for bosons, with the only difference that the commu
tation relations (11') must be employed for fermions to replace the 
commutation relations (11) for bosons. 

A symmetrica,l linear operator UT of the form (22) can be expressed 
in terms of the 77, ij variables by a similar method to that used for 
bosons. Equa~ion (24) still holds, and so does (25) with S replaced 
by A. Instead of (26) we now have 

U1•77:c1 77x2···10) =LL (-y-i71a 77;;:177x1 77x2···IO)(a!Ulxr) 
a r 

= L 1}a L (- )'-171;;.1 7Jx1 77x, ... J0)8bx,(a/ U/b), (26') 
ab r 

77;;_1 meaning that the factor YJx, must be cancelled out, without its 
position among the other 77x's being changed before the cancellation. 
Instead of (27) we have 

fib 77x1 7),,, ... /0) = L (- }T-171;;.1 71x1 77x, ... /0)8bx,, (27') 
T 

so (28) holds unchanged and thus (29) holds unchanged. We havf 
the same final form (29) for UT in the fermion case as in the boson 
case. Similarly, a symmetrical linear operator Tj. of the form (30) can 
be expressed as (35') 

the same as one of the ways of writing (35). 
The foregoing :work shows that there is a deep-seated analogy 

between the theory of fermions and that of bosons, only slight 
changes having to be made in the general equations of the formalism 
when one passes from one to the other. 

There is, however, a development of the theory of fermions that 
has no analogue for bosons. For fermions there are only the two 
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alternatives of a state being occupied or unoccupied and there is 
symmetry between these two alternatives. One can demonstrate the 
symmetry mathematically by making a transformation which inter
changes the concepts of 'occupied' and 'unoccupied', namely 

17~ = iia, ii~ = YJa, 
n~ = 17~ ii~ = 1-na. 

The creation.operators of the unstarred variables are ~he anilihilation 
operators of the starred variables, and vice versa. Thestarl'.ed variables 
are now seen to satisfy the same quantum conditions and to have all 
the same properties as the unstarred ones .. 

If there are only a few unoccupied states, a convenient standard 
ket to work with would be the one for which every state is occupied, 
namely IO*) satisfying 

It thus satisfies 

or 

nalO*) = IO*). 

n~IO*) = o, 
ii~IO*) = o. 

Other states for the assembly will now be represented by 

17~17617~ ... 10*), 

in which variables appear referring to the unoccupied fermion states 
a, b, c .... vVe may look upon these unoccupied fermion states as holes 
among the occupied ones and the 17* variables as the operators of 
creation of such holes. The holes are just as much physical things 
as the original particles and are also fermions. 



XI 

RELATIVISTIC THEORY OF THE ELECTRON 

66. Relativistic treatment of a particle 
THE theory we have been building up so far is essentially a non
relativistic one. We have been working all the time with one par
ticular Lorentz frame of reference and have set up the theory as an 
analogue of the classical non-relativistic dynamics. Let us now try 
to make the theory invariant under Lorentz transformations, so that 
it conforms to the special principle of relativity. This is necessary in 
order that the theory may apply to high-speed particles. There is no 
need to make the theory conform to general relativity, since general 
relativity is required only when one is dealing with gravitation, and 
gravitational forces are quite unimportant in atomic phenomena. 

Let us see how the basic ideas of quantum theory can be adapted 
to the relativistic point of view that the four dimensions of space
time should be treated on the same footing. The general principle 
of superposition of states, as given in Chapter I, is a relativistic 
principle, since it applies to 'states' with the relativistic space-time 
meaning. However, the general concept of an observable does not fit 
in, since an observable may involve physical things at widely separated 
points at one instant of time. In consequence, if one works with a 
general representation referring to any complete set of commuting 
observables, the theory cannot display the symmetry between space 
and time required by relativity. In relativistic quantum mechanics 
one must be content with having one representation which displays 
this symmetry. One then has the freedom to transform to another 
representation referring to a special Lorentz frame of reference if it 
is useful for a particular calculation. · 

For the problem of a single particle, in order to display the sym
metry between space and time we must use the Schrodinger repre
sentation. Let us put x1 , x2, x3 for x, y, z, .and x0 for ct. The time
dependent wave function then appears as ifi(x0 x1 x2 x3 ) and provides 
us with a basis for treating the four x's on the same footing. 

We shall use relativistic notation, writing the four x's as x,,, 
(µ, = 0, 1, 2, 3). Any space-time vector with four components which 
transform under Lorentz transformations like the four elements dx,,, 
will be written like a,,, with a lower Greek suffix. \Ve may raise the 
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suffix according to the rules 

a 0 =· a0 , a1 = -a1 , a2 = -a2 , a 3 = -:a3 . ( l) 

The aµ are called the contra variant components of the vector a, and 
the a/L the covariant components. Two vectors aµ and bµ have a 
Lorentz-invariant scalar product 

a0 b0-a1 b1-a2 b2-a3 b3 =a/Lbµ= aµbl', 

a summation being implied over a repeated letter suffix. The funda
mental tensor gµ.v is defined by 

gOO = 1, gll = g22 = g33 = -1, 

g/LV = 0 for µ. i= V. 
} (2) 

With its help the rules (1) connecting covariant and contravariant 
components may be written 

a/L = g/Lvav. 

In the Schrodinger representation the momentum, whose com
ponents will now be written p 1 , p 2 , p 3 instead of Px• Py• Pz• is equal 
to the operator 

Pr= -ino/ox, (r = 1, 2, 3). (3) 

Now the four operators o/oxµ. form the covariant components of a 
4-vector whose contravariant components are written o/oxP... So to 
bring (3) into a: relativistic theory, we must first write it with its 
suffixes balanced, Pr = iii o/oxr, 
and then extend it to the complete 4-vector equation 

Pµ = ih o/oxl'. (4) 

We thus have to introduce a new dynamical variable p 0 , equal to 
the operator in o/ox0 • Since it forms a 4-vector when combined with the 
momenta p,, it must hav0 the physical meaning of the energy of the 
particle divided by c. We can proceed to develop the theory treating 
the four p's on the same footing, like the four x's. 

In the theory of the electron that will be developed here we shall 
have to introduce a further degree of freedom describing an internal 
motion of the electron. The wave function will thus have to involve 
a further variable besides the four x's. 

67. The wave equation for the electron 
Let us consider first the case of the motion of an electron in the 

absence of an electromagnetic field, so that the problem is simply 
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that of the free particle, as dealt with in § 30, with the possible 
addition of internal degrees of freedom. The relativistic Hamiltonian 
provided by classical mechanics for this system is given by equation 
(23) of§ 30, and leads to the wave equation 

{Po-(m2c2+P~+P~+pUJ:}ip = 0, (5) 

where the p's are interpreted as operators in accordance with 
(4). Equation (5), although it takes into account the relation between 
energy and momentum required by relativity, is yet unsatisfactory 
from the point of view of relativistic theory, because it is very un
symmetrical betweenp0 and the other p's, so much so that one cannot 
generalize it in a relativistic way to the case when there is a field 
present. We must therefore look for a new wave equation. 

If we multiply the wave equation (5) on the left by the operator 
{p0+(m2c2+p~+P~+PW}, we obtain the equation 

(6) 

which is of a relativistically invariant form and may therefore more 
conveniently be taken as the basis of a relativistic theory. Equation 
(6) is not completely equivalent to equation (5) since, although every 
solution of (5) is also a solution of (6), the converse is not true. Only 
those solutions of (6) belonging to positive values for p 0 are also 
solutions of (5). 

The wave equation (6) is not of the form required by the general 
laws of the quantum theory on account of its being quadratic in p 0 . 

In § 27 we deduced from quite general arguments that the wave 
equation must be linear in the operator Ojot or p 0, like equation (7) 
of that section. We therefore seek a wave equation that is linear 
in Po and that is roughly equivalent to (6). In order that this wave 
equation shall transform in a simple way under a Lorentz transforma
tion, we try to arrange that it shall be rational and linear in p1, p 2, 

and p 3 as well as in p 0, and thuS"'Qf the form 

{po-rx.1P1-ot2P2-otaP3-fJ}i/i = 0, (7) 

where the rx.'s and fl are independent of the p's. Since we are consider
ing the case of no field, all points in space-time must be equivalent, 
so that the operator in the wave equation must not involve the x's. 
Thus the ot 's and fl must also be independent of the x's, so that they 
must commute with the p's and the x's. They therefore describe 
some new degree of freedom, belonging to some internal motion in 
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the electron. We shall see later that they bring in the spin of the 

electron. 
Multiplying (7) by the operator {p0 +ix1p 1 +ix2p 2+o:3 p 3 +/3} on the 

left, we obtain 

(p5- 2: [cxipi+(o:10:2+0:20:1)P1P2+(0:1.B+,Bo:1)P1]-/32)ifi = 0, 
123 

where 2: refers to cyclic permutations of the suffixes 1; 2, 3. This is 
123 

the same as (6) if the cx's and j3 satisfy the relations 

o:i = 1, 0:1 0:2+1X2 IX1 = 0, 

j32 = m2c2, o:1.B+/30:1 = 0, 

together with the relations obtained from these by permuting the 

suffixes 1, 2, 3. If we write 
j3 = cxmm.c, 

these relations may be summed up in the single one, 

a,,cxb+ixbaa = 2oab (a, b = 1, 2, 3, orm). (8) 

The four cx's all anticommute with one another and the square of 

each is unity. 
Thus by giving suitable properties to the o:'s and ,B we can make 

the wave equation (7) equivalent to (6), in so far as the motion of 
the electron as a whole is concerned. We may now assume (7) is the 
correct relativistic wave equation for the motion of an electron in 
the absence of a field. This gives rise to one difficulty, however, 
o'ving to the fact that (7), like (6), is not exactly equivalent to (5), 
but allows solutions corresponding to negative as well as positive 
values of p 0• The former do not, of course, correspond to any actually 
observable motion of an electron. For the present we shall consider 
only the positive-energy solutions and shall leave the discussion of 
the negative-energy ones to § 73. 

We can easily obtain a representation of the four o:'s. They have 
similar algebraic properties to the a's introduced in § 37, which a's 
can be represented by matrices with two rows and columns. So long 
as we keep to matrices with two rows and columns we cannot get a 
representation of more than three anticommuting quantities, ancl we 
have to go to four rows ami columns to get a representation of the 
four anticommuting rx's. It is cml':enient first to express the a's in 
terms of the a's and also of a second similar set of three anticom
muting variables whose squares are unity, p1, p2, p3 say, that are 
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independent of and commute with the a's. We may take, amongst 
other possibilities, 

am= Pa> (9) 

and the a's will then satisfy all the relations (8), as may easily be 
verified. If we now take a representation with p3 and a3 diagonal, 
we shall get the following scheme of matrices: 

1 0 

0 0 

0-i. 0) 
0 0-i 
0 0 0 
i 0 0 

0 
-1 

0 
0 

It should be noted that the p's and a's are all Hermitian, which makes 
the a's also Hermitian. 

Corresponding to the four rows and columns, the wave function if; 
must contain a variable that takes on four values, in order that the 
matrices shall be capable of being multiplied into it. Alternatively, 
we may look upon the wave function as having four components, each 
a function only of the four x's. We saw in § 37 that the spin of the 
electron requires the wave function to have two components. The 
fact that our present theory gives four is due to our wave equation 
(7) having twice as many solutions as it ought to have, half of them 
corresponding to states of negative energy. · 

With the help of (9), the wave equation (7) may be written with 
three-dimensional vector notation 

(10) 

To generalize this equation to the case when there is an electro
magnetic field present, we follow the classical rule of replacing p 0 and 
p by p0+e/c.A0 and p+e/c.A, A0 and A being the scalar and vector 
potentials of the field at the place where the electron is. This gives 
us the equation 

{p0·+~A0-p1( a, P+~A)-p3 mc}ifi = 0, (11) 

which is the fundamental wave equation of the relativistic theory of 
the electron. 
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The four components of if;in ( 10) or (11) should be pictured as written 
one below another, so as to form a single-column matrix. The square 
matrices p and a then get multiplied into the single-column matrix if; 
according to matrix multiplication, the product being in each case 
another single-column matrix. The conjugate imaginary wave func
tion that represents a bra should be pictured as having its four com
ponents written one beside another, so as to form a single-row matrix, 
which can be multiplied from the right by a square matrix p or a to give 
another single-row matrix. \Ve denote this conjugate imaginary wave 
function pictured as a single-row matrix by ~t, using the symbol t to 
denote the transpose of any matrix, i.e. the result of interchanging 
the rows and columns. Then the conjugate imaginary of equation ( 11) 

reads 
~t{Po+~Ao-Pi( u, P +~A)- p3 mc} = 0, (12) 

in which the operators p operate to the left. An operator of differentia
tion operating to the left must be interpreted according to (24) of§ 22. 

68. Invariance under a Lorentz transformation 
Before proceeding to discuss the physical consequences of the wave 

equation (11) or (12), we shall first verify that our theory really is 
invariant under a Lorentz transformation, or, stated more accurately, 
that the physical results the theory leads to are independent of the 
Lorentz frame of reference used. This is not by any means obvious 
from the form of the wave equation (11). We have to verify that, if 
we write down the wave equation in a different Lorentz frame, the 
solutions of the new wave equation may be put into one-one corre
spondence with those of the original one in such a way that corre
sponding solutions may be assumed to represent the same state. For 
either Lorentz frame, the square of the modulus of the wave function, 
summed over the four components, should give the probability per 
unit volume of the electron being at a certain place in that Lorentz 
frame. We may call this the probability density. Its values, calculated 
in different Lorentz frames for wave functions representing the same 
state, should be connected like the time components in these frames 

. of some 4-vector. Further, the 4-dimensional divergence of this 4-
vector should vanish, signifying conservation of the electron, or that 
the electron cannot appear or disappear in any volume without passing 
through the boundary. 
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For brevity it is convenient to introduce the symbol ex0 = 1 and to 
suppose that the suffixes of the four exµ.(µ= 0, 1, 2, 3) can be raised 
in accordance with the rules ( 1 ), even though these four ex 's do not 
form the components of a 4-vector. We can now write the wave 

equation (11) {cx.1-'(Pµ.+e/c.Aµ.)-exmmc}f = 0. (13) 

The four exl-' satisfy 
( 14) 

with gl-'" defined by (2), as one can verify by taking separately the cases 
whenµ and v are both 0, when one of them is 0, and when neither of 
them is 0. 

Let us apply an infinitesimal Lorentz transformation and distinguish 
quantities referring to the new frame ofreference by a star. The com
ponents of the 4-vector Pµ. will transform according to equations of 
the type 

p~=Pµ.+a/pv, (15) 

where the a/ are small numbers of the first order. We shall neglect 
quantities that are quadratic in the a's and thus of the second order. 
The con(.lition for a Lorentz transformation is that 

which gives 

leading to 

P~Pµ.* = Pµ.Pµ., 

a/PvPµ.+Pµ. aµ.vPv = 0, 

al-'v+avµ. = 0. (16) 

The components of Al-' will transform according to the same law, so 
we have 

pl-'+e/c.AI-' = p~+e/c.A~-a/(P:+e/c.A:l. 

Thus the wave equation (13) becomes 

{(c1.1-'-ex>..a>..l-')(p~+e/c. A~)-exm mc}f = 0. 

Define 
Then from (14) 

exl-'exm 1'vf-M exm exl-' = l;apa{(exl-'exm exP+exPexmexl-')exmexa-

(17) 

( 18) 

-exPexm(exl-'exm exa+aaam al-')} 
= ia pa(gl-'Pexa - cxPgl-'a) 

= -aPl-'exP 

with the help of (16), and hence 

cxl-'(I+amM) = (I+Mam)(cxl-'-aPl-'cxP). (19) 

Thus, multiplying (17) by (l+Mcxm) on the left, we get 

{exl-'(l+exmM)(p~+e/c.A~)-(am+M)mc}f = 0. 
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So if we put 

we get 

(l+cxmM)f = i/J*, 
{cxfL(p~+e/c.A~)-cxm mc}f* = 0. 

§ 68 

(20) 

(21) 

This is of the same form as (13) with the starred variables p~, A~, f*, 
and shows that (13) is invariant under an infinitesimal Lorentz trans
formation, provided f is subjected to the right transformation, given 
by (20). A finite Lorentz transformation can be built up from infinite
simal ones, so under a finite Lorentz transformation the wave equation 
( 13) is also invariant. Note that the matrices rx/l. do not get altered at all. 

The invariance proved above means that the solutions f of the 
original wave equation (13) are in one-one correspondence with the 
solutions f* of the new wave equation (21 ), corresponding solutions 
being connected by (20). We assume that corresponding solutions 
represent the same physical state. We must now verify that the 
physical interpretations of corresponding solutions, referred to their 
respective Lorentz frames ofreference, are in agreement. This requires 
that ;pip should give the probability density referred to the original 
frame and f*tip* the probability density referred to the new frame. 
Let us examine the relationship between these quantities. ftip is the 
same as •f!tcx0f and forms one of the four quantities ftcxl'f, which should 
be treated together. 

Equations (18) and (16) show that Mis pure imaginary. Thus the 
conjugate imaginary of equation (20) is 

f*t = ft(l-Mcxm). 
Hence 

f*t cxl'f * = ft ( 1-M rxm)cx.1'( 1 +am M)f 

= ft(l-M rx,,,)(l +M a,,,)(cxl'-avl'cxv)f 

from (19). This reduces to 

f *t cx/l.f * = ft ( al'-avl'av )f 
= ftcxl'f+a!'vftcxvif; 

with the help of ( 16). If we lower the suffix µ here, we get an equation 
of the same form as (15), which shows that the four quantities (pt a!' if; 
transform like the contra variant components of a 4-vector. Thus ft if; 
transforms like the time component of a 4-vector, which is the correct 
transformation law for a probability density. The space components 
of the 4-vector, namely ft a, if;, if multiplied by c, give the probability 
current, or the probability of the electron crossing unit area per 
unit time. 
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It should be noted that (ft cxm if; is invariant, since 

{;*tcxmifi* = {;t(l-Mcxm)cxm(l+cxmJW)i/; 
- -t ,/, - i/l cxm 'f" 

We must verify finally the conservation law, that the divergence 

a! ({;tcx,,_i/;) (22) 
fl 

vanishes. To prove this, multiply equation (13) by f;t on the left. 
The result is 

{;t cxfl(in oif; +~A,, i/;)-{;t cxm mci/; = 0. oxfl c r 

The conjugate imaginary equation is 
' -t 

( -iii oi/; + [;t ~A,,)cxJ.Lij;-f;t cxm mcif; = 0. 
oxJ.L c r 

Subtracting and dividing by in, we get 

oi/; a[;t 
ftcxfL-+-cxJ.Li/; = 0, 

oxfL oxJ.L 

whiCh just expresses the vanishing of (22). In this way we complete 
the proof that our theory gives consistent results in whichever frame 
of reference it is applied. 

69. The motion of a free electron 
It is· of interest to con13ider the motion of a free electron in the 

Heisenberg picture according to the above theory and to study the 
Heisenberg equations of motion. These equations of motion can be 
integrated exactly, as was first done by Schrodinger.:j: For brevity 
we shall omit the suffix t which the notation of § 28 requires to be 
inserted in dynamical variables that vary with time in the Heisen
berg pictur~. 

As Hamiltonian we must take the expression which we get as equal 
to cp0 when we put the ope~ator on if; in (10) equal to zero, i.e. 

H = cp1(a, p)+p3 mc2 = c(ct, Pl+p3 mc2• (2~) 

We see at once that the momentum commutes with Hand is thus a 
constant of the motion. Further, the x1-component of the velocity is 

(24) 

This result is rather surprising, as it means an altogether different 

t Schrodinger, Sitzung~b. d. Berlin. Akad., 1930, p. 418. 

3595 .5; s 
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relation between velocity and momentum from what one has in 
classical mechanics. It is connected, however, with the expression 
;ptca:1 if; for a component of the probability current. The:i1given by (24) 
has as eigenvalues ±c, corresponding to the eigenvalues ±I of a:1. 
As :i2 and :i3 are similar, we can conclude that a measurement of a com
ponent of the velocity of a free electron is certain to lead to the result ±c. 
This conclusion is easily seen to hold also when there is a field present. 

Since electrons are observed in practice to have velocities con
siderably less than that of light, it would seem that we have here a 
contradiction with experiment. The contradiction is not real, though, 
since the theoretical velocity in the above conclusion is the velocity 
at one instant of time while observed velocities are always average 
velocities through appreciable time intervals. We shall find upon 
further examination of the equations of motion that the velocity is 
not at all constant, but oscillates rapidly about a mean value which 
agrees with the observed value. 

It may easily be verified that a measurement of a component of the 
velocity must lead to the result ±c in a relativistic theory, simply 
from an elementary application of the principle of uncertainty of 
§ 24. To measure the velocity we must measure the position at two 
slightly different times and then divide the change of position by the 
time interval. (It will not do to measure the momentum and apply 
a formula, as the ordinary connexion between velocity and momen
tum is not valid:) In order that our measured velocity may approxi
mate to the instantaneous velocity, the time interval between the 
two measurements of position must be very short and hence these 
measurements must be very accurate. The great accuracy with 
which the position of the electron is known during the time-interval 
must give rise, according to the principle of uncertainty, to an almost 
complete indeterminacy in its momentum. This means that almost 
all values of the momentum are equally probable, so that the momen
tum is almost certain to be infinite. An infinite value for a component 
of momentum corresponds to the value +c for. the corresponding 
component of velocity. 

Let us now examine how the velocity of the electron varies with 
time. We have 

Now since a:1 anticommutes with all the terms in H except ca:1p1, 

0:1H+H0:1 = 0:1 Ca:1 P1 +ca:1 P1 0:1 = 2cp1, 



§ 69 

and hence 
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in&1 = 2rx1 H - 2cpv 
= -2Hrx1+2cp1. 

263 

} (25) 

Since H and p 1 are constants, it follows from the first of equations 
(25) that 

(26) 

This differential equation in &1 can be integrated immediately, the 
result being (27) 

where ri~ is a constant, equal to the value of &1 when t = 0. The 
factor e-2iHt/h must be put to the right of the factor &~ in (27) on 
account of the H occurring to the right of the &1 in (26). The second 
of equations (25) leads in the same way to the result 

Iii = e2illlfh&~. 

We can now easily complete the integration of the equation of motion 
for x1. From (27) and the first of equations (25) 

rx1 = tin&~e-2iH1/hH-1+cp1H-1, 
and hence the time-integral of equation (24) is 

X1 = -icli2&~e-2illl/hfl-2+c2p1H-It+av 

a1 being a constant. 

(28) 

(20) 

From (28) we see that the x1 component of velocity, crxv consists 
of two parts, a constant part c2p 1 H-1 , connected with the momentum 
by the classical relativistic formula, and an oscillatory part 

ticn&~ .e-2iH1/h H -1, 

whose frequency is high, being 2H/h, which is at least 2mc2/h. Only 
the constant part would be observed in a practical measurement of 
velocity, such a measurement giving the average velocity through a 
time-interval much larger than h/2mc2• The oscillatory part secures 
that the instantaneous value of x1 shall have the eigenvalues ±c. The 
oscillatory part of x1 is small, being, according to (29), 

-!di}&~e-2iHt/hfl-2 = t_icli(rx1-cp1H-1)H-1, 

which is. of the order of magnitude Ii/me, since (rx1-cp1H-1) is of the 
order of magnitude unity. 

70. Existence of the spin 

In§ 67 we saw that the correct wave equation for the electron in 
the absence of an electromagnetic field, namely equation (7) or (10), is 
equivalent to the wave equation (6) which is suggested from analogy 
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with the classical theory. This equivalence no longer holds when 
there is a field. The wave equation to be expected from analogy with 
the classical theory in this case is 

(30) 

in which the operator is just the classical relativistic Hamiltonian. If 
we multiply (11) by some factor on the left to make it resemble 
(30) as closely as possible, namely the factor 

we get 
Po+;Ao+Pi( cr, P+;A)+p3 mc, 

{ (P0 +;A 0r-( a, P+;A r-m2c2-p1[(p0 +;A0)( a, P+;A)--

-( cr, P+~A)(Po+~A0)]}¢1 = 0. (31) 

We now use the general formula that, if B and C are any two 
three-dimensional vectors that commute with a, 

(cr,B)(a,C) = _I{aiB1 G1 +a1 a2 B1 G2+a2 a1 B 2 G1}, 
123 

the summation referring to cyclic permutations of the suffixes 1, 2, 3, 
or 

= (B, C)+i(cr, Bx C). 

Taking B = C = p+e/c.A, we find, since 

( P+~A) x ( P+~A) = ~{pxA+Ax P} 

= -ilie/c.curlA = -ine/c . .JI, 

where JI is the magnetic field, that 

( cr, P+;Ar = ( P+;Ar + r:e (cr,Ji). 

Also we have 

ine(. 1 8A , dA) .lie( p = - cr,- -+gra 0 = --t- a, o), c c at c . 

(32) 

(33) 
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where §is the electric field. Thus (31) becomes 

{ 0o +~A0r-( P +~Ar- m2c2- ~e (a,»)+ip1 ~e (a, §)}tfa = o. 
(34) 

This equation differs from (30) through having two extra terms in 
the operator. These extra terms involve some new physical effects, 
but since they are not real they do not lend themselves very directly 
to physical interpretation. 

To get an understanding of the physical features involved in the 
difference between (34) and (30) it is better to work with the Heisen
berg picture, this picture being always the more suitable one for 
comparisons between classical and quantum mechanics. The Heisen
berg equations of motion are determined by the Hamiltonian 

H = -eA 0+cp1( a, P+~A)+p3 mc2 , (35) 

the generalization of (23) to the case when there is a field. Equation 
(35) gives 

(~ +~A0r = {P1( a, P+~A )+p3 mcr 

= (a,v+~Ar+m2c2 

= ( P+~A)2 +m2c2+ ~e (a,») (36) 

with the help of (33). We have here the real part of the extra terms 
in (34) appearing without the pure imaginary part. For an electron 
moving slowly (i.e. with Rmall momentum), we may expect the 
Heisenberg equations of motion to be determined by a Hamiltonian 
of the form mc2+H1, where H1 is small compared with mc2. Putting 
mc2+H1 for Hin (36) and neglecting Hi and other terms involving 
c-2, we get, on dividing by 2m, 

H1+eA0 = - P+-A +-(a,Ji). 1 ( e ) 2 lie 
2m c 2mc 

(37) 

The Hamiltonian H1 given. by (37) is the same as the classical 
Hamiltonian for a slow electron, except for the last term 

ne 
-(a,J:I.). 
2mc 

This term may be considered as an additional potential energy 
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which a slow electron has in the quantum theory and may be 
interpreted as arising from the electron having a magnetic moment 
-he/2mc. cr. This magnetic moment is the one assumed in§§ 41 and 
4 7 for dealing with the Zeeman effect and is in agreement with 
experimeh t. 

The spin angular momentum does not give rise to any potential 
energy and therefore does not appear in the result of the preceding 
calculation. The simplest way of showing the existence of the spin 
angular momentum is to take the case of the motion of a free electron 
or an electron in a central field of force and determine the angular 
momentum integrals. This means working with the Hamiltonian (23), 
or with the Hamiltonian (35) with A= 0 and A 0 a function of the 

radius r, i.e. H = -eA 0(r)+cp1(cr, p)+p3 mc2, (38) 

and obtaining the Heisenberg equations of motion for the angular 
momentum. With either Hamiltonian we find for the rate of change 
of the x1-component of orbital angular momentum, m1 = x2 p 3-x3 p 2, 

with the help of commutatioi1 relations proved in § 35, 

ihm 1 = m1 H-Hm1 

= cp1{rn1(a, p)-(a, p)m1} 

= cp1(cr, m1 p-pm1) 

= ilicp1{a2 p 3-a3 p 2}. 

Thus rh 1 ojc 0 and the orbital angular momentum is not a constant 
of the motion. This result is to be expected from the integrated 
equation of motion (29), the oscillatory part of the motion here dis
played giving rise to an oscillatory term in the angular momentum. 

We have further 

ilia1 = a 1 H-H a 1 
= cp1{a1(a, p)-(a, p)a1} 

= Cp1(a1 O'-O'a1, p) 

= 2icp1{a3 p 2-a2 p 3} 

with the help of equations ( 51) of§ 37. Hence 

m1+th&1 = o, 

so that the vector m+Yia is a constant of the motion. This result 
one can interpret by saying the electron has a spin angular momentum 
tJia, which must be added to the orbital angular momentum m before 
one gets a constant of the motion. The spin angular momentum 
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could alternatively be obtained from the rotation operators for states 
of spin in accordance with the general method of§ 35. 

The same vector a fixes the directions of both the spin magnetic 
moment and the spin angular momentum. If an electron in a certain 
state of spin has a spin angular momentum of tn in a particular 
direction, it will have a magnetic moment -en/2mc in the same 
direction. 

We were led to the value ~Ji, for the spin of the electron by an 
argument depending simply on general principles of quantum theory 
and relativity. One could apply the same argument to other kinds 
of elementary particle and one would be led to the same conclusion, 
that the spin angular momentum is half a quantum. This would be 
satisfactory for the proton and the neutron, but there are some kinds 
of elementary particle (e.g. the photon and certain kinds of meson) 
whose spins are known experimentally to be different from iii, so we 
have a discrepancy between our theory and experiment. 

The answer is to be found in a hidden assumption in our work. 
Our argument is valid only provided the position of the particle is 
an observable. If this assumption holds, the particle must have a 
spin angular momentum of half a quantum. For those particles that 
have a different spin the assumption must be false and any dynamical 
variables x1 , x2, x3 that may be introduced to describe the position 
of the particle cannot be observables in accordance with our general 
theory. For such particles there is no true Schrodinger representation. 
One might be able to introduce a quasi wave function involving the 
dynamical variables xv x2, x3, but it would not have the correct 
physical interpretation of a wave function-that the square of its 
modulus gives the probability density. For such particles there is still 
a momentum representation, which is sufficient for practical purposes. 

71. Transition to polar variables 
For the further study of the motion of an electron in a central field 

of force with the Hamiltonian (38), it is convenient to make a 
transformation to polar coordinates, as was done in § 38 in the 
non-relativistic case. We can introduce r and Pr as before, but 
instead of k, the magnitude of the orbital angular momentum m, 
which is no longer a constant of the motion, we must now use the 
magnitude of the total angular momentum M = m+tna. Let us put 

(39) 
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The eigenvalues of m 3 are integral multiples of H, those of :J;;na3 are 

±tn, and hence those of M 3 must be half odd integral multiples of 
li. It follows from the theory of§ 36 that the eigenva!ues of Jj I must 
be integers greater than zero. 

If in formula (32) we take B = C = m, we get 

(a, ~)2 = m 2 +i(a, in x m) 

= m 2-li(a, m) 

Hence 

· (m+!lia)2-2li(a, m)-£h2• 

{(a, m)+li}2 = M 2+ln2• 

Thus (cr, m)+li is a quantity whose square is Mz+in2 and we could, 
consistently with equation (39), define jli as (a, m)+li. This would 
not be the most convenient definition for j, however, since we would 
like to have j a constant of the motion and (a, m) +n is not constant. 
\Ve have, in fact, from applications of (32), · 

(cr, m)(a, p) = i(a, mx p) 

and (a, p)(cr, m) = i(~, p x m), 
so that 

(cr, m)(a, P)+(cr, p)(a, m) = i I a1{m2 p3-m3 p 2+p2 m3-p3 m2} 
123 '· 

= i I a1 .2ilip1 = -2n(a, p), ' 
123 

or {(a, m)+li.}(cr, p)+(cr, p){(a, m)+li} = 0. 

Thus (a, m)+li. anticommutes with one of the terms in the, expression 
(38) for H, namely the term cp1(a, pj, and commutes )Vith the other 
two. It follows that p3{(a, m)+li} commutes with all the three terms 
in Hand is a constant of the motion. But the square of p3{(a, m)+li} 
is also M 2 +ili.2• We can therefore take 

jli. = p3{(cr, m)+h}, (40) 

which gives us a convenient rational definition for j which is consis
tent with (39) and makesj a constant of the motiori. The eigenvalues 
of this j are all positive and negative integers, excluding zero. 

By a further application of (32), we get · 

(a,x)(a,pj = (x,p)+i(a,in) 

= rp,+ip3 jli-ih, (41) 

with the help of ( 40) and also of equation (58) of§ 38. We introduce 
the linear operator E defined by · 

rE = p1(a, x). (42) 
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Since r commutes with p1 and with (cr, x), it must commute with E. 

We thus have 

or 

Now p1(cr, p) commutes withj, and since there is symmetry between 
x and p so far as angular momentum is concerned, p1(cr, x) must also 
commute withj. Hence E commutes withj. Further, E must commute 
with p,, since we have 

(cr, x)(x, p)-(x, p)(cr, x) = (cr, x(x, p)-(x, p)x) = in(a, x), 

which gives rErp,-rp,rE = inrE, 

r2Ep,-r2pr E = 0. or 

From (41) and (42) we obtain 

rEp1(cr,p) = rpr+ip3jn-ih, 

or 
Thus (38) becomes 

H/c = -e/c.A0+E(p,-in/r)+iEp3fli/r+p3mc. 

This gives our Hamiltonian expressed in terms of polar variables. It 
should be noticed that E and p3 commute with all the other variables 
occurring in Hand anticommute with one another. This means that 
we can take a representation with p3 diagonal in which E and p3 are 
represented respectively by the matrices 

(0 -i) 
i 0 ' (~ -~)· (43) 

If r is also diagonal in the representation, the representative 
(r'p;I) of a ket will have two components, (r', 11) = tfaa(r') and 
(r', -11) = {lb(r') say, referring to the two rows and columns of the 
matrices (43). 

72. The fine-structure of the energy-levels of hydrogen 

We shall now take the case of the hydrogen atom, for which A 0 = ef r, 
and work out its energy-levels, given by the eigenvalues H' of H. 
The equation (H' -H) I) = 0 which defines these eigenvalues, when 
written in terms of representatives in the representation discussed 
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above with E and p3 represented by the matrices ( 43 ), gives the 
equations 

(H' ez) (o 1) jli -+- ifa+li 3+- ifib+-ifb-mcifa = 0, e er r r r 

( H' e2
) ( o 1) jli -+- ifb-li 3+- fa+-fa+mcfb = 0. 

e er r r r 

Ifwe put 
li li 

(44) 
me-H' /e = a 1, me+H'/e = a 2, 

these equations reduce to 

(1 ex) (o j+l) 

} 
--- i/Ja- -+- fb = 0, 
a1 r or r 

( 45) 

(1 ex) (o j-1) -+- if;b- --- if; = 0, 
az r or r a 

where ex= e2/lic, which is a small number. We shall solve these equa
tions by a similar method to that used for equation (73) in§ 39. 

Put ifa = r-Ie-rfaj, i/;b = r-Ie-rfag, (46) 

introducing two new functions, f and g, of r, where 

a= (a1 a2 )!: = li(m2c2-H'2/c2)-l. (4 7) 

Equations ( 45) become 

(~-==)1-(~-~+l)g = 0, a 1 r or a r 
} (48) 

·we now try for a solution in which f and g are in the form of power 
series, 

g =I e~r•, (49) 
s 

in which consecutive values of s differ by unity though these values 
need not be integers. Substituting these expressions for f and g in 
(48) and picking out coefficients of r•-1, we obtain 

e8_1 /a1 -exC8-(s+j)c~+e~_1/a = 0, 

c~_1/a2 +exc~-(s-j)c8+e8_1/a = 0. 
(50) 

By multiplying the first of these equations by a and the second by 
a 2 and subtracting, we eliminate both C8 _ 1 and e~_ 1 , since from 
(47) a/a1 = a2/a. We are left with 

[aex-a2(s-j)]e8+[a2 ex+a(s+j)]c~ = 0, (51) 
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a relation which shows the connexion between the primed and un
primed e's. 

The boundary condition at r = 0 requires that rif" and rif;b -+ 0 as 
r-+ 0, so from (46) f and g-+ 0 as r-+ 0. Thus the series (49) must 
-terminate on the side of smalls. If s0 is the minimum value of s for 
which c8 and c~ do not both vanish, we obtain from (50), by putting 
s = s0 and cs.-l = c~0_ 1 = 0, 

cxcs.+(s0+j )c~. = 0, 

cxc~. -(s0-j)cs. = 0, 

which give cx2 = -sg+j2. 

(52) 

Since the boundary condition requires that the minimum value of s 
shall be greater than zero, we must take 

80 = +,j(j2-a:2). 

To investigate the convergence of the series (49) we shall determine 
the ratio cs/cs-l for larges. Equation (51) and the second of equations 
(50) give approximately, whens is large, 

and 

Hence 

a2 cs = ac~ 

scs = cs_1/a+c~_1/a2 • 

cs/cs-I = 2/as. 

The series (49) will therefore converge like 

21(~)8. 
8 

or e2r/a. This result is similar to that obtained in§ 39 and allows us 
to infer, as in § 39, that all values of H' are permissible for which a 
is pure imaginary, i.e. from (47), for which. H' > mc2 , while for 
H' < mc2 we take a to be positive and then find that only those 
values of H' are permissible for which the series (49) terminate on 
the side of larges. 

If the series (49) terminate with the terms cs and c~, so that 
cs+l = c~+I = 0, we obtain from (50) with s+l substituted for s 

cs/a1 +c~/a = 0, 

c~/a2+cs/a = 0. 

These two equations are equivalent on account of (47). 
bined with (51), they give 

a1[acx-a2(s-j)] = a[a2 cx+a(s+j)], 

(53) 

When com-
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which reduces to 2a1 a2 s = a(a1-a2)cx, 

s I( l I) H' - = - - - - a: = - ex, 
a 2 a 2 a1 cli 

or 

with the help of (44). Squaring and using (47), we obtain 

!!_:__ - ( a;2)-! 
2 - 1+ 2 • me s 

Hence 

The s here, which specifies the last term in the series, must be greater 
than s0 by some integer not less than zero. Calling this integer n, 
we have ·' 

s = n+,J(j2-ex2) 

and thus H' { a:2 }-! 
mc2 = I+ {n+,J(j2-ex2)}2 . (54) 

This formula gives the discrete energy-levels of the hydrogen 
spectrum and was first obtained by Sommerfeld working with Bohr's 
orbit theory. There are two quantum numbers n andj involved, but 
owing to ex2 being very small the energy depends almost entirely on 
n+ jjl. Values of n and ljl that give the same n+ Jjl give rise to a 
set of energy-levels lying very close to one another, and to the 
energy-level given by the non-relativistic formula (80) of§ 39 with 
s = n+ ljl, apart from the constant term mc2 • 

We used equations (53) by combining them with (51 ), but this does 
not make full use of (53) since the coefficients of cs and c~ in (51) may 
both vanish. In this case we get, multiplying the first coefficient by 
a 1 and the second by a and adding, 

a(a1 +a2)ex+2a1 a 2 j = 0. 

Thus j must be negative in this case. With the help of ( 44) and ( 4 7) 
we get further 

_ ~j_ _ !!_ + !!_ _ 2mca _ 2mc 
ex - a2 a 1 - h - (m2c2-H'2/c2);' 

or 
H'2 ex2 
m2c4 = 1-p· 

Since H' must be positive, this leads to 

H' -/(j2-ex2) 

mc2 ljl 
(55) 

which is the value of H' given by (54) when n = 0. The case n = 0 
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with j negative thus needs further investigation to see whether ~p_e 
conditions (53) are then fulfilled. 

With n = 0, the maximum value of sis the same as the minimum, 
so equations (53) with s0 substituted for s should agree with (52). 
Now (55) gives, from (44) and (47), 

_!_ = mc(l - ,J (j2-rx2)), 

al n ljl 
1 me rx 
a=TGJ' 

so the first of equations (53) wit:p. s0 substituted for s gives 

C80{1jl-,J (j2-rx2)}+c~. rx = 0. 

This agrees wit~ the second of equations (52) only if j is positive. 
We can conclude that, for n = 0, j must be a positive integer, while 
for the other values of n all non-zero integral values of j are allowed. 

73. Theory of the positron 
It has been mentioned in§ 67 that the wave equation for the elec

tron admits of twice as many solutions as it ought to, half of them 
referring to states with negative values for the kinetic energy cp0 + eA0 • 

This difficulty was introduced as soon as we passed from equation (5) 
to equation (6) and is inherent in any relativistic theory. It occurs 
also in classical relativistic theory, but is not then serious since, owing 
to the continuity in the variation of all classical dynamical variables, 
if the kinetic energy cp0+eA0 is initially positive (when it must be 
greater than or equal to mc2 ), it cannot subsequently be negative 
(when it would have to be less than or equal to -mc2 ). ;rn the 
quantum theory, however, discontinuous transitions may take place, 
so that if the electron is initially in a state of positive kinetic energy 
it may make a transition to a state of negative kinetic energy. It is 
therefore no longer permissible simply to ignore the negative-energy 
states, as one can do in the classical theory. 

Let us examine the negative-energy solutions of the equation 

-rx2(Pa+~A 2)-rxa(Pa+~A3)-rxmmc}if = 0 (56) 

a little more closely. For this purpose it is convenient to use a repre
sentation of the rx's in which all the elements of the matrices repre
senting rx1, rx2, and rx3 are real and all those of the matrix representing 
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rx.m are pure imaginary or zero. Such a representation may be obtained, 
for instance, from that of§ 67 by interchanging the expressions for rx.2 
and rx.m in (9). If equation (56) is expressed as a matrix equation in 
this representation and we put -i for i all through it, we get, remem
bering the i in (4), 

{(-v0 +~A0)-rx.1(-P1+~A1)-

~rx.2(-p2+~A2)-rx.3(-Pa+~A3)+cxmmc}if = 0. (57) 

Thus each solution tjJ of the wave equation (56) has for its conjugate 
complex if a solution of the wave equation ( 5 7). Further, if the solution 
ifa of (56) belongs to a negative value for cp0+eA0 , the corresponding 
solution if of (57) will belong to a positive value for cp0-eA0• But the 
operator in ( 57) is just what one would get if one substituted -e fore 
in the operator in (56). It follows that each negative-energy solution 
of (56) is the conjugate complex of a positive-energy solution of the 
wave equation obtained from (56) by substitution of -e fore, which 
solution represents an electron of charge +e (instead of -e, as we 
had up to the present) moving through the given electromagnetic field. 
Thus the unwanted solutions of (56) are connected with the motion 
of an electron with a charge +e. (It is not possible, of course, with 
an arbitrary electromagnetic field, to separate the solutions of (56) 
definitely into those referring to positive and those referring to negative 
values for cp0+eA0 , as such a separation would imply that transitions 
from one kind to the other do not occur. The preceding discussion is 
therefore only a rough one, applying to the case when such a separation 
is approximately possible.) 

In this way we are led to infer that the negative-energy solutions 
of (56) refer to the motion of a new kind of particle having the mass 
of an electron and the opposite charge. Such particles have been 
observed experimentally and are ca1Ied positrons. We cannot, how
ever, simply assert that the negative-energy solutions represent posi
trons, as this would make the dynamical relations all wrong. For 
instance, it is certainly not true that a positron has a negative kinetic 
energy. We must therefore establish the theory of the positrons on 
a somewhat different footing. We assume that nearly all the negative
energy states are occupied, with one electron in each state in accordance 
with the excluRion principle of Pauli. An unoccupied negative-energy 
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state will now appear as something with a positive energy, since to 
make it disappear, i.e. to fill it up, we should have to add to it an 
electron with negative energy. \Ve assume that these itnoccupied 
negative-energy states are the positrons. 

These assumptions require there to be a distribution of electrons 
of infinite density everywhere in the world. A perfect vacuum is a 
region where all the states of positive energy are unoccupied and all 
those of negative energy are occupied. In a perfect vacuum Maxwell's 
equation div§= O 

must, of course, be valid. This means that the infinite distribution 
of ~egative-energy electrons does not contribute to the electric field. 
Only departures from the distribution in a vacuum will contribute 
to the electric density j 0 in Maxwell's equation 

div§= 4'1Tj0 • (58) 

Thus there will be a contribution -e for each occupied state of posi
tive energy and a contribution +e for each unoccupied state of 
negative energy. 

The exclusion principle will operate to prevent a positive-energy 
electron ordinarily from making transitions to states of negative 
energy. It will still be possible, however, for such an electron to 
drop into an unoccupied state of negative energy. In this case we 
should have an electron and positron disappearing simultaneously, 
their energy being emitted in the form of radiation. The converse 
process would consist in the creation of an electron and a positron 
from electromagnetic radiation. 

From the symmetry between occupied and unoccupied fermion 
states discussed at the end of§ 65, the present theory is essentially 
symmetrical between the electrons and the positrons. We should 
have an equivalent theory if we supposed the positrons to be the 
basic particles, described by wave equations of the form (11) with -e 
for e, and then supposed that nearly all the states of negative energy 
for the positrons are filled up, a hole in the distribution of negative
energy positrons being then interpreted as an ordinary electron. The 
theory could be developed consistently with the hypothesis that all 
the laws of physics are symmetrical between positive and negative 
electric charge. 



XII 

QUANTUM ELECTRODYNAMICS 

74. The electromagnetic field in the absence of matter 
THE theory of radiation that was set up in Chapter X involved some 
approximations in its handling of the interaction of the radiation 
with matter. The object of the present chapter is to remove these 
approximations and get, as far as possible, an accurate theory of the 
electromagnetic field interacting with matter, subject to the limitation 
that the matter consists only of electrons and positrons. Too little is 
known about other forms of matter, protons, neutrons, etc., for one 
to attempt at the present time to get an accurate theory of their 
interaction with the electromagnetic field. But there exists a precise 
theory of electrons and positrons, as given in the preceding chapter, 
which one can use for building up a precise theory of the interaction 
of the electromagnetic field with this form of matter. The theory 
must bring in the interaction of the electrons and positrons with one 
another, through their Coulomb forces, as well as their interaction 
with electromagnetic radiation, and it must, of course, conform to 
special relativity. For brevity in this chapter we shall take c = l. 

We must first consider the electromagnetic field without interaction 
with matter. Now in § 63 we set up !lrst a treatment of the field of 
radiation without interaction of matter. Dynamical variables were 
there introduced to describe the field, commutation relations were 
established for them, and a Hamiltonian was found which made them 
vary correctly with the time. No approximations were made in this 
piece of work. The resulting theory would therefore be a satisfactory, 
exact theory ofradiation without interaction with matter, were it not 
for one feature in it, namely our taking the scalar potential to be zero. 
This feature spoils the relativistic form of the theory and makes it 
unsuitable as a starting-point from which to develop a precise theory 
of the electromagnetic field in interaction with matter. 

We must therefore extend the treatment of§ 63 by leaving A0 

general and bringing it into the work along with the other potentials 
A 1 , A 2 , A 3 . Thus we shall have the four A,,. and they will satisfy, as 
the generalization of (62) of§ 63, 

oA,,. = o, oAµ/oxµ = o. (I), (~) 
For the present we shall ignore the second of these equations. 
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For the present we shall ignore the second of these equations and 
work only from the first. 

Equation (1) shows that each Al-' can be resolved into waves 
travelling with the velocity of light. Thus, corresponding to equation 

(63) of§ 63, 

where k. x denotes the four-dimensional scalar product 
k.x = k0 x0 -(k,x), 

(3) 

k. being the 4-vector whose space components are the same as the 
components of the three-dimensional vector k of§ 63 and whose time 

. component k0 = lk I, and d3k denotes dk1 dk2 dk3, as in§ 63. The index 
c in the coefficients A~k indicates that they are constant in time. We 
shall later introduce some other Fourier coefficients Al-'k' not constant 
in time, which must be distinguished from the present ones. 

The Fourier component A~k has a part Agk cor:iing from A 0(x) and 
a part A;k (r = I, 2, 3) which is a three-dimensional vector. The latter 
can be decomposed into two parts, a longitudinal part lying in the 
direction of k, the direction of motion of the waves, and a transverse 
part perpendicular to k. The longitudinal part is k,k8/k02 .A~k· The 
transverse part is 

say. It satisfies 

(Or8-k,k8/ko2)A~k = d;k, 

k,J#~k = 0. 

(4) 

(5) 

It is known from the Maxwell theory of light that only the trans
verse part is effective for giving electromagnetic radiation. Chapter X 
dealt only with this transverse part, the A,k of§ 63 being the same as 
the present sit;k and equation (65) of§ 63 corresponding to the present 
equation (5). Nevertheless, the longitudinal part cannot be neglected 
in a complete theory of electrodynamics because of its connexion 
with the Coulomb forces, as will show up later. 

We can now decompose the three-dimensional vector A,(x) into 
two parts, a transverse part and a longitudinal part. The former is 

d,(x) = J (d;k eik.x+sit;k e-ik.x) d3k 

and satisfies 8d,.(x)/8xr = 0. (6) 

The longitudinal part may be expressed as the gradient 8V/8xr of a 
scalar V given by 

Thus 
3595 .57 

V = i J ksfko2.(A~keik.x_jf~ke-ik.x) d3k. 

A,= d,.+oV/ox,. 
T 

(7) 

(8) 
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The magnetic field is determined by the transverse part of A., 

Ji= curlA = curlA. 

§ 74 

It is convenient to count A 0(x) as longitudinal, so that the complete 
potentials Al-'(x) are separated into a transverse part Slf,.(x) and a 
longitudinal part A 0 , 8V/8x •. This separation, of course, refers to a 
particular Lorentz frame of reference.and must not be used when one 
wants to keep one's equations in a relativistic form. 

Each Fourier coefficient A~k occurs in (3) combined with the time 
factor eikoxo. The product 

Ac eik.x, =A 
µk µ.k (9) 

say, forms a Hamiltonian dynamical variable in classical mechanics 
and a Heisenberg dynamical variable in quantum mechanics, like the 
the Aklt of§ 63. 

The work of§ 63 gives us the P.B. relations for the transverse part 
of Aµk· To connect up with it, we pass over to discrete k-values in 
three-dimensional k-space and take, for example, a particular discrete 
k-value for which k1 = k2 = 0, k3 = k0 > 0. Then the polarization 
variable l can take on two values referring to the two directions I 
and 2 and equation (73) of§ 63 gives, with the help of the commutation 
relations for the 71's and rj's, equations (11) of§ 60, 

(10) 

The work of§ 63 gives us .no information about A 3k and Aok· 

However, we can now obtain the P.B. relations for A3k and A0k 

from the theory ofrelativity. Equations (10) have to be built up into 
a relativistic set and the only simple way of doing so is by adding to 
them the two further equations 

[A3k,Aak] = -[A0k,AokJ = -isk/4772k0 , (11) 

so that the four equations (10) and (11 ), together with the conditions 
that Aµ.k and Avk commute for µ, =I= v (as they must do since they 
refer to different degrees of freedom), combine to form the single 
tensor equation 

[Al-'k' Avk] = igl-'vsk/4772k0 • (12) 

We get"in this way the P.B. relations for all the dynamical variables. 
Equation (12) can be extended to 

(13) 

Let us now return to continuous k-values. To convert okk' to con-
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tinuous k-values we note that, for a general function f (k) in three
dimensional k-space, 

If(k)okk' =f(k') = ff(k)o(k-k')d3k, 
k ' 

where o(k-k') is the three-dimensional 0 function 

o(k-k'l = o(k1 -k~)o(k2 -k;)o(k3-k;). 

(14) 

In order that ( 14) may conform to the standard formula connecting 
sums and integrals, equation (52) of§ 62, we must have 

sk okk' = o(k-k'). (15) 
Thus (13) goes over to 

[Aµ,k,Avk'] = igµ,v/47r 2k0 .o(k-k'). 

This equation, together with the equations 

[Aµ,k,Avk'] = [Aµ,k,Avk'] = 0, 

(16) 

( 17) 

provide the P.B. relations in the theory with continuous k-values. 
It should be noted that these P.B. relations remain valid if we replace 
Aµ,k' Avk by A~k' .Aik· The same P.B. relations apply to the constant 
Fourier coefficients A~k• A~k· 

We must now obtain a Hamiltonian which makes each dynamical 
variable Aµ,k vary with the time t = x0 in the Heisenberg picture 
according to the law (9) with A~k constant. Calling this Hamiltonian 
HF, we require 

[A,.,.k,HF] = dAµ,k/dx 0 = ik0 Aµ,k· 

It is easily seen that this is satisfied by 

(18) 

HF= -471'2 J k02Aµ,kAfLk d3k. (19) 

We therefore take (19), with the possible addition of an arbitrary 
numerical term not involving any dynamical variables, as the Hamil
tonian for the electromagnetic field in the absence of matter. 

In§ 63 we used our knowledge of the transverse part of the Hamil
tonian to obtain the P.B.s of the transverse variables. We have now 
applied the reverse procedure to the longitudinal variables, using our 
knowledge of their P.B.s, obtained by a relativistic argument, to 
find the part of the Hamiltonian. that refers to them so as to get 
agreement with (18). 

If we write out the Hamiltonian (19) it appears as 

HF= 471'2 J ko2(A1kA1k+A~kA~k+AakAak-AokAokl d3Jc. 



280 QUANTUM ELECTRODYNAMICS § 74 

The first three terms of the integrand here have a transverse part 
which is just equal to the transverse energy given by (71) of§ 63. 
The last term of the integrand, which is the part of HF referring to 
the scalar potential A 0 , appears with a minus sign. This minus sign 
is demanded by relat.ivitv and means that the dynamical system 
formed by the variables Aok• .A'lk is a harmonic oscillator of negative 
energy. It is rather surprising that such an unphysical idea as negative 
energy should appear in the theory in this way. We shall see in§ 77 

that the negative energy associated with the degrees of freedom 
connected with A 0 is always compensated by the positive energy 
associated with the other longitudinal degrees of freedom, s.o that 
it never shows up in practice. 

75. Relativistic form of the quantum conditions 
The theory of the preceding section has relativistic field equations, 

namely equations (1 ). To establish that the theory is fully relativistic 
we must show further that the P.B. relations are relativistic. This is 
not at all evident from the form (16) in which they are written in 
terms of Fourier components. We shall obtain a relativistic form for 
the P.B.s by working out [Aµ(x), Av(x')] with x and x' any two points 
in space-time. We must first, however, study a certain invariant 
singular function that exists in space-time. 

The function 8(xµx!L) is evidently Lorentz invariant. It vanishes 
everywhere except on the light-cone with the origin as vertex, i.e. the 
three-dimensional space xµ xi' = 0. This light-cone consists of two 
distinct parts, a future part, for which x0 > 0, and a past part, for which 
x0 < 0. The function which equals 8(xµ x!L) on the future part of the 
light-cone and -8(xµ x!L) on the past part of the light-cone is also 
Lorentz invariant. This function, equal to 8(xµx!L)x0 /lx0 j, plays 
an important role in the dynamical theory of fields, so we introduce 
a special notation for it. We define 

11(x) = 28(xµx!L)x0/lx0 j. (20) 

This definition gives a meaning to the function 11 applied to any 
4-vector. With the help of (9) of§ 15, we can express 8(xµ x!L) in the 

form { } 8(xµx!L) = tlxj-1 8(x0 - lxl)+8(x0 + lxl) , (21) 

Ix I being the length of the three-dimensional part of xµ, and then 
!1(x) takes the form 

~(x) = !x1-1{8(x0 -lxl)-8(x0 + lxl)}. (22) 
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6.(x) is defined to have the value zero at the origin, and evidently 
6.(-x) = -6.(x). 

Let us make a Fourier analysis of 6.(x). Using d4x to denote 
dx0 dx1 dx2 dx3 and d3x to denote dx1 dx2 dx3 we have, for any 4-

vector k,.,_, 

J 6.(x)eik.x d4x = J 1x1-1{8(xo-lxl)-8(xo+ lxl)}ei[k,x,-(kx)J d4x 

= J lxl-l{eikolxl_e-ikolxl}e-i(kx) d3x. 

By introducing polar coordinates Ix 1, e' </> in the three-dimensional 
x1 x2 x3 space, with the direction of the three-dimensional part of kµ. 
as pole, we get 

I 6.(x)eik.x d4x = I I I {eik,lxl_e-ik,lx!}e-ilkllxlcos 11 1 xi sine ded<f>dixi 

00 1T 

= 277 J {eik,lxl_e-ik,lxl} dlxl J e-ilklixlcoslllxlsin8 4e 
0 0 

00 

= 277ilkl-l J {eik,1xl_e-ikolxl} dlxl {e-ilkllxl_eilkllxl} 
0 

00 

= 277ilkl-l J {ei(ko-lkl)a_ei(ko+lkl)a} da 
-oo 

= 47T2ilkl-1{o(k0 - lkl)-3(k0+ lkl)} 

= 4?T2i6.(k). (23) 

Thus the Fourier analysis gives the same function again, with the 
coefficient 4?T2i. Interchanging k and x in (23), we get 

6.(x) = -i/47T2 • J 6.(k)eik.x d4k. (24) 

Some of the important properties of 6.(x) can easily be deduced 
from its Fourier resolution. In the first place equation (24) shows that 
6.(x) can be resolved into waves all travelling with the velocity of 
light. To get an equation for this result we apply the operator O to 
both sides of (24), thus 

06.(x) = -i/47T2 • J L'.l(k)Oeik.x d4k = i/47T2 • J kµ.k11-6.(k)eik.x d4k. 

Now kµ. k11-6.(k) ,= 0, and hence 

06.(x) = 0. (25) 

This equation holds throughout space-time. We can give a meaning 
to 06.(x) at a point where 6.(x) is singular by taking the integral 
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of 06.(x) over a small four-dimensional space surrounding the point 
and transforming it to a three-dimensional surface integral by Gauss's 
theorem. Equation (25) informs us that the three-dimensional surface 
integral always vanishes. 

The function 6.(x) vanishes all over the three-dimensional surface 
x0 = 0. Let us determine the value of 86.(x)/8x0 on this surface. It 
evidently vanishes everywhere except at the point x1 = x2 = x3 = 0, · 
where it has a singularity which can be evaluated as follows. Differ
entiating both sides of (24) with respect to x 0 , we get 

86.(x)/8x0 = l/47T2 • f k0 6.(k)eik.x d4k 

= l/47T2 • f k0 lkl-1{8(k0 - lkl)-8(k0+ lkl)}eik.x d4k 

= 1/4-rr.2 • f {8(k0-lkl)+8(k0 + lkl)}eik.x d4k. 

Putting x0 = 0 on both sides here, we get 

[M(x)/8x0Jx.=o = l/47T2 • f {o(k0 - lkl)+o(k0 + lkl)}e-i(kx) d4k 

= 1/271'2. f e-i(kx) d3k 

= 47T 8(x1)8(x2)8(x3) = 471' 8(x). (26) 

Thus the ordinary 8 singularity, with the coefficient 471', appears at 
the point x1 = x2 = x3 = 0. 

Let us now evaluate [Aµ(x), Av(x')]. We have from (3), (16), and (17) 

[Aµ(x), Av(x')] 

= ff [A eik.x+.A e-ik.x A eik'.x'+A e-ik'.x'] d3kd3k' µk µk ' vk' vk' 

= igµv/fa2. ff ko-I{e-ik.xeik'.x'-eik.xe-ik'.x'} 8(k-k') d3kd3k' 

= igµv/41T2. f 7c0-1{e-ik.(x-x')-eik.(x-x')} d3k. (27) 

The k0 here is defined to be equal to lkl and is thus always positive. 
By putting -k fork in the second part of the integrand, one finds 
that (27) is equal to the four-dimensional integral 

igµv/fa2. f lk 1-1{8(ko- lkl)-8(ko+ lkl)}e-ik.(x-x') d4k 

= ig µv/471'2. f 6.(k)e-ik.(x-x') d4k, 

in which k0 takes on all values, negative as well as positive. Evaluating 
this with the help of (24), we get finally 

[A µ(x), Av(x')] = g µv 6.(x-x'), (28) 
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a result which shows that the P.B. relations are invariant under 
Lorentz transformations. 

The formula (28) means that the potentials at two points in space
time always commute unless the line joining the two points is a null 
line, i.e. the track of a light-ray. The formula is consistent with the 
field equations OAl-'(x) = 0, because D applied to the right-hand 
side gives zero, from (25). 

76. The dynamical variables at one time 
As a basis for a theory with interaction we must use the dynamical 

variables at one time. The relationships between the dynamical 
variables at one time (i.e. their P .B.s) are not affected by the introduc
tion of interaction. On the other hand the relationships between the 
dynamical variables at different times (comprising the field equations 
as well as the P.B:s· of variables at different times) are very much 
affected by the interaction. The dynamical variables at one time form 
a non-relativistic concept, but a very important concept in Hamil
tonian theory. 

For the case of the electromagnetic field the independent dynamical 
variables at one time are Al-' and 8Al-'/8x0 for all values of xv x2, x3 for 
the given Xo· The higher time derivatives 82Al-'/8xo2,. • ., are not 
independent. Let us put 

Bl-'=8AI-'. 
8x0 

(29) 

Then we have Af-'X' Bl-'x' with the suffix x denoting x1 , x2, x 3 , as the 
dynamical variables at one time. 

The Fourier resolution of these variables is, from (3) and (9), 

Al-'x = J (Af-'k+Af-'_k)e-i(kxl d3k } 
(30) 

B - = i f k (A -A )e-i(kx) d3k . 
f-'X 0 f-'k µ.-k 

We may reverse the Fourier transformation and express Al-'k+Aµ.-k 

and Af-'k-Af-'_j. in terms of Al-'x and Bl-'x respectively. Thus Ai-'k and 
Af-'k are determined by Al-'x' Bµ.x for all x (at a given x0 ). The equa
tions connecting A1,k, Aµ.k with Af-'X' Bl-'x do not involve the time 
explicitly. Thus the Af-'k' Al-'k form an alternative set of one-time 
dynamical variables, on the same footing as the Af-'X' Bl-'x' 

When we work with the variables Af-'X' Bl-'x we shall need to know 
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their P.B. relations. These may be obtained either from the Fourier 
expansions (30) together with (16) and (17) or from the general P.B. 
relation (28). The latter gives the required results more quickly. 
Putting x~ = x0 in (28), we get 

[Al-'x,Avx.J = 0. (31) 

Differentiating (28) with respect to x 0 and then putting x~ = x 0 , we 
get, with the help of (26), 

[Bf-'x•Av,,J = 47Tgl-'vo(x-x'). (32) 

Differentiating (28) with respect to both x0 and x~ and then putting 

x~ = x0 , we get . . [Bf-'x' Bvx.] = o, (33) 

since 82L'.l(x)/8x5 = 0 for x0 = 0. Equations (31), (32), and (33) give 
all the P.B. relations between the Af-'x,Bµ.x variables. They show that, 
apart from numerical coefficients, the Aµ.x can be looked upon as a set 
of dynamical coordinates and the Bµ.x as their conjugate lllOmenta, 
there being a o function on the right-hand side of (32) instead of a 
two-suffix o symbol on account of the number of degrees of freedom 
being a continuous infinity. 

We can decompose Arx into a transverse and a longitudinal part, 
as shown by equations (8) and (6). We can do the same with Brx and 
get 

with 

B = f4 + oU 
r 8xr 

8f4r/8xr = 0. 

(34) 

(35) 

From (7) with -ksubstitutedforkin the second term of the integrand, 

V = i J lcs k0 - 2(Ask+As-k)e-i(kx) d3k. (36) 

The corresponding equation for U is, since U = 8V/8x0 , 

U = - J k8 k0 - 1 (A 8k-As-k)e-i(k'9 d3k. 

The electric field is given by 

Thus 

€ = -B _ 8Ao 
r r OXr 

8(A 0+ U) = -f4r 
8xr 

dive= - 8Br - v2Ao 
8xr 

= -\72(Ao+ U). 

(37) 

(38) 

(39) 

It is evident that any longitudinal variable commutes with any 
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transverse variable. Some useful P.B. relations will now be worked 
out. We shall use the notation-for any field function f x' 

(40) 

If in (32) we put'µ= r, v =sand differentiate the equation with 
respect to xr, we get 

[Brx',Asx,] = 47Tgrs8r(x-x') = -4no"(x-x'), 

or, from (39), [dive'x,Asx'] = 47To8(x-x'). (41) 

Now (39) shows that div€ is a function only of the longitudinal 
variables, so (41) gives 

[div ex, V,/] = 47To8(x-x') = -4778•'(x-x'). 

Integrating with respect to x~, we get 

[div€x, v,,,] = -4778(x-x'), (42) 

there being no constant of integration since the field functions ex and . 
V,, are made up of waves of non-zero wave length. From (42) and (39) 

V'2[Ux, v,,,] = 4778(x-x'). 

Integrating with the help of formula (72) of§ 38, we get 

[Ux, v,,,] = -Jx-x'J-1 , (43) 

there being no constant of integration or other terms not vanishing 
at infinity on the right-hand side, because Ux and V,, are made up of 
waves of non-zero wave length. vVe have from (38) and (43) 

[erx' ~,] = -[Uxr, ~,] = -(x,-x~)Jx-x'J-3• (44) 

We shall now obtain the Hamiltonian in terms of the A,..x and B,..x 
variables. We have from the second of equations (30) 

J Bµ,x Bl-' x d3x 

- - JJJ k k'(A -A )(A.u -AIL )e-i(kx)e-i(k'x) d3kd3k'd3x - 0 0 µk µ-k k' -k' 

= -8773 ff k0 k~(A,uk-A,u-k)(Ai'k,-A,., -k')o(k+k') d3kd3k' 

= -87T3 f k02(A,..k-Aµ-k)(Af' -k-A,..k) d3k. 

Similarly, from the first of equations (30), 

J. A r Al-' r d3x 
µ,x x 

= - JJJ k k'(A +A )(Ai' +Al' )e-i(kx)e-i(k'x) d3kd3k'd3x r r µ,k µ-k k' -k' 

= 87T3 f k02(A,.,k+A,..-k)(A,.. -k+A,.,k) d3k. 
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Adding and dividing by - 877, we get 

-(877)-1 f (Bµ.BP+A/Aµ.r) d3x 

= -2772 f k02(Aµ.kA1\+Aµ-kAfl_k) d3k. 

§ 76 

This is equal to HF given by (19), apart from an infinite numerical 
term. The formula ( 19) for HF already involves an arbitrary numerical 
term, so we may take 

HF= -(877)-1 J (Bl-'Bfl+A/Aflr) d3x (45) 

with an arbitrary numerical term, different from that of (19). 
The Hamiltonian ( 45) can, of course, be used to give the Heisenberg 

equations of motion, and the arbitrary numerical term in it does not 
have any effect. One can easily check, using (31), (32) and (33), that 

and 

8Aµ/ox0 = [Aµ,HF] = Bµ., 

8Bµ/ox0 = [B,..,HF] = V' 2Afl, 
} (46) 

agreeing with (29) ~nd (1 ). It also gives the Schrodinger equation of 

motion ind!P)/dx0 = HFIP) 

for a ket IP) representing a state in the Schrodinger picture. The 
arbitrary numerical term here has the effect of changing IP) by a 
phase factor, which is not of physical importance. 

We can decompose the expression (45) for HF into a transverse 
part HFT and a longitudinal part HFL· We have from (34) 

J B, B, d3x = J (.96'r+ U')(.96',+ Ur) d3x 

= f .96',.t:!Jr d3x + J urur d3x, 

since the cross terms vanish on account of 

J Ur,96'r d3x = - J U.96'/ d3x = 0 . 
from (35). Similarly we have from (8) 

J A BA 8 d3x = r sl_sd._s d3x + f vrsvrs d3x 
r r J r r ' 

with the cross terms vanishing again. Thus (45) becomes 

HF = HFT+HFL• 

with HFT = (877)-1 J (.96'r.96'r+.x(,.8.x(,.8 ) d3x (47) 

and HFL = (877)-1 J (UrUr+V'"P8-B0 B0-A0rA 0r)d3x.' (48) 
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It should be noted that the term 

(87T)-1 I .sd,.·.sd,.· d3x 

in HFT can be transformed to 

-(87T)-1 J .s1,..sit,.••d3x = -(87T)-1 J .sd,.(Si(,.••_:_sif.r•) d3x 

= (87T)-1 J Si(,.•(Si(,.•-sif.r) d3x 

= (167T)-1 J (Si(,."-Slf.')(.sd,."-Slf.') d3x 

= (87T)-1 J JP d3x, 

287 

so this term is just the magnetic energy. Some further partial inte
grations give J vrsvrs d3x = J yrrvss d3x, 

so (48) may be written 

HFL = (87T)-1 J {(U-A 0 )'(U+A0 )'+(Vrr-B0 )(V••+B0 )}d3x. 

77. The supplementary conditions 

(49) 

We must now go back to the Maxwell equation (2), which we have 
ignored so far. We cannot take this equation over directly into the 
quantum theory without getting inconsistencies. The left-hand side 
of the equation does not commute with A"(x'), according to the 
quantum conditions (28), so this left-hand side cannot vanish. The 
way out of the difficulty was shown by Fermi. t It consists in adopting 
a less stringent equation, namely the equation 

(oAµ./oxµ.)IP) = o, (50) 

and assuming it to hold for any !P) corresponding to a state that can 
actually occur in nature. There is one equation (50) for each point 
in space-time and these equations must all hold for any ket corre
sponding to a state that can actually occur. 

We shall call a condition such as (50), which a ket has to satisfy to 
correspond to an actual state, a supplementary condition. The exis
tence of supplementary conditions in the theory does not mean any 
departure from or modification in the general principles of quantum 
mechanics. The principle of superposition of states and the whole of 
the general theory of states, dynamical variabfes, and observables, 
as given in Chapter II, apply also when there are supplementary 

t Fermi, Reviews of Modern Physics, 4 (1932), 125. 
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conditions, provided we impose a further requirement on a linear 
operator in order that it may represent an observable. We define a 
linear operator to be physical if it has the property that, when it. 
operates on any ket satisfying the supplementary conditions, it pro
duces another ket satisfying the supplementary conditions. In order 
that a linear operator may represent an observable it must evidently 
satisfy the requirement of being physical, in addition to the require
ments of§ 10. 

We have already had an example of supplementary conditions in 
the theory of systems containing several similar particles. The con
dition that only symmetrical wave functions, or only antisymmetrical 
wave functions, represent states that can actually occur in nature, is 
precisely of the same type as condition (50) and is what we are now 
calling a supplementary condition. In this theory the requirement 
that a linear operator shall be physical is that it shall be symmetrical 
between the similar particles. 

When we introduce supplementary conditions into our theory we 
must verify that they ar<,3 consistent, i.e. not too restrictive to allow 
any ket at all to satisfy them. Ifwe have more than one supplementary 
condition, we can deduce further supplementary conditions from them 
by taking P.B.s of the operators in them; thus if we have 

UIP) = o, VIP)= o, (61) 
we can deduce 

[U, V]IP) = o, [U, [U, V]]IP) = o, (52) 

and so on. To verify that our supplementary conditions are consistent 
we have to look into all the further supplementary conditions obtain
able by this procedure to see that they can be satisfied, which we can 
usually do by showing that after a certain point the further supple
mentary conditions are all either identically. satisfied or repetitions 
of the previous ones. 

We must also verify that the supplementary conditions are in agree
ment with the equations of motion. In the Heisenberg picture, for 
which the ket IP) in ( 51) is fixed, we shall have different supplementary 
conditions referring to different times and they must all be consistent, 
in the way discussed above. In the Schrodinger picture, for which the 
ket IP) varies with the time in accordance with Schrodinger's equation, 
we require that if IP) satisfies the supplementary conditions initially 
it satisfies them always. This means that dlP)/dt must satisfy the 
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supplementary conditions, or that H [P) must satisfy the supplemen
tary conditions, or that H must be physical. 

It is convenient when we have a supplementary condition U [ P) = 0 
to write u-;::::::, 0 (53) 

and to call ( 53) a weak equation, in distinction to an ordinary or strong 
equation. A weak equation gives another weak equation if it is 
multiplied by any factor on the left, but does not in general give a valid 
equation if it is multiplied by a factor on the right. Thus a weak 
equation must not be used in working out P.B.s. With this way of 
speaking, the requirement (52) that the supplementary conditions are 
consistent becomes the requirement that the P.B.s of the operators 
in the supplementary conditions shall vanish weakly. 

The condition for a dynamical variable g to be physical is that, for 
each supplementary condition U[P) = 0, we have 

Ug[P) = 0, 

and hence [U,fl[P) = 0. 

Thus the condition is that the P.B. of the dynamical variable with 
each of the operators of the supplementary conditions shall vanish 
weakly. 

Let us now return to electrodynamics. We take equation (2) to be 
a weak equation, so it should be written 

oAµ./oxµ. -;::::::, o. (54) 

In the Heisenberg picture we have one of these equations for each 
point x. To check their consistency, we take two arbitrary poinijs x 
and x' in space-time and form the P.B. 

[oAµ.(x) ~Av(x')] = _02_ [A ( ) A ( ')] '°' , , °' , µ.X, vX. uXµ. OXv uXµ. OXv 

Evaluating it with the help of (28), we get 

o2~(x-x') -- - 0~( - ') = 0 
gµ.v oxµ. ox~ - x x 

from (25), so the requirements for consistency are satisfied strongly. 
As we have verified that the supplementary conditions are consistent 
at all times in the Heisenberg picture, we have verified that they are 
in agreement with the equations of motion. 

Since equation (54) is only a weak equation, any_ofits c~nsequences 

_I 
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in the ordinary Maxwell theory will be valid in the quantum theory 
only as weak equations. The equations 

div.JI = 0, o.J:l/ot = -curl€ 

follow simply from the definitions of€ and.JI in terms of the potentials, 
so they are valid strongly in the quantum theory. The other Maxwell 
equations for empty space, namely 

div€~ 0, 0€/ot ~ curl.JI, (55) 

are weak equations in the quantum theory, because one needs the 
help of ( 54) as well as (I) in deriving them. 

The field quantities € and .J:I are components of the antisymmetric 
tensor oAv/oxµ.-oAP./oxv. The P.B. of the tensor with the operator 
of (54) at a general point x' is 

[ 8Av(x) _ oAP.(x) o-1.a(x')] _ v o2Ll(x-x') _ µ. o2Ll(x-x') _ O 
0 0 ' 0 I - ga 0 0 I ga 0 0 I - • Xµ. Xv Xa Xµ. Xa Xv Xa 

It follows that § and .J:I are physical. The potentials Aµ. are not 
physical. 

The supplementary conditions affecting the dynamical variables at 
a particular time are 

oAµ. ~ 0, !.___ oA.11: ~ 0. (56) 
OXµ. OXo oxµ. 

Higher differentiations with respect to x0 do not give independent 
equations, but equations which are consequences of these and the 
strong equation ( 1). Thus in terms of the Schrodinger variables of 
§ 76, the supplementary conditions are 

B0+A/ ~ 0 (57) 

and (A 0r+Br)r ~ 0. (58) 

Equation (58) is the same as the first of equations (55) and may also 
be written, from (39), 

\7 2(A 0+ U) ~ 0. 

Since this holds throughout three-dimensional space, it leads to 

A 0+u ~ o. 
Noting that A/= vrr, we can now see from (49) that 

HFL ~ 0. 

(59) 

(60) 

Thus there is no longitudinal field energy for states that occur in nature. 
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To set up a convenient representation, we introduce a standard ket 
I OF) satisfying the supplementary conditions 

and also satisfying 

(61) 

(62) 

These conditions are consistent, because .i;l,:"k commutes with the 
operators in (61), and they are sufficient to fix IOF) completely, apart 
from a numerical factor, because the only independent dynamical 
variables that we have are A 0 , B0, U, A/, saf,.k, ~k' and of these 
A0+ U, B0+A/, d,.k form a complete commuting set. With this 
standard ket we can express any ket as 

(63) 

Our representation is just the Fock representation so far as concerns 
the transverse dynamical variables sit,.k, ~k' so 'P' must be a power 
series in the variables .91,.k, with different terms in the series corre
sponding to the presence of different numbers of photons. The number 
of variables occurring in 'P' is a continuous infinity, so 'P' is what 
mathematicians call a 'functional'. 

If the ket (63) satisfies the supplementary conditions, 'P' must be 
independent of A0 and B0 , and thus a function only of the drk· So 
physical states are represented by kets of the form 

(64) 

with 'P' a power series in the variables saf,.k. The standard ket IOF) 
itselfrepresents the physical state with no photons present, the perfect 
vacuum. 

Our Hamiltonian HF and its parts HFL> HFT have so far contained 
a.rbitrary numerical terms. It is convenient to choose these terms so 
that HFL> HFT are zero for the perfect vacuum. The result (60) s~ows 
that HFL given by (48) or (49) has the numerical term in it correctly 
chosen to make HFL have the value zero for the perfect vacuum, as 
well as for every other physical state. We must take HFT to be 

(65) 

the transverse part of ( 19), in order that the numerical term in it may 
be correctly chosen to give no zero-point energy for the photons. 
(47) differs from (65) by an infinite numerical term, consisting of a 
half-quantum of energy for each photon state. 
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78. Electrons and positrons by themselves 

We now consider electrons and positrons in the absence of electro
magnetic field. The state of an electron is described, as in Chapter XI, 
by a wave function if; with four components i/la (a = l, 2, 3, 4), satis-

' fying the wave equation 

'J:. 8if; 'J:. 8if; 
in 0- = -inrxr-+rxmmif1. 

x 0 8xr 
(66) 

To get a many-electron theory we shall apply the method of second 
quantization of§ 65, which involves changing the one-electron wave 
function into a set of operators satisfying certain anticommutation 
relations. 

When we are dealing with if; at various places at a given time we 
may write it if1x, with x denbting xI> x2, x3 • Its components are then 
i'1ax· We pass to the momentum representation with the wave function 
i/;p by a three-dimensional Fourier resolution 

i'1x = h-~ J ei(xp)/hif;p d3p, i/;p = h-i J e-i(xp)/fiif;x d3x. (67) 

i/;p has four components i/lap' corresponding to the four components 
of if1x· In this representation the energy operator is 

Po= rx,p,+ixmm, 

in which the momentum operators Pr are multiplying factors. 
We can separate if; into a positive-energy part g and a negative-

energy part ,, if; = g+,, 
g and ' each having four components like if;. In the momentum 
representation they are given by 

g _ I {i ix,p,+rxm m}·'· 
P - 2 + (p2+m2)t 'l'p' 

since these equations lead to 

Potp = (ix,p,+amm)gp = t{ix,Pr+ixmm+(P2+m2)!r}i/;P 

= (p2+m2)tgP' 

and similarly 

(68) 

showing that gP and 'Pare eigenfunctions of p 0 with the eigenvalues 
(p2+m2)t and -(p2+m2)t respectively. When one is working with 
the operators 

~{l + 1XrPr+ixmm} 
2 (P2+m2)t ' 
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one should note that their squares are equal to themselves and their 
product in either order is zero. 

The second quantization makes the f's into operators like the fj's 
of§ 65, satisfying anticommutation relations like (11') of§ 65. Using 
the notation for the anticommutator 

MN+NM = [M,N]+, (69) 

we get 

[fax' tPbx'l+ = Dab8(x-x'), 
(70) 

the function o(x-x') appearing in the last equation owing to the x's 
taking on continuous ranges of values. On transforming to the p
representation according to (67), we get 

[fap> fbp']+ = 0, [tPap' tPbp']+ = 0, 

[f"P' tPbp']+ = Dab o(p-p'). 
} (71) 

With g and 'defined again by (68), the last of equations (71) gives 

[c ;: J _ 1{1 rx,p,+rxmm} [·'' .T. J l{l rx8p~+rxmm} 
Sap> Sbp' + - 2 + (p2+m2)t ac 'f'cp> 'f'dp' +2 + (p'2+m2)t db 

=~{l+rxrPr+rxmm} S(p-p') (72) 
2 ( p2+m2)t ab , 

and similarly 

[r p J 1{ 1 rx,p,+rxmm} S( ') 
'>ap> '>bp' + = 2 - (p2+m2)t ab p-p (73) 

and 

According to the interpretation of § 65, the operators f ap are 
operators of annihilation of an electron of momentum p and the 
operators tPap are operators of creation of an electron of momentum p. 
To avoid the unphysical notion of negative-energy electrons, we must 
pass over to a new interpretation based on the positron theory of§ 73. 
The annihilation of a negative-energy electron is to be understood as 
the creation of a hole in the sea of negative-energy electrons, or the 
creation of a positron. So the operators '"P become operators of 
creation of a positron. The positron has the momentum - p, because 
an amount p of momentum gets annihilated. Similarly the ~ap become 
operators of annihilation of a positron of momentum -p. The gap 
and f ap are operators of annihilation and creation respectively of an 
ordinary, positive-energy electron of momentum p. 

3595 .57 u 
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It should be noted that, although gP has four components, only 
two of them are independent, because the four are connected by 

{l- o:,p,+o:mm}t = 0 
(P2+m2)~ P ' 

which involves two independent equations. The two independent 
components of gP ·correspond to the annihilation of an electron in 
each of the two independent states of spin. Simi1arly 'P has only 
two independent components, because of the equations 

{l + o:,p,+o:m m}' = 0 
. (p2+m2)!: P ' 

and they correspond to the creation of a positron in the two inde
pendent states of spin. 

The vacuum state, for which there are no electrons or positrons 
present, is represented by the ket IOp) satisfying 

faplOp) = 0, ~aplOp) = 0. (74) 

We can use this ket as the standard ket of a representation. We then 
have any ket expressed as 

o/(fap• 'ap)IOp), 

in which the function, or rather functional, o/ is a power series in the 
variables fap• 'ap· Each term of o/ is like (17') of§ 65. It must not 
contain any of its variables to a higher power than the first. It corre
sponds to the existence of certain (positive-energy) electrons and 
certain positrons, in states specified by the labels of the variables 
appearing "in it. 

From (12') of§ 65, the total number of electrons is J f!aplfap d3p 
summed over a. We may write it in the notation of equation (12) of 
§ 67 as J flt lfp d3p. Transforming it to the x-representation by (67), 
we get 

h-3 J J J ei(~P)/lie-i(x'p')fh{I~ lfx' d3xd3x' d3p = I fl~ ifix d3x, 

showing that the density of the electrons is f1 ifx· This result includes 
an infinite constant representing the density of the sea of negative
energy electrons. 

We get a quantity of more physical significance if we take the total 
charge Q, equal to the number of positive-energy electrons minus the 
number of holes or positrons, all multiplied by -e. Thus 

(75) 
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We can evaluate this with the help of (68). Using the transpose of 
the second of these equations, namely 

rt= .l.1,t{1- rx~Pr+rx);.m} 
'op 2't'P (p2+m2)t ' 

we get 

Q = -e J {i"ft ~(l+ rxrPr+rxmm)f -t{;t ~(l- rx~p,+rxJ;.m)f} dap. 
P2 (p2+m2)t P P2 (P2+m2)t P 

Now for any matrix rx whose diagonal sum is zero, the anticommutation 
relations (71) give 

-t t t - _ - - _ I _ 

fp rxfp+fp' rx fp - rxab(tfap tfbp+fbp' tfap) - CXaa 8(p-p ) - 0, (76) 

a result which we may assume· still holds for p' = p. Then the 
expression for Q reduces to 

Q = -e J i(ftfp-tf;ifp) d3P· 

Transforming it to the x-representation as before, we get 

Q = -e J i(f~t/Jx-t/J~fix)d3x, 
showing that the charge density is 

jox = -ie(f1fx-f1fJ. (77) 

The interpretation of the one-electron wave function in§ 68 gives, 
besides the probability density .ptip, a probability current {itcx,tf;. 
With second quantization we shall have correspondingly a fl.ow of 
electrons, given by the operator fii ex, fx· The sea of negative-energy 
electrons produces no resultant fl.ow of electrons, from symmetry, 
~nd ·so the electric current is 

(78) 

The total energy of the electrons is, from formula (29) of§ 60, which 
is valid also for fermions, 

HP'= J fitPofpd3p = J fib(rxrPr+rxmm)fpd3p. (79) 

It becomes, when transformed to the x-representation, 

HP'= J fM-inrxrfxr+rxmmfx) d3x. (80) 

This total energy contains an infinite numerical term representing 
the energy of the sea of negative-energy electrons. 

We get a quantity of more physical significance if we take the energy 
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of all the electrons and positrons, reckoning the energy of the vacuum 
as zero. This quantity is 

Hp= f (P2+m2)!(ftep+'t~p) asp (81) 

= J' (p2+m2)t{.T.t !(1+cxrPr+cxmm)·'· + 
'l'p 2 \ (p2+m2)t 'l'p 

,/,t !(1- cx~Pr+cx1;.m).T.} d3 
+ 'l'p 2 (p2+m2)t 'l'p p 

r Hift(cxrPr+cxm m)fp-ft(o:~p,+cx1;. m)ifap} d3p+ 

+I (P2+m2)'t(iftfp+ftifap) d3p. (82) 

From (76), the first integral in (82) is the same as (79) and is just 
Hv. The second integral is an infinite constant and is minus the 
energy of all the negative-energy electrons of the vacuum distribution. 

We may take either Hp or Hr as the Hamiltonian. The Heisenberg 
equation of motion for fax is thus 

Ofax/0xo = [fax' Hp] = [fax> Hr], 

and if we work this out we just get back to the wave equation for f, 
namely (66). 

We must now look into the question of whether the theory is 
relativistic. It is built up from operators f which satisfy the field 
equations (66). These equations are the same as the wave equation 
for the one-electron wave function and are known to be invariant 
under Lorentz transformations, provided f transforms according to 
the law (20) of Chapter XI. Our present theory goes beyond the 
one-electron theory in that anticommutation relations are introduced 
for the f's and ifa's, and it becomes necessary to verify that these 
anticommutation relations are Lorentz invariant. 

We proceed by a method analogous to that of§ 75. We take two 
general points x and x' in space-time and form the anticommutator 

(83) 

\Ve can evaluate it by working directly from the anticommutation 
relations (71) for the Fourier components off and ifa. A simpler way 
is to note certain properties that Kah(x, x') must have, namely 

(i) it involves xµ and x~ only through their difference xµ-x~; 
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(ii) it sati~fies the wave equation 

(ili_!_ + ili<Xr_!_ _ <Xm m) Kbc(x, x') = 0 (84) 
OXo oxr ab 

on account of if;(x) satisfying (66); 
(iii) for x0 = x~ it has the value 8ab8(x-x'), as follows from the 

third of equations (70). 

These properties are sufficient to fix Kab(x, x') completely, since (iii) 
fixes it for Xo = X~, (ii) shows how it aepends on X 0, and (i) then shows 
how it depends on x~. The solution is easily seen to be 

Kab(x, x') = h-3 I I i{l+ (<XrPr+Ci.m m)/Po}ab e-i(x-x').p/li d3p, (85) 

where the I means a summation over th~ two values ±(p2+m2)l for 
Po with particular values for p1, p 2, p 3• It satisfies (ii) since the operator 
in (84) produces the factor (p0 -<XrPr-<Xm m) in the integrand of 
(85), which factor gives zero when multiplied on the left into the 
factor{}. It satisfies (iii) since, with x0 = x~, the summation over p 0 

makes the second term in {} cancel out. 
The law of transformation for if; and if, given in § 68 has the effect 

of making the quantities i[,t(x')<XI" if;(x) transform like the four com
ponents of a 4-vector and making i[,t (x')<Xm if;(x) invariant. Thus 

zµf,t(x')Ci.I" if;(x)+si[,t(x')<Xm if;(x) (86) 

is invariant with ll" any 4-vector and Sany scalar. The invariance _ 
of (86) must be sufficient to ensure the correct transformation law 
for if; and if,, since it enables one to deduce the invariance of th~ .;ave 
equation for if;, by taking ll" = ili 8/oxl"' S = -m. 

The invariance of (86) leads to the invariance of 

(ll"<XI" + S<Xm)ab {if,a(x')if;b(x) +if;b(x)i"fia(x')} • 

Thus (87) 

should be invariant with Kab(x, x') given by (85), and its invariance 
would be sufficient to ensure the invariance of the anticommutation 
relations. We get for (87) 

h-3 JI i(ll"CJ.,..+S<Xm)ab(Po+<XrPr+<Xmm)bae-i<x-x').p/lip0 1 d3p 

= h-3 JI i{(lo-ls<Xs+S<Xm)(Po+<XrPr+<Xmm)}aae-i(x-x').p/lipc)1 d3p 

f88) 

This is Lorentz invariant because the differential element p0 1 d3p is 



298 QUANTUM ELECTRODYNAMICS § 78 

Lorentz invariant.· Thus the relativistic invariance of the theory is 
proved. 

79. The interaction 

The complete Hamiltonian for electrons and positrons interacting 
with the electromagnetic field is 

H = HF+Hp+HQ, (89) 

where HF is the Hamiltonian for the electromagnetic field alone, 
given by (19) or (45), Hp is the Hamiltonian for the electrons and 
positrons alone, given by (80) or (81 ), and HQ is the interaction energy, 
involving the dynamical variables of the electrons and positrons as 
well as those of the electromagnetic field. We take 

HQ = J Aµjµ d3x, (90) 

withjµ given by (77) and (78), as we shall see that this gives the correct 
equations of motion. Thus, with neglect of infinite numerical terms, 

H = J {f/cx.,.(-inif1r-eArf)+~tcxmmf-teA 0(~tf-ft{i)} d3x -

-(87T)-1 J (Bµ BIL+A/ AW) dsx. (91) 

Let us work out the Heisenberg equations of motion that follow 
from the Hamiltonian (91). We have 

in8fax/8xo = faxH-Hfax = fax(Hp+HQ)-(Hp+HQ)i/Jax 

= J [fax>~bx']+{cxA-inf/-eA'x,ifx,)+ 
+cxmmifx,-eAOx,fx'}b d3x' 

= {cx,(-infxr-eArxfx)+cxm mfx-eA0xf,Ja· 

Thus {cxµ(in 8:µ +eAIL)-·cxmm}f =·0. (92) 

This agrees with the one-electron wave equation (11) of Chapter XI. 
Since H is real, the equation of motion for fl will be the conjugate of 
the equation of motion for f and so will agree with (12) of Chapter XI. 
Thus the interaction (90) gives correctly the action of the field on the 
electrons and positrons. Further we have, making use of the P.B. 
relations in (46), 

8Aµ/8x0 . [Aµ,H] = [Aµ,HF] 

(93) 



§ 79 

and 

THE INTERACTION 

8B,_,.xf8x0 = [B,_,.x,H] = [B,_,.x,HF]+[B,_,.x,HQ] 

= v2A,_,.x+ f [B,_,.x,Avx,]jvx,d3x' 

(93) and (94) lead to 

= v2 A µ.x + 41Tj µ.x· 

DA,_,. = 41Tj,_,., 

299 

(94) 

(!l5) 

which agrees with the Maxwell theory and shows that the intemction 
(90) gives correctly the action of the electrons and positrons on the 

field. 
To complete the theory we must bring in the supplemental'y con-

ditions (54). We must verify that they are in agreement with the 
equations of motion. The method used in § 77, which consisted in 
showing that the supplementary conditions at different times in the 
Heisenberg picture are consistent with one another, is no longer 
applicable, because the quantum conditions connecting dyrn1mical 
variables at different times get altered by the interaction in 11 way 
that is too complicated to be worked out. So we shall obtain all the 
supplementary conditions affecting the dynamical variables a,t one 
instant of time and check whether they are consistent. 

We have again equations ( 56 ). A further differentiation with respect 

to Xo gives oaA,_,./ox,_,. ~ 0. (96) 

Now the equation of motion for ip, namely (92), leads, as in§ 68, to 

8(/Ax,_,.iji)/ox,_,. = 0, 

This is the same as (97) 

because the difference between -eifti/J andj0 is constant in time, even 
though it is infinite. From (95) we now see that (96) holds as a strong 
equation. Thus equations (56) are the only independent supplemen
tary conditions affecting the dynamical variables at one instant of 
time. The first of them gives (57), as before, and the second now gives, 
with the help of (95) for µ = 0, 

This may be written 

or, from (39), 

and is just one of the Maxwell equations. 

(98) 

(99) 

(100) 
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One can see without detailed calculation that, for any two points 

x and x' at the same time, 
Uox•jOx'J = 0, 

since, from the form of (70), the P.B. must be a multiple of o(x-x') 
and cannot contain derivatives ofo(x-x'), while also it has to be anti
symmetrical between x and x'. Thus the extra terms 47Tj0x in equa
tions (98) for various values of x, as compared with the corresponding 
equations (58), commute with one another as well as with all the 
other dynamical variables occurring in (58) and (57). It follows that 
these extra terms will not disturb the consistency of (58) and (57), 
and hence (98) and (57) are consistent. 

Our method of introducing interaction into the theory was not 
relativistic, since the interaction energy (90) involves the dynamical 
variables at an instant of time in some Lorentz frame. It therefore 
becomes questionable whether the theory with interaction is a rela
tivistic one. Our field equations, namely (92) and (95), are evidently 
relativistic and so are the supplementary conditions (54). It remains 
uncertain whether the quantum conditions are Lorentz invariant. 

We know the quantum conditions connecting all our dynamical 
variables Aµx• Bµx• tf;ax• flax at a given time x0 . We _cannot, as men
tioned above, work out the general quantum conditions connecting 
dynamical variables at any two points in space-time, because the 
interaction makes it too complicated. We shall therefore make an 
infinitesimal Lorentz transformation and work out the quantum con
ditions at a given time in the new frame of reference. Ifwe can estab
lish that the quantum conditions are invariant under infinitesimal 
Lorentz transformations, their invariance under finite Lorentz trans
formations will follow. 

Let xt be the time coordinate in the new frame of reference. It is 
connected with the original coordinates by 

(101) 

where Eis an infinitesimal number and vr is a three-dimensional vector, 
•Vr being the relative velocity of the two frames. We shall neglect 
terms of order E2• 

A field quantity K at the place x at the time xt in the new frame 
has the value 

K(x,xt) = K(X,x0)+(xt-x0)8Kxf8x0 = K(X,x0)+w,x,[K,,,H]. 
(102) 
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Its P.B. with another such field quantity A(x', x6) is 

[K(X, x6}, A(x', xt)] = [K(x, x0}+ev7 x7 (Kx, H], A(X', x0)+ev8 x~[A_,.., H]] 

= [K(X, x0}, A(X', x0)]+ev8 x~[Kx, [A_,..,H]]+ 

+ev7 X7 [[Kx,H], A_,..] 

= [K(X, x0}, A(x', x0}]+ev7(X~-X7}[Kx, [A_,.., H]]+ 

+ev7 x7 [[Kx,\.·],H]. (103) 

If K and A are if; or fl variables, we should be interested in their anti
commutator instead of their P.B. Using the notation (69) for the 
anticommutator, we have 

[K(X,xt}, A(X', Xt}]+ 

= [K(X, x0}, A(x', x0}]++EV7 X~[Kx, [A_,.., H]]+ +ev,x7 [[Kx, H], Ax·]+ 

= [K(x, x0 }, A(X', X0)]++ev,(~-x,)[Kx" [Ax·,HJJ+ +ev7 xr([Kx, Ax·]+, H]. 
(104) 

With K and A any two of the basic variables A/1., B/1., ifia, fla, the P.B. 
[Kx, Ax·] or anticommutator [Kx, \.·]+,as the case may be, is a number, 
and so the last term in (103) or (104) vanishes. We are left with 

[K(x,x6),A(x',xt)]± = [K(X,x0},A(x',x0)]±+ 

+EV7(X~-X7}[Kx, [Ax·• Hp+ HF]]± +EV7(X~-X7}[Kx, LAX',HQJJ±, (105) 

where [K,A]± denotes the P.B. or the anticommutator, as the case may 
be. From the form (90) for HQ we see that [Ax" HQ] can involve only 
the dynamical variables Ap.x'' ifiax'' flax' and cannot involve any deriva
tives of these variables. It follows that [Kx, [A_,.., HQ]]±, if it does not 
vanish, will be a multiple of S(x-x') and will not contain terms with 
derivatives of S(x-x'). Hence the last term of (105) vanishes. We 
can conclude that [K(x,x6},A(x',xt)]± has the same value as when 
there is no interaction, and is thus Lorentz invariant from our earlier 
work. 

A possible criticism of the above proofshould be noted. At several 
places We Worked OUt expressions in powers Of E and neglected E2 • 

Such a procedure cannot be valid for calculating [K(x}, A(x')]± with x 
and x' two general points in space-time lying close together, so that 
x/1.-x~ is of order E, because the result of the calculation should be 
a function of the (xp.-x~)'s having a singularity when the 4-vector 
x-x' lies on the light-cone and such a function, of course, cannot be 
expanded as a power series in the (xp.-x~)'s. 

x 
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To validate the argument we should reformulate it so as to avoid 
the use of the 8 function. Instead of evaluating [K(X, x~), A(x', xm±' 
we should evaluate 

(106) 

where ax and bx are two arbitrary continuous functions of xv x2, x8 • 

Then the quantities that we need to expand in powers of " all vary 
continuously with a continuous change in the direction of the time
axis, and the expansions are justifiable. The equations that we now 
get are those of the previous argument multiplied by ax bx' d8xd8x' 
and integrated. We are led to the same conclusion-that, the P.B. 
or anticommutator has the same value as when there is no interaction. 

It will be seen that the reason why the interaction does not disturb 
the quantum conditions is because it is so simple, involving only the 
basic dynamical variables and not their derivatives. The P.B.s and 
anticommutators have the same values as with no interaction pro
vided they refer to variables at two points in space-time that are at 
the same time with respect to some observer. This means the two 
points must be outside each other's light-cones and may approach 
coincidence only along a path lying outside the light-cone. 

80. The physical variables 
I 

A ket JP) that represents a physical state must satisfy the supple-
mentary conditions 

(B0+A/)JP) = o, (div €-47Tj0)JP) = 0. (107) 

A dynamical variable is physical if, when multiplied into any ket 
satisfying these conditions, it gives another ket satisfying these con
ditions. This requires that it shall commute with the quantities 

B0+A/, div €-4TTj0. (108) 

Let us see what simple dynamical variables have this property. 
The transverse field variables d,., !!Jr evidently commute with the 

quantities (108) and are physical. The variable i/Ja commutes with 
the first of the quantities (108) but not the second and is thus not 
physical. We have 

in[i/Jax• {!bx'· i/Jbx'] = (i/Jax{lbx+f,bx' ifiax)ifibx' 

= ,8ab8(x-x')i/Jbx' = i/Jax8(x-x'). 

Thus [i/Jax•joxJ . ie/li.i/Jax8(x-x'). (109) 
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From (42) 

Hence 

[eieVxlhfax> div §x,-47Tjox'] = [eieVxlh, div §x,]fax-47TeieVxlh[fax>jOx'J 

= 0. 

Thus if we put (110) 

f~x commutes with both expressions (108) and is physical. Similarly 
fi~x is physical. The variables d,, !Er, f~, {i~ are the only independent 
physical variables, apart from the quantities (108) themselves. 

We have 
jo = -ie({i*tf*-f*t{i*), jr = -e{i*ta.,f*. (lll) 

Thus the charge density and current are physical. Also it is easily 
seen that B and.# are physical, just as in the case when there are 
no electrons and positrons present. All those variables are physical 
that are unaffected by the arbitrariness that exists in the electro
magnetic potentials in the Maxwell theory. 

The operator fax represents the creation of a positron or the 
annihilation of an electron at the place x. Let us see what is the 
physical significance of the operator f~x· From ( 44) 

in[eieVx/h, Crx·J = eeieVx/h(xr-X~)IX-X'l-3, 

and hence in[f~x' Crx·] = ef~x(x7 -x~)lx-x'l-3 

or Crx·f~x = f~x{crx+e(x~-x7)lx'-xl-3}. (ll2) 

Take a state IP) for which c, at a certain point x' certainly has the 
numerical value c,, so that 

crx·IP> = c,IP). 
Then from (ll2) 

Crx· f~xlP> = {c,+e(x~-x,) lx'-xl-3}f~x1P), 

so for the state f~x IP» C7 at the point x' certainly has the value 

c,+e(x~-x,) Ix' -xl-3• 

This means that the operator ftx, besides creating a positron or annihi
lating an' electron at the point x, increases the electric field at the 
point x' by e(x~-x7)lx'-xl-3 , which is just the classical Coulomb 
field at x' of a positron with charge eat the point x. Thus the operator 
f~x creates a positron at the point x together with its Coulomb field, 
or else annihilates an electron at x together with its Coulomb field. 
, For electrons and positrons interacting with the electromagnetic 
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field it is the variables if*, f*, rather than the variables if, f, that 
correspond to the physical processes of creation and annihilation of 
electrons and positrons, since these processes must always be accom
panied by the appropriate Coulomb change in the electric field around 
the point where the particle is created or annihilated. It is easily seen 
that the variables if~x' f~x satisfy the same anticommutation relations 
(70) as the unstarred variables. When we pass to the momentum 
representation the important quantities will be, not the unphysical 
variables if P defined by (67), but the physical variab~es if~ defined by 

if~ = h-~ J ei(xp)/fiif~ dap, 

We must now replace (68) by 

g* = ~{l + rxrPr+rxm ml.,.* 
P 2 (p2+m2)! j"'P' 

and take g~ to represent the annihilation of an electron of momentum 
p, g~ the creation of an electron of momentum p, ~~ the creation of 
a positron of momentum - p and ~~ the annihilation of a positron 
of momentum - p. The variables if;, f~, g;, g;, ~~' ~;will all satisfy 
the same anticommutation relations as the corresponding un~tarred 
variables. 

We can express the Hamiltonian entirely in terms of physical 
variables. We have 

Thus 

Hp+HQ = J {ffrxr[-ilW-e(d"-V")if]+ftrxmmif+A 0j 0} d3x 

= J {f*trx,(-iliif*r-ed"if*)+f*trxm mif*+A 0j 0} d3x. 

The last term in the integrand here should be combined with HFI,· 
From (49) and (57) 

HFL::::::; -(877)-1 J (U-A 0 )(U+A0 )'"d3x 

::::::; ! J (U-A 0 )j0 d3x 

with the help of (99). Thus 

HFL+ J A 0j 0 d3x::::::; ! J (U+A 0)j0 d3x. 

Integrating (99) with the help of formula (72) of§ 38, we get 

. A + U ,....., r ._j'E£___ d3x' 
ox x ,._,. 1x-x'I ' 
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and hence 

H + f A Oj aax ,...., ! ff ioxiox' d3xd3x' 
FL o ,...., 2 lx-x'I . 

Thus we get H ~ H* 
with 

H* = J {(fi*tCY.,{-ini/;*'-ed'i/;*)+(fi*tC'i.mmif*} dax+ 

+H +!ff joxjOx' d3xd3x' (114) 
FT 2 1x-x'I . 

We rnay use H* instead of Has our Hamiltonian. It leads to tne 
same Schrodinger equation for a physical ket, since if IP) is physical 

H*IP) =HIP). 

Also it leads to the same Heisenberg equations of motion for physical 
variables, since if g is a physical variable 

[;,H*] ~ [;,H]~ 

Thus H* and Hare equivalent Hamiltonians for the physical quanti
ties, and the others do not matter. 

H* involves only physical variables. The longitudinal field variables 
do not appear in it. Instead of them we have the last term of (114), 
which is just the Coulomb interaction energy of any charges that are 
present. The appearance of such a term in a relativistic theory is 
rather strange, as it is an energy associated with the instantaneous 
propagation of forces. It appears as a result of our having transformed 
the theory a long way from the Heisenberg form in which the relati
vistic invariance of the theory is manifest. 

We could set up a representation by taking as standard ket the 
product of the standard ket I OF) for the electromagnetic field alone, 
given by (61) and (62), with the standard ket IOp) for the electrons 
and positrons alone, given by (74). This representation would not be 
a convenient one, however, because its standard ket does not satisfy 
the second of the supplementary conditions (107). 

We get a more convenient representation if we take another stan
dard ket IQ) satisfying 

(B0 +A/)IQ) = o, · (div€-47Tj0 )IQ) = o, (115) 

..#,.klQ) = 0, ;:PtQ) = 0, t:PIQ) = 0. (116) 

These conditions are consistent, because the operators on IQ) in 
them all commute or anticommute with each other, and there are 
enough of them to-fix IQ) completely, apart from a numerical factor, 

_I 
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because there are as many of them as of the conditions for [OF) [Op). 
The conditions ( 115) show that IQ) satisfies the supplementary con
ditions and so represents a physical state. The conditions ( 116) show 
that [ Q) represents a state for which there are no photons, electrons, 
or positrons present. 

Any ket [P) that satisfies the supplementary conditions (107) and 
so represents a physical state can be expressed as some physical 
variable multiplied into [Q). The only independent physical vari
ables that give non-vanishing results when applied to IQ) are drk• 

l!P' ~!p· Hence IP) = lf"(~k• l!P' ~!p) IQ). (117) 

Thus [ P) is represented by a wave functional lf" involving the variables 
~k• l~P' ~iP. It is a power series in these variables, the various terms 
in it corresponding to the existence of various numbers of photons, 
electrons, and positrons, with the Coulomb fields around the electrons 
and positrons. 

In using the representation (J 17) together with the Hamiltonian H*, 
we have a form of the theory in which we can ignore the conditions. 
(115), as.they have no effect on the kets (117). We must retain the 
conditions (116). The longitudinal variables then nci longer appear 
in the theory. 

81. Interpretation 

The foregoing work establishes the basic equations of quantum 
electrodynamics. There are two forms of the theory, involving the 
Hamiltonians H and H* respectively. We must now· consider the 
interpretation and application of the theory. We shall take the H* 
form for definiteness. The argument would be essentially the same 
with the H form. ' 

The ket IQ) represents a state for which there are no photons, 
electrons, or positrons present. One would be inclined to suppose this 
state to be the perfect vacuum, but it cannot be, because it is not 
stationary. For it to be stationary we should need to have 

H*[Q) = O[Q) 

with 0 a number. Now H* contains the terms 

-ef ·T.*tcx dr,f,* d3x+~JJ jox)ox~ d3xd3x', (118) 
'f' r 'f' . 2 [x-x' I 

which do not give numerical factors when applied to IQ) and which 
therefore spoil the stationary character of [Q). 
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Let us call the state Q represented by IQ) the no-particle state at 
a certain time. Ifwe start with the no-particle state it does not remain 
the no-particle state. Particles get created where none previously 
existed, their energy coming from the interaction part of the Hamil
tonian. 

To study this spontaneous creation of particles, we take the ket 
IQ) as initial ket in the Schrodinger picture and treat the terms (llS) 
as a perturbation giving rise to a probability of the state Q jumping 
into another state, in accordance with the theory of§ 44. The first of 
them, resolved into its Fourier components, contains a part 

-e(ex:,)ab I I .s1rk t:p -stp+kh d3kd3p, {ll9) 

which causes transitions in which a photon is emitted and simul
taneously an electron-positron pair is created. After a short time 
the transition probability is proportional to the squared length of the 
ket formed by multiplying ( 119) into the initial ket IQ), which is 

e2(&,)ab(a:slca x 

x I I I I <Ql~:p+kh ap.s1,k.s1sk,l~p' s!p'+k'hlQ>d3kd3pd3k'd3p' 

= e2(&,)ab(a:8 )ca J J J J (Q lin[d\, d"k'] X 

x c;tp, l~p,J+C~~p+kh, -s;p'+k'hJ+IQ> d3kd3pd3k'd3p'. 

Using the values of the P.B. and anticommutators given by (4), (16), 
(72), (73), we get an integrand which depends on the k, k' variables 
according to the law lkl-18(k-k') for large values ofk and k'. This 
gives an integral that diverges, so the transition probability is infinite. 

The second term of (118), resolved into its Fourier components, 
contains terms like l: l~· "(,~. s~+p' -p·, which cause transitions in which 
two electron-positron pairs are created simultaneously. One can 
calculate the transition probability as before, and one finds again 
that it is infinite. From these calculations one can conclude that the 
state Q is not even approximately stationary. 

A theory which gives rise to infinite transition probabilities of 
course cannot be correct. We can infer that there is something wrong 
with quantum electrodynamics. This result need not surprise us, 
because quantum electrodynamics does not provide a complete 
description of nature. We know from experiment that there exist 
other kinds of particles, which can get created when large amounts of 
energy are available. All that we can expect from a theory of quantum 
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electrodynamics is that it shall be valid for processes in which there 
is not enough energy available for these other particles to be created 
to an appreciable extent, say for energies up to a few hundred MeV. 
Thus the high-energy part of the interaction energy (ll8) is quite 
unreliable, and it is this high-energy part that is responsible for the 
infinities. 

It appears that we must modify the high-energy part of the inter
action. At present there does not exist any detailed theory of the other 
particles and so it is not possible to say how it ought to be modified. 
The best we can do is to cut it out from the theory altogether, and so 
remove the infinities. The precise form of the cut-off and the energy 
·where it is applied will be left unspecified. Of course, the cut-off 
spoils the relativistic invariance of the theory. This is a blemish 
which cannot be avoided in our present state of ignorance of high
energy processes. 

Even with a cut-off the no-particle state Q is not approximately 
stationary. It therefore-differs very much from the vacuum state. 
The vacuum state must contain many particles, which may be 
pictured as in a state of transient existence with violent fluctua
tions. 

Let us introduce the ket IV) to represent the vacuum state. It is 
the 'eigenket of H* belonging to the lowest eigenvalue. Here and sub
sequently H* denotes the expression (114) modified by the cut-off. 
One might try to calculate JV) as a perturbation of the ket IQ), but 
such a method would be of doubtful validity, because the difference 
between IV) and IQ) is not small. No satisfactory way of calculating 
IV) is known. In any case the result would depend strongly on the 
cut-off, and since the cut-off is unspecified the result would not be a 
definite one. 

It follows that we must develop the theory without knowing IV>· 
This is not a great hardship, because we are not mainly interested in 
the vacuum state. We are mainly interested in states which differ 
from the vacuum through having a few particles present in addition 
to those associated with the vacuum fluctuations, and we want to 
know how these extra particles behave. For this purpose we focus our 
attention on an operator K representing the creation of the extra 
particles, so that the state we are interested in appears as KIV). 

'\".' e do not know how the ket IV) varies with the time in the Schro
dinger picture, since we do not know the lowest eigenvalue of H*. To 
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avoid this difficulty we work in the Heisenberg picture in which IV) is 
constant. We then require KI V) to represent another state in the 
Heisenberg picture and thus to be another constant ket. This leads to 

dK/dt = o. (120) 

Usually K will involve the time explicitly as well as Heisenberg 
dynamical variables, so (120) gives 

inoK/ot+KH*-H*K = 0. (121) 

We now have each physical state determined by a solution K of 
(120) or (121). We obtained this result without knowing the vacuum 
ket JV), and we can proceed to study K without knowing JV). The 
only further information about K that we would have if we did know 
JV> would be that two K's, say K1 and K2, would correspond to the 
same state if we had (K1-K2)JV) = 0. But we can get on without 
this further information and count all different K's satisfying (121) 
as corresponding to different states. 

We are thus led to a drastic alteration of one of the basic ideas of 
quantum mechanics, namely to represent a state by a linear operator and 
not a ket vector. This alteration is brought about by the complexities 
of applying quantum mechanics to a field and by our ignorance of 
high-energy processes. 

A trivial solution of (120) or (121) is K = 1. This evidently corre
sponds to the vacuum state. 

A general solution may be put in the form of an explicit function of 
t and of the dynamical variables at time t. Let us use the symbol T/r 

to denote collectively the emission operators at time t. Thus 711 

equals one of the variables d,k, l:P' ':Pat the time tin the Heisenberg 
picture. The absorption operators are then ij1• A solution of (121) then 
appears as 

K = f(t, TJt, iii)· (122) 

We require some physical interpretation for the state represented by 
this K, as the usual physical interpretation of quantum mechanics, 
requiring a state to be represented by a ket, is no longer applicable. 
We shall need to make some new assumptions. 

Keeping to the Heisenberg picture, we introduce at each time t the 
ket IQ1) satisfying the conditions (116) with respect to the Heisenberg 
dynamical variables at time t. These conditions may now be written 

7i1IQ1> = o. 
The ket I Q1) corresponds to no particles existing at the time t and it 
provides a reference ket for the discussion of general states at time t. 
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For any state fixed by a solution K of (121) we form KJQ1) and 
assume that this ket determines what can be observed at the time t and is 
to be interpreted according to the standard rules. We obtain Kin the 
form (122) and then arrange it so that in each term all the absorption 
operators ij1 are to the right of all the emission operators 7/t· It is then 
said to be in the normal order. Any term in K containing an absorption 
operator then contributes nothing to KJQ1). The surviving terms in 
Ki Q1) will contain only emission operators, like ( 117). Each surviving 
term is associated with certain particles in particular states, and the 
square of the modulus of its coefficient (with the appropriate factors 
n! when there is more than one boson in the same state) is assumed to 
be, after normalization, the probability of these particles existing in 
these particular states at the time t. 

We now have a general method of physical interpretation which is 
rather similar to the usual one, but there are important differences. 
A term in K with an absorption operator on the right will not con
tribute to KJQ1) and so will not contribute anything observable at 
time t. We may call it a latent term at the time t. Such a term cannot 
be discarded as non-existent, because it will contribute observable 
effects at other times. These latent terms are a new feature of the 
theory and are to be understood as an incompleteness in the descrip
tion of a state in terms merely of the particles which can be observed 
to be present at a certain time. 

As a consequence of the occurrence of latent terms, if K J Q1) is 
normalized at one time, it will usually not be normalized at other times. 
We thus have to carry out a separate normalization for each time in 
order to derive the probabilities. 

82. Applications 
There are two important applications of the foregoing theory iri 

which effects are calculated that cannot be obtained from a more 
primitive theory. These applications are concerned with a single 
electron in a static electric or magnetic field. As a consequence of the 
interaction of the electron with electromagnetic waves, the energy 
levels are shifted somewhat from their values given by the elementary 
theory. The important cases are: 

(i) An electron in the Coulomb field of a proton. The theory here 
leads to a shift in the energy levels of the hydrogen atom. It is 
named the Lamb shift, after its discoverer. 

(ii) An electron in a uniform magnetic field. The extra energy is 
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here interpreted as arising from an extra magnetic moment of 
the electron, called the anomalous magnetic moment. 

To take a static fi('ld into account one mernly has to introduce 
potcnti:1IH to de:-;cribc it a11d add tlwtn on to the potential:-; in the 
Hamiltonian. The potentials of the static field are functions of 
Xv x2, x3 only, and are numbers for each x 1, x2, x3, not dynamical 
variables, so their introduction does not increase the number of degrees 
of freedom. 

The calculations of the Lamb shift and anomalous magnetic moment 
are rather complicated. They are given in detail, working from the 
Hamiltonian H, in the author's book Lectures on Quantum Field 
Theory (Academic Press, 1966). The results are in good agreement with 
experiment and provide a confirmation of the theory. 

These calculations were made in terms of the Heisenberg picture 
throughout. One may tackle quantum electrodynamics on the 
Schrodinger picture, looking for a solution of the Schrodinger equation 
by taking the no-particle ket, or a ket corresponding to just a few 
particles present, as the initial ket of a perturbation procedure and 
applying the standard perturbation technique. One finds that the 
later terms are large and depend strongly on the cut-off, or are 
infinite if there is no cut-off. The perturbation procedure is not 
logically valid under these conditions. 

Nevertheless people have developed this method a long way and 
have devised working rules for discarding infinities (in a theory 
without cut-off) in a systematic manner, so that finite residual effects 
remain. The procedure is described in many books, e.g. Heitler's 
Quantum Theory of Radiation (Clarendon Press,-1954). The original 
calculations of the Lamb shift and anomalous magnetic moment were 
carried out on these lines, long before the corresponding calculations 
in the Heisenberg picture. The results are the same by both methods. 

I do not see how these calculations based on the Schrodinger 
picture, supplemented by some working rules, ·can be presented as a 
logical development of the standard principles of quantum mechanics. 
The Schrodinger picture is unsuited for dealing with quantum electro
dynamics, because the vacuum fluctuations play such a dominant role 
in it. These fluctuations present great mathematical difficulties, and 
also they are not of physical importance. They get bypassed when one 
uses the Heisenberg picture, and one is then able to concentrate on 
quantities that are of physical importance. 
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linear operator, 23. 
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